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PREFACE TO THE FIRST EDITION 

The present book, which is intended as a text for use in 
the freshman year of college or technical school, has been pre- 
pared with the following considerations particularly!^ in inmd. 

(1) In view of the fact that a consideiable number of 
pupils enter college today for whom no laiowledge of quad- 
ratic equations can be assumed, it seems desirable to include 
a complete tieatment of this impoitant topic in the present- 
day college text. Two chapters (II and III) aie therefore 
devoted to quadiatic equations, the fiist of which, however, 
is altogether elemental y and may be omitted at the chscretion 
of the teacher. 

(2) In ordei to meet the needs and customs of different 
institutions, the ^'arious chapters have been made quite inde- 
pendent of each othei, thus pei nutting a leady adjustment of 
the book to either a long couise or a short one, and affording 
the teacher the greatest possible flexibihty in the choice of 
topics for any couise of given length. In this connection the 
author feels that it should be franldy lecognized that today 
college algebra in most institutions is pursued but a few 
weeks. This makes it impossible to covei a wide range of 
topics and forces such a selection as may fit best the needs of 
the pai ticular situation. Much may be gamed, however, fi om 
a brief but intensive study of a few special topics m algebra 
at this period of the pupil’s career. 

(3) In view of the impoitance m elementary physics and 
other apphed fields of the subject of variation, this topic has 
been treated somewhat more fully than usual. On the other 
hand, such topics as complex numbers (vector adchtion, 
multiplication, etc.), partial fractions, Imiits and infinite series 
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have been omitted in the belief that, even in case there is time 
to include them m the couise, they may be taken up to greater 
advantage at a later time when the pupil is face to face with 
theii chief applications 

(4) The ideal problem for a fieshman text is a short one 
which illustrates pointedly the mathematical pimciple at 
issue. Problems long m statement and dealing with the tech- 
nique of the arts and sciences should have but little place in 
the freshman year At this period the essential task of both 
teacher and text .should be to tiain the pupil in accuracy and 
conciseness of thought and expression, the mathematics itself 
forming, for the most part, the medium thiough which this 
may be accomplished. 

Certain sections of the book have been starred (*) to 
indicate that they are of minor importance These may be 
omitted without destroying the continuity of the whole 

The author would here express his thanks to Professor 
E B. Lytle, of the University of Illinois, who read the manu- 
script and offered valuable suggestions, and to Professor 
J L Markley and Mr R W Barnard, of the University of 
Michigan, who assisted m reading the pi oofs 

Walter Burton Ford. 

University of Michigan 

PREFACE TO THE REVISED EDITION 

Experience having showm that a treatment of complex 
numbers is desired in certain institutions, a chapter upon this 
subject has been added (Chap XV) , also a collection of 167 
miscellaneous exercises from elementary algebra (pages 245- 
250) , these affording abundant material for a review of high 
school algebra at the beginning of the course in college algebra. 

The author would take this opportunity to thank all those 
who have contributed to the large measure of success enj 03 red 
by the first edition of the book W. B F. 
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COLLEGE ALGEBRA 


CHAPTER I 

REVIEW TOPICS 

1. Algebraic Reductions. The process of reducing, or 
simplifying, a given algebiaic expression makes frequent use 
of the following principles fiom elementaiy algebra.f 

Principle 1. A 'parenthesis pieceded hy a minus sign may 
he removed from an expiession ij the signs of all the terms 
in the paienthesis are changed. 

Thus a — (b—c)=a-b+c 

Likewise a+b-ic-d+e)=a+b-c+d-e 

A parenthesis preceded by a plus sign may be removed 
without changes in the signs of the terms which it includes. 

Thus a + (6-c)=a+6-c 

Likewise a+b + {c-d+e) =a+b+c-d+e 

EXERCISES 

Simplify each of the following expiessions by removing all paren- 
theses and combining terms wherever possible 

1 x — {y—z) 4 in — {n — 2a) 

2 x-{-y-z). 6 5a-2b-ia-2b) Ans 4a 

3 — ( o + 6)+2 6. a — {b—c-\-CL) — {c — b). 

tThis chapter treats not all topics of elementary algebia but only 
a few topics that are important foi the work which follows The 
student should have for reference a textbook in elementary algebra, 
preferably the one he used m high school Attention is called, however, 
to the extended list of exercises from high school algebra to be found on 
pages 245-250 of the present text 
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7. 2ry+3?/2-(i24-a.y_y2). 

8 — ?i) ~(2'* 

9 a?b + b'2c+ fi2c2 _ (2a2i2 - 3a2c) + (Aa^b - 5a^-c^ - Qa^b^) . 

10. ^ + iy—z)-ix-y) 

a+b — {'2a+b — c) 

11 (a+6)2_(a_ft)2. 

j_2. 2a6 — (a+6)2 
a-2 — (s— y)2 

13. a(b—c)-\-b{a — c)—c(a — b) 

PitiKCiPLE 2. Muliiplying o) dividing hoih the numerator 
and the denominator of a fi action by the same numbet does not 
change the value of the fraction. 

Thus 

2 2X2 4 

3 3X2 6* 

Likewise 

8 _ 8-2 _4 
10 10—2 5 

Also 

a aXa _a^ . nfin _ nfin~mn _ 
b bXa ab’ mifi nnfi—mn n 

This principle is frequently used to change, or reduce a 
fraction to a foim having a given denominator. 

Thus, suppose it is desired to change the fraction 

a/(a+b) 

to a form having a 2 — 62 as its denominator. To do so, we multiply 
both numerator and denominator by a — 6, as follows 
a ^ a(a~h) _ cfi — ab 
0+6 (a+6Ko — a2 — 62 

The principle is also used to reduce a fraction to its 
lowest terms. 

Thus, suppose we are to reduce the fraction 

21a2x2y 

SOa^iz 

to its lowest terms The process consists in dividing both numerator 
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and denominator by all the factors which they have m common; that 
IS, in the piesent case, by 3, by a^, and by x. In practice, the work is 
done by cancellation as shown below 

7 X 

Ixij 

lOaz 

10a 


EXERCISES 


1 

2 . 

3 

4 
6 
6 
7 


Change 2/3 to a fi action whose denominator is 21. 
Change 4/5 to a fi action whose denominator is 125. 
Change 5a/ 7 to a fraction whose denominator is 42. 


Change — to a fraction whose denominator is 20z/3. 

5y 

x — 3 

Change to a fraction whose denominator is fr — 1)2 

x — l 

Reduce - — to a fraction whose denominator is 9— a2 
3— a 

d — c 

Reduce ; to a fraction whose denominatoi is a— 6 

h—a 


Reduce each of the foUoving fractions to its lowest terms 


8. 

3ci"-|-3fl6 

ahy 

a?b~ab^ 

9 aW- 

3^25 — 363 

bHy^^' 

2a6 - 262’ 

lQm"ni-z~ 

a^bc—b'^c 

AOain^yz^ 

3a26 + 363' 

77dJdd}^y 

13 a(a+2by _ 

viio?m’ 

6 (a2- 462)2' 

12 

a:2 — 2^•4 + ^G 

a;ym+l 

a2 — X-6 

13. 

2 Q m — m- —n+ mn 

{a+hy- 


a2_2a5+52 

21 ab-\-ac — db — dc 

a^ — b^ 

}ab-\-mc 
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2. Addition and Subtraction of Fractions. In case two 
fractions have the same denominator, theii sum will be equal 
to the sum of their numerators divided by this denominator. 

Thus 2 5_2 + 5 7 

3 3 


Likewise 


a c a+c. 


7nn^p—q 


inn -\-p—q 
x'iy 

In case two fractions do not have the same denominator, 
they may be added bj^ first changing them, as m §1, so that 
they shall come to have equal denommatois, and then pro- 
ceeding as mentioned above 


Tnus 


Likewise 


2 3^_8 9 , 




a 

h d bd hd 


8-1-9 
12 

be ad+bc , 
~hd~ ’ 


m-\-n {m+n)^ m2+2tnn+n~-\-m~—2mn+n^ 2?»2+ 2n2 

m-n m-\-n — nfi—ri^ 


111 piactice, when adding several fractions, it is best to 
determine first the least common multiple {L. C. M.) of the 
several denominators, that is, the expression of lowest degree 
which exactly contains each of them, then change each fi ac- 
tion so that its denominator shall be this L. C. M. and add 
as indicated above. 

Thus, in adding 2/15 and 3/10, the L. C M. of the denominators 
IS 30 The two fractions, when changed so as to have 30 as denomi- 
nator, aie respectivelj'- 4/30 and 9/30 Hence the desired sum is 
(4-l-9)/30- 13/30 

Likewise, in adding a/(m-ri) and h/{inn‘^), the L. C. M. of the 
denominators is m-n-, so that 

h an , hvi an-\-hm , 


a 
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Similar statements apply whenever one fi action is to be 
subtracted fiom another, or when both addition and sub- 
traction are involved any number of times. 

Thus 

= , 10 _ 6 a 6 + 562 - 306+10 

5 2 5 10&^106 106"^105 106 

Likewise 

a — b a+h ^ Qab (a — b)" (a+6)2^ 6a6 _ 

a+b a-b a2-62 a 2_52 a^-bi '^ai-b^~ 

(a-6)2-(a+6)2+6a6_a2-2a6+62_a2_2a6-62+6a6 2ab 

a 2-62 a 2 _b 2 '~a 2 _b 2 


EXERCISES 

Simplify each of the following expressions by perfoimmg the indi- 
cated additions and subtractions 


1 3 £_,. 7 £. 

4 10 

2 — 1 3x — 2 ^ x—5 


3 I 

ab be 


TT a a(a—x) 

Hint. a=- = — - 


x—2 a,H-2 

T — 4 % — 6 . ^ a ;+8 

3 8 6 ’ 


11 1 - 


a%—bx-\-ab 


6 a+6+- 


ct"}"! 6 ^ 10 

Cl2 — 9 (l-{- 5 CL -{S 

13. m \-n. 

771— n 

14. Q Q-2 I 3 
a— 2 a+2 4— a2 


0 b—c a—c 
be ac 

rj a-t-6 a—b 
a—b a+b 

8 , .+y-^ 


4 -n 2 a 2_4 

16 a 2+62 ^b — a 

a — b b^-a"^ a+b 

10_ (a+6)2 ^ ^ 2 ab 

a 2 +t ,2 ”^02-62 

17 l+i+j£-_2. 

a; 1-t-j; 
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3. Multiplication and Division of Fractions. 

Principle 1. I7i order to muUi'ply two or more fractions 
together, multiply their numerators together to gel the niunerator 
of the product, and nmltiply their denoimnatois together to get 
the denominator of the product 

In performmg such multiplications, it is desirable to 
cancel like factors from numerator and denominator whei- 
ever possible. 


Thus 


Likewise 


Similarly 


2 

1 2 6_1XXX,6'^2 
2^3^7~^X/X7”7‘ 

3ab 2y ^6 • 2 ^^ & 

4x!j^3a- 2ax 

2 a 

a—b d d 

a-\~b'^(^—h^ (a+bllii;— t7(o+b) (a+bf 


Principle 2 In order to divide one fi action by another, 
invert the divisor and pioceed as in multiplication. 

121 3 3 
2 3~2^2"'4’ 

X 

5vin lOnrn fjor^ ax 

Qbx 3o!^“ 4bm 

2 2m 
a—h 

(a—b)^ c^—ab b b(a—b) 

a+b b a+b a(a+b) 


Thus 

Likewise 

Similarly 


EXERCISES 

Perform each of the followang indicated multiplications. 

1. 3 


5x2/ Sax 
2ac lOy- 
4)2171 15bx 
Sxy ^ 16m^ 


2aT: 101)“ 

126)/^ 
cW 6i:" 
4x 
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a b 
a+b a—b 


6 w 25-10r 

20 — S^ xry 

7 (g+Z);- 
a+6 a?-ab a^-b^ 


Q ia — b 2a 4:1?— 
2x+y 4a^ — a6 4 

0 ^“+5^^-6 ar+7a:+10 
-c^+Oi+S a“+7'c + 12 

10 A +_2_') -^Y 

V 771 — lj\ /H--\r7rl / 


Pertonn each of the following indicated dui'iions 


11 ^ 

25uc 24c“ 

j2 5ab 256^ 
SaV”!^ 

- 3 Of 9 0 

13 

4i^ 14a ‘ 

14 

0'>i'+y)^ 771^—1/^ 

16 (4a+2)-— 


"TT — ('^•■-3.'K!/+2i/2) 
x+2;/ 

2,^'P'i' — 2 a," — a, — G 
a,’ — 5i+4 x'^+a:— 20 

(-!)-(-■-?) 

20 (a+c)-/--~^~- 

V 1 + c 1 - c2/ 


Simplify each ot the following expiessions 


r’^+7)-(?+5) 


x+y X+7J 

27 2/ T 



COLLEGE ALGEBRA 


[I, §4 


8 

^ O- ^filiations By a simple equation is meant one 
which, when clem-ed of 

Example Solve the equation 
a+1 

— ^ 5 10 3 

Tl.T o M ottliedonommato.sis30 Henco, multi- 

SOMTION ThcL C Jj, todoaiottlwliMt'™*. 

plying both sides ot the equation by 30 in oioei 

i5(^+i)_6(2t-5)-3(in+5)-10(t-13), 

” 15,:+15-12t+30=33t+16-10i+130 

Tiansposing and collec.ingjike te™s now gives 

Tteiefo™ ^__5 .4, is 

Cheok Placing a - -5 « the oi.ginal equation gives 
_54.1 -10-5^ -55+5 _-5 13^ 

— ^ 5 10 3 

_4 16 -50 18 


or 


or 


-2+3= -5+6, 


1 = 1 


EXERCISES 

^ fH3 Tm r rheckiuE vouT atiswcr 
Solve each of the following equations foi 'll, g 

for each of the first five n -iq 

2 3s ^ 

12 


2x- 3 , T+1 5a +2 

1 ; r „ ir> 

4 6 


3 = . 

2^ X 3x 4.V 24 


t._5 2i;+3_,_7t^ 


4 ?- 




51: 


3 3t,-7 3 


6 


12 



REVIEW TOPICS 


9 


I, §4] 


g 6a:+3_ 3a;-l 2x-9 g 2^ + l_ 8 2^-l 

15 5x-25~~~5 2x-l 4r-l“2a: + l’ 

In each of the following pioblems, let x lepiesent the unknown quan- 
tity, then foim an equation and solve it 

7 Divide 38 into two paits whose quotient is 7/12 

8 Divide 96 into two paits such that 3/4 of the gieater shall exceed 
3/4 of the smallei by 6 

9 I have llllO in one bank and .|75 in another one If I have $45 
inoie to deposit, how bhall I chvide it between the two banks in order 
that they may have equal amounts? 

10 A motor boat tiavehng at the late of 12 miles pei hour ciossed 
a lake in 10 minutes less time than when tiavehng at the late of 10 
miles pel hour What was the width of the lake? 

[Hint Time = Dista)ice—Rale ] 

11 A freight tiaiii goes 6 miles an houi less than a passenger train. 
If it goes 80 miles in the same time that a passengei tiain goes 112 miles, 
find the late of each 

12 A tank can be filled bj" one pipe m 10 horns, or by anothei pipe in 15 
horns How long will it take to fill itif 6oi/t pipes aie used at the same time? 

[Hint Let a = the numbei of houis Then 1/T=the part both can 
fill m one houi ] 

13 Two pipes are connected with a tanlc The larger one is an 
intake pipe which can fill the tank in 3 houis, while the smaller one is 
an outlet pipe enteiing at the bottom which can empty the tanlc in 4 
hours With both pipes open, how long beloie tlie tank will fill? 

14 A can do a piece of Avoik m 16 houis, while B can do it in 20 
houis. If A works 10 houis, how many houis must B woik to fimsh? 

16 An aviator made a tup of 85 miles Aftei flying 40 miles, he 
increased Ins speed by 15 miles an hour and made the remaining distance 
in the same time it took him to fly the fiist 40 miles What was his late 
over the first 40 miles? 

16 A 5-gallon imxtuie of alcohol and watei contains 80% alcohol 
How much water must be added to make it contain only 50% alcohoH 

17 What weight of ^^atel must be added to 65 pounds of a 10% 
salt solution to leduce it to an 8% solution? 

18 A tiain 660 feet long, lunmng at 15 miles an hour, will pass 
completely thiough a ceitain tunnel m 49K minutes How long is 
the tunnel? 
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6. Elimination. In case two simple equations (see §4) 
are given, each containing the two imkno-um values x and y, 
these values may usually' be obtained by the process of 
elimination as is illustiated below. 

Example 1. Solve the equations 

(1) 2a +3// = 2, 

(2) 5i-4?/ = 2S. 

Solution From (1) we have 

(3) 21=2-3?/ 

Therefore „ „ 


Substituting tins value foi x m (2), we find 

(4) 5(^^)-47/ = 28 

In (4) we have an equation containing only y; that is, a: has been 
eliimnaled from (1) and (2) Cleaiiug (4) of fiactions and simplifying, 
we obtain -23?/ = 46 Theiefoie y= -2. 

Substituting -2 foi y in (1), we find 

2x — 6=2, or 2a; = S, or a: =4 

Hence the requiied values of x and y aie a = 4 and y= —2 
Check Substituting a=4 and ?/= — 2 in (1), we have 
2X4+3(-2)=S-G = 2, 

as desiied Likewise, ivith 11=4 and y= -2, equation (2) is satisfied, 
since it becomes 

5X4-4X(-2)=20+S = 2S 

The preeedhig metliod of solution, wherein the value of 
one of the letters, as x, is obtained fiom one of the equations 
and then substituted in the othei equation, thus giving an 
_ equation, like (4), containing only o?ie letter, is called 
elimination by substitution. Another common and very 
useful method of ehinmation is illustrated below. 

Example 2. Solve the equations 

3x+4y = 12, 

2x-5y = 54. 
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Solution Multiplying (1) by 2 and (2) by 3, the two equations 
become 

(3) 6L+Sy = 24, 

(4) 6L-15y = 162. 

The coefficient of ^ is now the same in both (3) and (4) so that, upon 
siibtiactmg (4) liom (3), we obtain 

^5) 23y=-13S 

Therefoie 7y= —6 

Substituting y= —6 in (1), we now have 
3^-24 = 12 , 01 3^=36 

Theiefoie rc = 12. Hence the lequired values of x and y are x = 12,y= —6. 
EXERCISES 

Find, by any method of elimination, the values of x and y in each 
of the following pans of equations Check j oui answeis m the fiist five. 


'c-t/ = 4, 

47/— 2/ = 14 


2 f3a,-47y = 26, 
I x—Sy = 22 


y+l=3r:, 
5v+d = 3y 

4y = 10— a:, 
y—x = 5 

l-x = 3y, 
3(1—3/) =40—7/. 


I -+1=11. 

||+37/ = 21 


3 2 

X 2y 

3+f-8 


'3^ , 2y 
— — ^ = 20 
4 3 ' 

, 3// 

.2+7='' 

x+y x-~y 


(?+^-?=ii 

f 7+ai 2^— 7/ 

10 . 

)57/-S , 5-C-3 
[—+— = 18-531. 

r 1 3 

11. x+y-^' 

)_l_+3 = 0 
U-2/ 

12 > ^ 

)-+- = ^ 

Lx y 3 

[Hint. Solve first for l/x and 1/^.] 
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f-+- = 64, 
j'f' y 

-+- = 73J^ 

c y 


14 


- — — 2 , 
^ y 

. y 


In each of the following examples, let a and y repiesent the desired 
unlcnown quantities, foim two equations and solve 

16 The sum of two numbeis is 75 and then diffeience is 5 I\hat 
aie the nunibeis? 

16 Oue-thiid the sum of two numbers is 10, while one-sixth of their 
difference is 1 Find the numbeis 

A fatheFs age is 1^2 that of his son Twenty yeais ago his age 
was twuce his son’s How old is each? 

18 A pait of $2500 is invested at 6% mteiest and the lemamdci at 
5*^. The yeailv income from both is $141 Find the amount of each 
investment 

19 A and B together can do a piece of woik in 12 days Aftei A 
has wmikcd alone foi 5 days, B finishes the W'ork in 26 days In what 
time could each do the w'oik alone? 

[Hint If ^ = the time in which A can do it alone, and j/ = thc time 
in wluch B can do it alone, then the part winch A can do in one day 
= lj^, etc See Ex 12, p 9 and Ex 12, p 11 ] 

20 An ciiand boy w^eiit to the bank to deposit 3S bills, some of them 
being $1 bills and the rest $2 bills It their total value was $50, how 
many of each w'eie theic*? 

21 A giocei washes to make 50 pounds of coffee wmith 32 cents a 
pound by mixing two other grades, w^hich ate w'orth 26 and 35 cents 
pel pound, respectively How' much of each must he use? 

22 One cask contains IS gallons of viiiegai and 12 gallons of w'atcr; 
another contains 4 gallons of vinegar and 12 of watei How many 
gallons of each must be taken so that when mixed there may be 21 
gallons containing half vinegar and half w'ater? 

23 Tw'o cities aie 140 miles apait To travel the distance beiiveeii 
them by automobile takes 3 houis less time than by bicycle, but if the 
bicycle has a start of 42 miles, each takes the same time What is the 
rate of the automobile, and w'hat the late of the bicycle? 

24 The perimeter of a certain rectangle is 16 feet If the length 
be mcieased by 3 teet and the breadth hy 2 feet, the area is increased 
by 25 square feet WTiat aie the oiigiiial length and bieadth? 
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6. Graph of an Equation. In reviewing this topic, it 
is desiiable fiist to lecall the following fundamental ideas 
and definitions 

Let two lines XX' and YY' be dravm on a sheet of squaied 
(coordinate) paper, the line XX' being horizontal and YY' 
vertical. Two such lines constitute a pair of coordinate axes. 
XX' IS called the x-axis, YY' is called the y-axis. The point 
O where they intersect is called the origin. 

Havmg chosen any point, as P, m the plane of the axes, 
draw the perpendiculars PA and PB. Then PA, which is 
parallel to the a:,-axis, is called the abscissa of P, while PB, 
w^hich is paiallel to the ^-axis, is 
called the ordinate of P The ab- 
scissa and ordinate taken together 
are called the coordinates of the 
point P. 

Tims, m Fig 1, the abscissa ot P 
is 3 units, while its oidinate is 4 units 
Note that the x- and y- unit scales aie 
indicated along the %- and y-a\es, 
lespectively 

All abscissas measured to the 
right of the y-axis aie taken as 'positive, while all abscissas 
measured to the left of the same axis are taken negative. 

Thus the abscissa of Q in Fig 1 is —2, that of R is —3, that of /S 
IS -{-3 

Similarly, all ordinates above the x-axis are taken 
positive, while all oidinates below the same axis are taken 
negative. 

Thus the oidinate of Q is -1-3, that of 22 is —4, that of is —2 

In reading the cooi dmates of a point, the abscissa is always 
read first and the ordinate second. 

Thus, m Fig 1, P IS the point (3, 4), Q is ( — 2, 3), 22 is ( — 3, —4), 
S is (3, -2). 
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Let us now consider the following simple equation con- 
taining the two unknomi numbers, x and y. 

(1) a+i/ = 5. 

Since any pair of values (x, y) whose sum is 5 will satisf}- this 
equation, it follows that there are an unlimited number of 
such (x, y) pairs, or solutions. For e.xample, the following 
four pans are paiticular solutions: 

( 2 ) (T = 6 ,y=-l),Cr = 2,?/ = 3),(a: = J-, 2 /=l’-), (.11 = 8 , 2 /= -3) 


If we now regard each of these solutions as the coordinates 
of a point, and locate (plot) the foui points thus obtained, it 
will be found that they all he upon 
one and the same straight line, as 
shovm 111 Fig 2 This line is called 
the graph of the equation (1) 

Similarly, the graph of any 
simple (first degree) equation con- 
taining tivo Ictteis may be drawn. 

How^ever, it may be obseived that 
m order to chaw the graph it suf- 
fices to plot raeicly two solutions, 
since two points comjiletcly de- 
termine a hue Such a line will necessarily pass through, or 
contain, all the other solutions. 

If, instead of one equation being given, there are two of 
them, as for example 



(3) 


/ x-{-y=Q, 
[Bx — 2y= —2, 


and if w'e draw the graph of each, as in Fig. 3, then the point 
wheie the two graphs mteisect will have as its coordinates a 
pair of values {x, y) which satisfies both of the ec|uations at 
once; m other words, it wall give their common solution. In 
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the present case this is seen to be the point x = 2, ?/ = 4. This 
common solution is the same as would be obtained if one 
followed the method of elimination 


descrilied in § 5. Hence, Fig. 3 may 
be regarded as giving the graphical 
meaning of such a solution. 

Note. In exceptional cases, the 
giaphs of two simple equations may 
turn out to be parallel lines so that 
they riowheie ml ei sect In such a case, 
the two equations have no common 
solution 



EXERCISES 

1 Plot (on coordinate papei) each of the follow'iug points 

(2, 4); (-2, 3); (-2, -4), (2M, -3), (0, -5), (4, 0), (0, 0) 

2 Desciibe (n) the location of all points w'hose aliscissa is zeio; 
(b) of all points w'hose oidinate is zeio, (c) of all points whose ab&cissa 
and oulinate are both negative 

Diaw' the giaph of each of the following simple equations 

3 x — y = 5 6 2x— 3;y = l. 7 a— 3y==3 9 6a+7i/ = 2 

4 2x+y = 3 6 211+3^ = 12 8. 2ii = 37/ 10 5x-Sy=-l 

Draw the graphs of each of the following pans of equations and thus 
determine the values of x and y w'hich form then common solution, if 
they have one Check your results in each by solving by elimination 

(§ 5) 


11 ['C+22/ = 3, 
\2x+y = 3. 

u \ 

[ x-2y = S, 
^2x-4y = l. 

17. 

f x+2y=-l, 
\l4x+y = 2 

19 / a:+y = 3, 
[3x-y = l. 

15 i 

f 4'c-y = 0, 

^ 3j.+y = 7. 

18. 

j3x-3y=-5, 
\3T;+2y = 40. 

ix+2y = 5, 
[x-2y = 5. 

16 1 

f4y— 2^ = 5, 
^4i;+2y = 5 

19. 

f St +477 = 5, 

1 x-y = X. 
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7. Literal Equations and Formulas. Equations in which 
some, or all, of the knowm quantities aie repiesented by 
letters are called literal equations. The laiowi quantities 
are generally lepiesented by the first letters of the alphabet, 
as a, 6, c, etc Liteial equations are solved by the same 
piocesses as numerical equations. 

Example Solve the lollowing hteial equation for x. 

ax=bt-]r7c. 

Solution Transposing, we find 

ax,—bx,—7c. 

Combimng like terms, we have 

(a—b)% = 7c. 

Dividing by (a—b), we obtain 

T — Ans 
""a-b 

It is to be noted that a literal equation is said to be solved 
for the unknow numbei , as x, only when this number has 
been expressed tn terms of the other (laiow) letters, as illus- 
trated m the preceding example. 

An important special class of literal equations are the so- 
called formulas that occur m geometry, physics, engineering, 



a 


Fig 4 


etc. For example, if a represents the length of the base of 
any triangle and h represents the altitude, then the area, A, 
of the triangle is given (determined) by the formula 

( 1 ) 

Here the area is expressed in terms of the base and the 
altitude. 
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Similarly, the circumference, C, of any circle expressed in 
terms of the rachus > is given by the following formula, in 
which TT represents the mcommensuiable niimbei, 3 1416 
(approximately), 

(2) C=2'rrr. 

Again, the area, A, of a cii'cle in terms of the ladius r is 
given by the formula ^ 

( 3 ) ^ ^ 

As an example of an important formula m / 

physics, it is leachly seen that if an object I 1 

moves during t seconds vnth the constant \ / 

velocity of v feet per second, then the clis- 
tance, s, passed over is given by the formula 

( 4 ) s=vt. 

Again, the follovang is an important formula in engineei ing • 
The horse-power, represented by HP, w'hich a steam engine 
is delivering when the area of the L 

piston is A square inches, the pres- 

sure of the steam per squaie inch W"" 0 ) 

is P pounds, the length of the piston 
stroke is L feet and the number of ® 

strokes per minute is N, is given by the formula 

TTP 

/'PL'k HP = 

33,000 

The following important formulas from plane and solid 
geometry are to be especially noted' 

( 6 ) = 

w^hich is the theorem of Pythagoras concerning the square 
of the hypotenuse of a right triangle. 

( 7 ) V=^Trr\ 

which gives the volume of a sphere in terms of its lachus. 
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( 8 ) A = 4:TTr-, 

which gives the area of a sphere m terms of its laclms 

(9) V=TTr-K 

which gives the volume of a right circular cj'-linder ^ ^ 

in terras of the rachus of the base, r, and the alti- 
tude, h. ^ ^ 

(10) A = 2T:rh, Fig 7 

which gives the area of the lateral suiface of a right circular 
cjdinder in terms of the radius of the base, r, and the 
altitude, h. 

( 11 ) V=^Trf-h, 

which gives the volume of a cone of circular 
base, r, and of altitude, h. 

(12) A-'ltrl, Fig 8 

which gives the area of the lateral surface of a 
cone of circular base, r, and of slant-height, 1. 

(13) V=~ [(a=+6=)+|], 

which gives the volume of a spherical seg- 
ment, or slice of a sphere between two par- 
allel cuttmg planes, in terms of its altitude, h, and the radii, 
a, 6 , of its bases. 

(14) F=2Trr/i, 

which gives the area of a zone, or portion of the surface of 
a sphere lying between two parallel planes, in terms of the 
altitude, /i, of the zone and the radius, r, of the sphere. 

The following formulas from physics and mensuration 
may also be noted. 

If an elastic ball (like a billiard ball) weighing Tlh ounces 
and moving wuth a velocity of V\ feet per second strikes 
(impinges upon) a second ball of hke size but weighing W 3 
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ounces, the latter standing at rest, then, after the impact, 
the first ball and the second ball will move with velocities vi 
and V2 lyhich are given lespectivety by the formulas 

(15) “Fi ft. per sec., 112 = Fi ft. per sec. 

It IS understood in the experiment ]ust described that the fiist ball 
moves directly toward the center of the second one befoie the impact. 
Both continue m this same line alter the impact 

EXERCISES 

Solve each of the following literal equations for x, checking your 
answer m the fiist five. 


1 . ax — \=h. 

2. ax+bx = c 

3. 3a;^-b=.^— 36. 

A X X 

4. -4.b=-+a. 
a 0 

o* \-a=x—l. 

c 

a x—h , x—c „ 

o. =2 

x-3 ^+2 


^ ah_ 7 49 

ab abx 

x—a 2x ^ , 66 

— - — [ — = 5-1 

b a a 
a^+6^ a—b_b 
2bx 2bx- X 
a—h+c b—a+c 
x-\-a x—a 


Solve (by the method of elimination) for x and y in each of the 
following pairs of equations 


/3a;4-5y = 2a, 
( 21 :— 3y = 46 

iax-by = 2, 
\cx+dy = 3. 

jax+by = m, 
\cx+dy=n. 


3ax+2by = ab, 
ax—by=ab. 
'a h _ ^ 

X y ’ 

6 a_ 

X y 


[Hint. Solve fii-st for 1/x and 
1/y See Ex 12, page ll] 

16 Divide a into two parts whose quotient is m 

17 If A can do a piece of work m a days, and B can do it m 6 days, 
how long will it take them if worlang together? (See Ex 19, page 12 ) 

18. If the base of a triangle is 3 feet long, what must the altitude be 
in order that the area may be 30 square feet? 

[Hint. Use formula (1) ] 
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19 If the aiea of a ciicle is 44 square inches, what is the value 
(appioximately) of the lacbus? 

[Hint Use toimula (3), taking 

20 How long will it take a peisoii to walk 1 mile if his rate of wallcing 
IS 8 feet pel seconcP 

21 All automobile tiaveled T horns at the late of v miles pei houi 
By how much would this late have had to be increased in order that 
the distance be covered in / minutes less time‘^ 

22 The foimula for the aiea A of a tiapezoid 
whose bases aie and b and v'hose altitude is h is 

A=yiiB+b) 

Using this foimula, answer the following 
question How long should the upper base of a 
trapezoid be in oidei that, it the lo\ver base is 20 feet long and the 
altitude IS 15 feet, the aiea may be ISO squaie feet? 

23 The inside diameter of the cjdmder of a steam engine is 8 inches, 
while the length of stroke is feet When the steam gauge registers 
a piessuie of GO pounds per squaie inch, hoiv many stiokcs pei minute 
must the piston make if the engine is to deliver 22 hoise-poiver? Woik 
by foimula (5) 

24 The velocity, v, of sound, measuicd in feet per second, is given 
by the formula 

a = 1090+l 14(t-32), 

wheie t IS the tempeiatuie of the an in Fahrenheit degiees 

Find (a) the velocity when the temperature is 75°; (b) the tem- 
peratiiie wdien sound tiavels 1120 feet per second. 

26 Derive formulas foi the following: 

(a) The number N of tuins made by a wagon w'heel d feet in diam- 
eter 111 tiavelmg s miles 

(b) The number N of dimes in m dollais, n quarters and q cents 

(c) . The value of a nuinbei containing tlnee digits if the digit in 
unit’s place is a, the digit in ten’s place is b and that in hunched’s 
place IS c. 


0 



Fig 10 
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26 The centrifugal force F, measuied m pounds, with winch a body- 
weighing W pounds pulls outwaid when moving in a ciicle of radius 
-»• feet with a velocity of v feet pei second is determined by the foimula 


Use this formula to answei the following questions A pad of water 
weighing 5 pounds is swung lound at aim’s length at a speed of 10 feet 
pel second If the length of the aim is 2 teet, find {a) the pull at the 
shoidder vheii the pad is at the uppeimost point of its coiiise, ( 6 ) when 
at the low'cst point of its couise Also find the least velocity possible 
without w'atei chopping out at the uppeimost point of the couise. 

27 The weight W that can be laised by 
the device sliowm in Fig 11 is given bj' the 
foimula 

2ttIRP 
dr 

wheie P repiesents the pressure applied at 
Hie handle and wdieie R, i , d and I have the 
yengths indicated in the figuie Show'-, by 
means of this foiimda, that if d be halved and 
the numbei of teeth on the wdicel be coiiespondmgly doulded to fit the 
new geai, other parts lemammg the same, then twice as much weight 
W can be laised as befoie Avith a given picssuie P on the handle 



8. Exponents. The laws of exponents are briefly ex- 
pressed in the following five foiraulas. 


I. 


Thus 

43 . 42 ^ 43 + 2^45 

n. 


Thus 


m. 

{ah)^=a^h^. 

Thus 

(2-3)2=22.32. 
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IV. 

/AX'” 

\b) ~b^’ 

Thus 

/2y 2^ 

[ 3 / 34 ' 

V. 

Qtn 

Thus 

2 * 

- = 2'‘-2=2\ 

2-^ 

These formulas apply not only when m and n are positive 

integers, but 

in all cases. 

Thus 

2 I . 2“K = 2^"^=2i'E, 


4 R 4 R 2 

(3G)''.=3s 


i^52-4_5-2 

The use of formulas I-V in this univeisal way implies 

(as shown in elemental y algebra) that the expression 
must have the same meaning as the qlh root of a^. That is, 

we have 


VL 

p q 

a9 = v • 

Thus 

5t = V^ = '^25 

Similarly, 

any quantity, as a, when raised to a negative 

exponent, as 

— n, must have the same meaning as the recip- 

romZ of a". That is, 

vn. 

a-n = -l. 

c" 

Thus 

3 1 

6-3=— 

63 


Again, for any value whatever of a, except 0, the expression 
a" has the value 1. That is, when a is not 0 


vm. 


0 °=!. 
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EXERCISES 

Find the lesults of the indicated opeiation'5 in each of the following 
cases, using one oi moie of the formulas I-V 


1 2 ® 2 ® 

2 (-l)'(-l)- 



4 

6 

6 

7 

8 


,)-l 
8 ^ — 8“ 



9 

10 

11 + 


12 ( 2 -)^ 


13. |(-2)3|2. 

14 

16 

16 (x2/-)2 

17 inrn\>f. 


18. 


19. 

20 




22 3-2. 


23 2-1 ■ 3-2. 

24 4*1 • 3-2 
26 (-S)-i 
26 a-2 • a-“. 


27 ?i2 . f,, -3_ 

28 (a^ + 6^)aH^ 

29 

30 (-c-i)®. 



Write each of the follow'ing expressions with a radical sign, and 
then simplify as fai as possible 

32 

Soi UTioN 8 J = "V^ (Eoi mula VI) 

= '\/6-i: = 4 A ns 


33. S"‘ 36. (-8 ) "3 37. 81^ 39, 41 2^ 

34 36 27 J' 38. GT® 40 ( 7 /")^ 42. 

43 Solve the equation a”" =27 
Solution Raising both membeis to the powei we have 

or (using foimula II) 

x^=27~^, 

or (using foimula VII) 


27^ 

^This answer for x may be simplified by noticing that we may write 
27 ^ = (32)^ = 32 = 9 Hence the final answer is -j. 



4 


COLLEGE ALGEBRA 


[I, §8 


44 Solve for x m each of the following equations 

( fl ) 0.^=2 ( c ) («) ^^+32 = 0 . 

(?}) t;t=27. {d) x''n=-3 (/) 

46 Multiply r+3J-2j.^by 3-2a,■'^^-4^ •>. 


Solution 

a+3i:^ — 2'i,'‘ 

3 r-l-9L^ — 

— 2 — 6 c-* +4 

+ 4 o^+ 12-8 t"" 

3i-p7ti-SLi + 16-Sr'‘ PioJuct 


Alultiply 

46 a — 2a^+3 by 2ai+3 

47 2«^ — 3xi■-4-l-^“' by 3 iJ+l— 2l*. 


48 


by 2a 4a •>i,-+2a x*. 


Divide ^ 

49 5a;+2T« -2x^+1 by 3^+1. 

60 x~’i— x~^-5— 2i,* liy H-2'^yx 

61. hy^+2t,i. 

y v *- 

9. Simplification of Radicals We know that the square 
root of the product of two numbcis is th e same as the product 
of their square roots. For example, '\/4X25 is the sanimas 
\/4X-\/^> because both are equal to 10, for the first isVlOO, 
or 10, and the second is 2X5, or_10 In the same way, 
^85^=^8X'>y3, or sunply 2^3. In fact, we have the 
following general formula 

IX. ’x/b. 

Again, -v/dTO is the same as -y/j/VQ, because both aie 
equal to 2/3. (Explain.) Similarly, may be wiitten 
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"which reduces to the more simple form i^'5. 
in general we ha\'e 


X. 



So 


Note that formula IX maj- be regarded as a special conse- 
quence of formula III, 'udiile formula X is a special conse- 
quence of formula IV. 

The two preceding formulas enable us to simplif^y'- many 
rachcal expressions, as illustrated below. 


Example 1 Simplify -\/54 
Solution Ubing formula IX, we have 


■\/54= \/9X6= '\/9X \/6 = 3\/o A ns 
Example 2 Simplify ^y 32 

Solution ■>ysx-t= -^^SX -^4 = 2 vT A as. 


Example 3 Simplifj'- 

SOLOTJON ll^y^yixV2jV2 Ans 
V27 V9XV3 3V3 
Example 4 Simplify V'2Sfl‘’6 

Solution V 28a % = '\/- ia ^ X7b = V4a‘' X V'yfe = 2a® A ns 

Example 5 SimplUy 3 / 72 ^^ 

\ z<> 

3/72^l'^^VX9^2_^l^X■^9^2_2y2 

\ 26 ^76 2-! “ gi 


Solution 


EXERCISES 

Simplif}^ each of the following ladicals. 


1 vrs 

2 

3 V72. 

4 vr^ 

B 

6 

7 ^y^ 

8 -v/^ 

9 a/32 


11 ^1^ 

\135 

12 V36a61;3 

13 -y/Shn^n^ 

14 •\/4(a+&)3 

16 ->/27ar‘i/322 

16 

\ S3l 

17 

\ sH 

18 ./3(a+fc)Vrf 

\ 4(a^-b2) 
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19. Reduce 

1- V2 

to an equivalent fiactioii having no ladical in its denominator 

Solution. Multiply both numeiatoi and denominator by ^/o, 

thus obtaining 

Vb - Vl2 Vb -2 a/3 4 

(j 6 

Reduce each of the following expiessions to equivalent fi actions 
having no ladicals in then donominatois 

20 2+V5 21 3V2-V3 22 

2\/7 2V0 3H-\/2 

[Hint TO Ex 22 Multipli’’ lioth numeiatoi and denominator by 
3-\/2] 


23 

2 -s/ a— 3 -s/b 

24 ■\/^-|-l+3 

•\/ 

26 2-\/2a— H-3-\/a 

3 •\/2a — 1+2 \/ a 

20 ■\/a+ \/b — -K/a-^-b 
■\/a — '\/b+ x/ a+h 


10 Imaginary Numbers. Complex Numbers. An indi- 
cated square root of a negative quantity, as for example 
\/ —4 01 V — 1/2, IS called an imaginary number, or a pure 
imaginary number. Such a combination as 5 + -\/— 4, 
wherein a pure imaginary is added to an ordinary (real) 
number, is called a complex number. Every complex num- 
ber can be reduced to the typical form a+h\/ —1, wheve 
a and h are properly del oi mined leal (positive or negative) 
numbers Thus 4 becomes 54-2\/— 1 ; likewise 

7 _ -y/T: 3 becomes 7 — \/3\/^ 5 etc In all problems involv- 
ing complex numbers, first put each in its proper form 
a-f-Zi v^ — 1, then proceed according to the customary rul es 
of algebra, remembermg to substitute for (V— 
wherever it occurs, the value —1. 

In the exeicises which follow, the symbol i is used for 
brevity to stand forV — 1. 
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EXERCISES 

Pei form the inchcated opeiations and simphfy where possible 
1 (1+2) (2-0 

Solution (1+2)(2— i) =2+2 — i“ = 2+i — ( — 1) =3+i d/is 

2 ( 1 + 

[Hint Fif'jt wiite as (l+-\/2 0(2— s/S 0 _ Now pioceed as in 
Ex. 1, obtaining the final lesult (2+ V6)+2 (2^/2— Vs) ] 

3 4 (l+V^)^-a-V=2)= 

Expiess each of the following fractions with a denoininatoi con- 
taining no ladicals 

g 1 g 2-\/^, 7 n+hi 

3-V^ 2+^”^ a-bi 

8 show that 3^^+2'c+l = 0 It follows that the 

O 

indicated value of a is a root of the given equation Such lools are 
called imaginaiij tools 

9 Show that in each of the following the value given for x is an 
imaginaiy loot (see Ex S) of the coi responding equation 

(«) a = "^+/^,^H^+l=0 

( 6 ) x = ,2t?-3x+2 = 0 

(c) ,4x‘^+10x+7 = 0 

10 Is a: = 2+ \/^ a root of T;^+2a:+3 = 0? Why? 


For a further study of complex numhcrs sec Chaptci XV, 
page 231, 


CHAPTER II 

QUADRATIC EQUATIONSf 

11. Solution by Inspection. Problem. It is desiiecl to 
cut out a rectangle which shall contain 4 square inches and 
be 3 mches longer than wide. What must be its dimensions 
(length and breadth)? 

Solution. Let x represent the breadth. 

Then .-c+S will be the length and, by the ^ sq m. x 

rule for dclci mining the aiea of a rectangle, 
we shall have 

. / I os i Fio 12 

(1) .a;(rc + 3)=4, 
or 

(2) .'c2+3.r = 4. 

We here meet with what is kno\TO as a quadratic 
equation, that is, one containing the squaie (but no highei 
power) of the unknoMm quantity x Moi cover, avc see by 
inspection that the value .t = 1 satisfies this equation, since 
With .^ = 1 the left side becomes 1-+3 1, Avhich reduces to 4 
as required. The dimensions sought arc, therefore, 1 inch 
and 1 inch + 3 inches, or 4 inches Ans. 

12 Completing the Square in a Quadratic Equation. 

Suppose now that in the problem of § 11, we require that the 
area shall be 5 square inches instead of 4 squaic inches, other 
conditions remaining the same. Then the equation which 
we shall have to solve will evidently be [compare (2)] 

(3) rc2+3a; = 5. 

This equation is not easily solved by inspection, as was done 
with (2), but it can be solved, as we shall now show, by an 
ingenious method loiown as completing the square. 

fThis chapter may be omitted by those aheady familiai with the 
elements of quadratic equations Such students may pass at once to 
Chapter III, which deals with the general properties of such equations. 
- 28 
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Add 9/4 to each member of (3), giving 

no 9 29 

(4) = or a'“+3x+^=-^- 


Here the left member is the same as 
the familiar formula 



since by 


we obtain 


(a+by = a‘^+2cih+¥ 




Thus, (4) may be written 
(5) (.^■+|)‘ 


4* 


Equation (3) has now taken a form (5) wherein the left 
member is a peifect square. Consequently we have only to 
extract the square root of each member of (5) m order to 
obtain 


( 6 ) 



3 1 

or x +’2 = 2 ^/^- 


from which it follows that 

(7) or a: = ^(V29-3). 


Substituting for \/^ its approximate value 5 385, as given 
in the Tables, we have finally 

.t = J(5.385-3)=5 of 2.385=1.192 (approximately). 

Jj ^ 

Hence the required dimensions of the rectangle are 
(approximately) 1.192 mch and 1.192 inch + 3 inches = 4.192 
inches. Ans. 

These values for the two dimensions are coirect to three places of 
decimals The e%acL values, of couise, cannot be expressed decimally, 
since V29 cannot be so expiessed. 
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13. The Two Solutions of a Quadratic Equation. It is 

impoitant to observe at this point that if we inquiie simply 
what values of x satisfy the quadratic equation (3), that is 
without any reference to the rectangle, we ma}^ find two such 
values In fact, in passing fiom equation (5) to (6), we should 
leniomlicr iliat the square root of 29/4 is eithei + oi’ 

— since either of these when squared gives 29/4 If 

wo lake the value + j'\/29 we get (6), w^hich leads to the 
value of X given in (7), but if we take — ^\/29, we get in- 
stead of (6) the equation 

( 8 ) a : +1 = — 
fiom which we obtain 

(9) .'c= -|(V^+3) = -4.192 (approx ) 

In reality, then, there are two vahi^ of x which satisfy 
(3), namely — 3) and — ■|('\/29+3) These taken 

together are called the roots of the equation In the rectangle 
prolilcm of ^ 12 we could not use the second of these roots 
since it is a negative quantity, and there would be no ineanmg 
to a rectangle having negative dimensions. Plowevei , prob- 
lems frequently aiise in which we can use both roots, as will 
be illustrated prcsentl 3 ^ 

For convenience, the symbol ±, read plus or minus, is 
frequently used m expressing the two roots of a quadratic 
equation. Thus, the t^vo roots of (1) may now be expressed 
concisely m the form 

a;=-|±^V^, or .r = |(-3±V^) 

14. Application to Any Quadratic Equation. A careful 
examination of the process followed m §§ 12, 13 for arriving 
at the two roots of the special quadiatic equation 

a;2-l-3ai = 5 

shows that what was added to both sides in order to complete 
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the squaie on the left was 9/4, which is (3/2)2, qj. square 
of half the coefficient of the fiist power of m the given 
equation. Moie geneially, it ih now to be obseiwed that if 
we have any quadratic ec{uation of the form 


( 10 ) 




where the coefficients m and n are given numbers, we may 
likewise complete the sc(uare and solve by adding to both 
members the squaie of half the coefficient of the first power 
of X, that IS, by adding {m/2y. In fact, we thus obtain from 
(10) the equation 




or 



after which we may evidently proceed in all cases to solve 
as in steps (5), (6), (7) and (8) of §§ 12 and 13 Thus we 
may state the following rule 


Rule In order to solve any quadratic equation of thefoim 
x--\-nix=n 

first complete the square of the left meuibei hy adding the square 
of half the coefficient of x to both sides of the equation. Tale the 
square root of both membeis of the residting equation, giving the 
sign ± to the right member of the result. Solve the two first 
degree equations thus obtained for x. 

It IS to be observed that this rule applies only in case the 
coefficient of x- m the given equation is 1. It does not apply, 
for example, to the equation 

3a;2+5a;=12 

However, in this case we have only to divide the equation 
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through by the coefficient of a.®, namely 3, in order to ca\ise 
the equation to take the foim 

o 

and to this the rule may noiv be applied directly, inasmuch 
a,s the coefficient of is 1. Similarly, any quadiatic equation 
whatever may eithei be solved dnectly by the lule oi after 
chvision of both members by the coefficient of x~ m case tins 
coefficient is diffeient fiom 1 Illustrative examples of both 
these species of applications occur below. 


Example 1 Solve the quadiatic equation 
-r2_i0i = 5 


Solution Heie, the coefficient of being 1, we may make direct 
application of the lule Thus, the coefficient of t is -10 so that the 
square of half this numbei, which is (-5)“ oi 25, is to be added to both 
membeis, giving the equation 

il2-10l+25 = 30 


which may be wiitten 

(x-5)" = 30 

Hence, extracting the square loot of both members, we have 

a,_5 = ±t/3b- 

The two desiied loots are therefoie 

a; = 5±v^- 


Check Placing the root 5+ V30 foi m the left member of the 
given equation, we obtain 

^5^y'^)2_io(54-'\/30) =25+10\/^+30— 50 — 10\/30 
which, upon noting cancellation, reduces to the light membei, or 5. 

Similarly, for the other root, 5— VSO, we have 
(5 - V^)’" - 10 == 25 - 10 +30 - 50 -b 10 = 5. 
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Example 2 Solve the qimdiatic equation 
2fc“-3t-9 = 0 


Solution The coefficient of z’ being 2, we fiist divide through by 
2, tianbposing aUo the —9, in oidei to olitain an equation ot the species 
mentioned in the lule Thus, out equation becomes 

> ft 0 

The rule maj' now be applied diiectly, the details being as follows 
Completing the squaie by adding ( — 3/4)^, oi 9/16, to both sides, 

, 3 , 9_9, 9_S1 

X- 2 ■*'+16 2'^16 16’ 


Extiacting the squaie loot of each side, 

3 ^ , 9 

^"4 = =^ \16== 4 

Hence the loots are 

3 9 3 

= , that IS x = 3 and '^~~2 

Check 2 3'^— 3 3 = 2 9—9 = 18—9 = 9 


3V 


Again, 2(-2) - 4 “^V“ 2/ “2''’2"® 


9 , 9 


ORAL EXERCISES 

In each of the following equations, state v/hat must be added to 
each side of the equation in oidei to coinjiletc the squaie. 


ar+4c = 5. 
x"-\-5x= —Z. 
x^—7x^l. 
x‘^+18x = iy 2 
x 2-1 |l = 5 


8 

7 

8 
9 

10 


a,2_^-2-c = t 

^’+2n^ = 10 
i‘^-\-2,{a-\-b)x = c. 
x“-\-{ci-\-b)z = c. 
z~ — {m — n)x = 'p. 


EXERCISES 

Find the two loots of each of the following equations and check 
your answers Whenevei radicals piesent themselves, evaluate each 
root coriect to tliiee decimal places by use of the Tables 

1 a:^+2^ = l. 4 3 t^+4x = 7. 7 2^+3ix® = 4 

2 x^+6a: = 16 6 5a,“— 6a/ = 8. 8 a."+5 = — ^ 

3. 3 ^— 8 x — 2 () = 0 8 3a;--l-7.x=26. 9. 3^^— 5a;=-l 
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10 9a;2-lSa;+4 = 0. 
11. Sv+'Vi- = 1 j. 


14 


2 , 3r „ 


12 
[Hint 

13 


9 2 


First deal of fiactions] 

K 


3r+5_ 2i. 

— O 


a:+4 


x-2 


2x-l 3 t-4 4t-14 

i+l 1 - 3 , 2 ’ 

16 2i,=+5x=-4 

17 3^’-7^=-5 


18 3^(^^-l)-(^.-2)(r+3)=2^-(l-a:)^ 


19. 


'tP‘+x — l x^—x — l 

a:2+a,+l’^2'“-2^H-l 


20. 3(2^-5)(^^-l)-2C3^+2)(2^-3)=.T-9. 


16 Literal Quadratic Equations. Such equations are 
solved by the same methods as employed in solving 
quadratic equations vuth numerical coefficients. 

Example 1 Solve the equatioa 

2%^—ai=^(x-\-a) 

Solution Cleaiing of fiaclions 

4.t^ —2av—ax+cr. 

Hence 

41;“ — Sa-c = a^, 


or 



Completing the square, following the rule m § 14, 

, 3a /3aV /3oV_a' , 9a-_2^* 
4 + V8/ 4'^ 64 64’ 


Extracting the squaie root of each side, 
3a , 5a 




Whence the two roots are 


3a ,5a 
a: = — ±— • 


That IS, the two roots are 
3a+5a 


X = - 


=a and x = 


8 8 
3a— 5a 


a 

4 


8 
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Example 2 Solve the equation. 

X X 

i TT = 

2.-1 ^+l 

Solution Cleaung of fiactions, Me have 

a:(a + l) — — 1) = /ii(a;-l)(L+l), 

or 

^"+^ — l’+a = — }n 

Hence 

mir—2x—vi, 

or 

2 

*> ^ 

^ X — 1 . 

m 

Completing the sqiiai e, 



Extracting the square loot of each side, 

1 ,1 ^ 

Hence, the tM'o roots aie 

lx 

Since ??r + l is not a perfect squaie, these loots cannot be further 
simplified 


EXERCISES 

Solve each of the folloMnng equations foi x, i educing your ansM^er to 


its simplest form 

1. x^-{-iax = 12a- 

2. ££?+46a: = 215^ 

3. 6aa;+6a^ = 6x'^- 

4. 21 ?)^ — ^hx = x? 

6. 3a:^+4cci!a; = 15c®d^. 


7 x~-\-2mx='irr. 

8 x~+2mx='in 

9. (ci + l)a.+a = 0. 

10 oar — (a- — l)a' = a 

a;H-l _ o+l 
a:2 “ 02 
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= « 

14. 4(^--l) = 5(4^-5). 

16 a{ 2 ^-l)+ 2 h%-b = x{2x-l). 

1 1,1,1 

1« a+6+x=;+S+^ 

17 


18. 


x' + l a+h 


ab_ 


c 4“5 


2a^-^ , a—2x S 

19 r 1 TTr^o 

2a— ^ a+2t 3 

20 — /l + 

a+b \ ab/ a b 


16. Solution by Factoring. If, after arranging a quadratic 
equation &o that its right member is zero, it is found that 
the left member can be leadily factoied, the roots of the 
equation can be obtained immediately without completing 
the square. The principle employed is the familiar one of 
arithmetic that if any one factor of a product equals zero, then 
the product itself equals zero. 

Exaimple Solve the equal ion 

'cH^• = 6 

Solution Rewntmg so that the light ineinbei is zero, 
a.'4-x— 6 = 0 


Factoimg, 

(.x-2)(x+3)=0 

Tins equation will be satisfied, accoidmg to the above principle, in 
case eithei a-2 = 0 oi .^+3 = 0; that is, m case -c =2 oi -3 The 
loots desiied aie theiefoie 2 and —3 


17. Solving Equations of Higher Degree Since the prin- 
ciple stated in § 16 applies to the pioduct of any number of 
factois, equations of higher degree than the second frequently 
may be solved by this method. 
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Example 1 Solve the equation 

^(l-l)(l+2)(^-4)=0. 

Solution Since the light menibei is 0, the equation will be satisfied 
in case 'c = 0, oi a — 1=0 oi l+2 = 0 oi 1—4 = 0 Hence the loots are 
0, 1, —2 and 4 

Example 2 Solve the equation — 1=0 Factoiing, we find 
^-l)fi-+i+l)=0 

The equation t — 1=0 gives l = 1 as one loot 

The equation a-+a4-l=0 is a quadiatic equation whose roots 
aie found (liy completing the sqiiaie) to be — 3>2 ± 3^ V — 3 

The loots desiied aie tlieicfoic 1 and —3^2 i 3^^ \/ —3 

Example 3 Solve the equation 

a^ + i' = 4(l+ad 

t3+l“-4(1+'i)=0, 

v(i-hl)-4(x+l)=0 

('r + l)(c--4)=0, 01 (l+1)^-2)(t+ 2)=0 
Hence the loots aic —1, 2 and —2 

EXERCISES 

Solve each of the following equations by factoiing, 

1 i-+5j^+ 6 = 0 2 a--0L = 27 

3 6c‘ — a — 15 = 0 

[Hint. Factoi into (3a — 5)(2i+3) =0 ] 

4 4a-+5a:-6 = 0 6 12a--5i: = 3 

6 3aV+10aT = 8 7 ^’ = 16 

[Hint to Ex. 7. Wiite first in form (a’- 4)(x^+4) =0 ] 

8 a^ = 27 

[Hint Recall the formula x^—a^ = U—a)iz~+ax+cr) ] 

9 t,i_5t,2_i_4=:0 12 8(t3-1)+3(l-1)=0. 

10 (2a — l)(5'rd-4c — 3) =0 13 2i^H-2i,- = a + l 

11 3(x’^-l)-2(a+l) =0. 14 1,’- (a +11)11+05 = 0 


We have 
or 

Factoiing, 
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18. Equations in Quadratic Form. If an equation may be 
brought into the form of a qiiadiatic by the use of a new 
letter it is said to be an equation in quadratic form.^ Having 
once bi ought it into such a form, its solution is readily 
effected by the methods aheady explained. 

Example 1. Solve the equation 

^^-13a.H36 = 0 

Solution Let x^ = y Substituting y foi x" m the equation, we 
obtain y--13y+36 = 0 

Solving, we find that the loots of this quadiatic are 
y = 4 and ?/ = 9 

Hence ^“ = 4 and .^^ = 9 Theiefoie a:=±2 and a;=±3, and these 
aie the desiied loots of the oiiginal equation 


Example 2 Solve the equation 

(2r-3)2-6(2^-3)=7. 

Solution Substituting y for 2x— 3, we obtain 
7/-dy~7 


Solving, 

Hence 

Theiefore 


y = 7 and y = — 1 
2x — 3 = 7 and 2 l — 3 = — 1. 
r = 5 and 1 = 1 Ans 


Example 3 Solve the equation Va; = 12- 

Solution Substituting y foi V a, ive obtain 
yHi/ = 12 

Whence, solving, 

y = — i and y = 3 

Therefore 

■\/x = —4 and ■\/x=3. 

Of these tw'o possible values of -i/c, we aie here obliged to throw 
out the value -4, because the form of om original equation implies 
that, -whatevei l may be, its positive squaie root is to be used. Other- 
vase, the equation would have read x~ V® = 12 

Fiom the remaining possibility, namely Vi =3, we obtain upon 
squaring, a: = 9. 
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Theiefore the equation has one root, namely 31 = 9. 

Check 9+\/9 = 9+3 = 12 

Note that if an equation contains radicals, care must 
be taken, as illustiated in the above solution of Ex. 3, to 
retain only those roots which satisfy the equation when each 
of its ladicals is taken with its indicated sign. Tins will be 
further illustrated in § 19. 


Solve, by the method of 
the following equations and 

1 a:-‘-5a-+4 = 0 

2 'c‘‘-7^=^-12 = 0 

3 4T^-13^2+9 = 0 

i 27 ^® - 353.^8 = 0 . 

6 (3.-2)2+2(i-2)=3. 

6. (^--2)2^-2(^--2)=8. 

7 33:^^ -5x^=2 

8 .T— 5-1-2 \/3,— 5 =S 

9 . 3 ;— 3 =21 — 4•\/^ — 3 
x + l ^ 

12 


10 


.. 

^ + l 


[Hint Let = y 

'C-t-1 


EXERCISES 

substitution employed in § 18, each of 
veiily youi answei m each case. 

11 = ^ 

3 . +1 X 2 

12 23;-6->/27^=8. 

[Hint Adding —1 to both mem- 
bers, w'e obtain 

(23;-l)-6-\/23r^ = 7] 

13 .3: = 11-3VI+7 
14. 33."^-)-5i" 8' = 2 
16 3i.~"— 7i~=4 

16 2i,-- V t--2c-3=4i-i-9 


19 Radical Equations. Equations containing radicals 
are frequently called radical equations. They may often be 
solved m the manner illustrated below. 

Example. Solve the equation 

V2T+5-- •>/ ^-^- 2 = Vt — 1 
Solution Squaiing 

231-1-5 -2 V'(2.i-|-5)(t - 1-2) -t-'c-+-2 = -c-l. 

Collecting terms and tiansposing, 

-2 V(2x-l-5)(x-t-2) = -23.-8. 

01 ^ dividing through by —2, 

■s/ (23:-l-5)(3.-b2) =31-1-4. 
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laiing again, 

(2a, +5) (a, +2) = (^+4)■', 




ving, 


a: = 2 and x=— 3 

these values of x, we must retain only those winch satisfy the 
equation when due legaid is taken of the signs of its ladicals, as 
led at the close of § IS Thus, with a = 2, the equation becomes 
,>/ 4 = ■y/i, 01 - 3—2 = 1 This being a tiiie equation, a = 2 is a 
A-gain, with a= —3, the equation laecumes-v/TTi _ 1 = 4, 

4, which IS false Hence — 3 i'^ not a loot 


EXERCISES 

ve, by the method shoivn in § 19, each ol the following equa- 
ind verify youi aiiswei in each case. 

Ti — 1+ -x/ai+S = 0 

x/dc+l— 2\/Jc= “3 
\/4^^-17+•^/^^-l~■■l = 0 
'\/2a+l =2-\/x— •\/ a — 3 

yj c— a^+ "v/ %-\r2a- = •>/ i+Ta^ 

2 VSa' — VSa — 1 = r 

V 2a — 1 

■%/ 4x+3+ A/2a4-3 = -s/Sa + H- \/.a+5 
‘\/a-x-{--\/b—x= ^/a+b-'lx 


APPLIED PROBLEMS 

Divide 20 into two parts who!=e piodiict is 96. 

INT Let a be one part Then 20-a will be the othei pait and 
all have r(20 — r) =96 ] 

Find two consecutive numbers the sum of whose scjuaies is 61 
UNT Two numbeis aie called consecutive when the laiger is 1 
T than the smallei ] 

A rectangmlar gaiden is 12 lods longer than it is wide and it 
ins 1 acie What aie its dimensions'? 

By mcreasing each of the edges of a certain cube by 1 inch the 
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volume became inciea&cd by 19 cubic inches \\liat was the original 
length of each edge'? 

6 A polygon of n sides has hi{n—2,) chagonals How many sides 
has a polygon with 54 diagonals'^ 

6 The innei of two concentiic cades has a ladius of 1 inch "^VTiat 
must be the viclth of the iing between the cades in older that its aiea 
111 i> eiiual that ot the iniiei circle^* 

[Hint Tlie aiea of a cade is (a])pio\imatel\'') 22/7 tunes the squaie 
of its laclius ] 

7 If a tiain had tiavded 6 miles an hour fastei it -would have 
lequiicd 1 lioiii less to lun ISO miles How last did it tiavel? 

[Hint T duc = Diduucc—Rale ] 

8 4 man can low^ down stieam 16 imle'- and back in 10 houis If 
the stieam urns 3 miles an houi, w'hat is his late of lowing in still watei ? 

9 iScveial persons lined an automobile foi .1,12, but thiee of them 
failed to pay then shaie and as a lesult each of the otheis had to advance 
20 cents moio How many peisons weie in the paity'? 

10 A ci.stein is filled by tw'o pipes m IS minutes, by the greater 
pipe alone it can be filled in 15 minutes less than by the smaller Find 
the time required to fill it by each 

11 From three equal sticks are cut off lengths of 7, 8 and 15 inches 
rcs])cctivcly, the icmaaung lengths toiin a light triangle How long 
weic the sticks? 

[Hint See foi inula 6, § 7 ] 

12 What. IS the aiea of a squaie wdiose diagonal is 1 foot longer 
than a side? 

13 A reel angle of iieiimetei 34 inches is mscnlied m a ciide of 
diameter 13 inches Find its sides 

14 In oidei to get fiom one coinei of a lectangiilai city paik to the 
opposite coiiioi I must go 160 jmids round the sides, and of this amount 
I could save 40 yards if I w'eie allowed to cut diagonally across hat 
are the dimensions of the park? 

16 Twm airplanes pass over Chicago, one fljung east at 40 miles 
an Iioiii , the other south at 30 miles an houi The faster machine passes 
at noon and the othei one-halt hour later When are the maclunes 136 
miles apart? 

16 The formula 
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gives, approximately, the height h of a bod 3 '' at the end of t seconds if it 
IS thrown veitically upwaids, staitmg with a velocitj' ot v feet per second, 
fiom a position a feet high 

Fiom the above formula, show that 

y ± "v/ o2-|-64(a — /i) 

32 

Explain the phj'sical meaning of the double sign 

17 By means of the result in E\ 16, find how long it will take a 
sky-iocket to leach a height of 796 feet it it staits fiom a platform 12 
feet high with an initial velocitj" of 224 teet pci second 

18 When a body is tluoAvii veiticallj'' downward fiom a point a feet 
high and with an initial velocitj'' of d teet pei second, its height at the 
end of t seconds is given by the formula k = a — which, when 
solved for t gives 

16) 

By use of this result, find to the neaiest second the time it will take a 
ball to leach the ground if thiOAvn veitically downwaid from the top 
of the Eiffel Towei with an imtial velocitj’^ of 24 feet per second, the 
height of the tower being 984 ieet 

19 A stone is dropped into a Avell and 4 seconds afterwaid the 
report of its sti iking the watei is heard If the velocitj'" oi sound is taken 
as 1190 feet per second, what is the depth of the w'eU? 

[Hint See Ex IS ] 

20 When s feet of iwie are stretched lietw'een two poles L feet 
apart (the tw^o points ot suspension being legarded as of the same height) 
the sag d of the ivire in feet is given appioximately by the formula 

, /3LS-3L2 

Solve this formula for L and interpret youi answer 

21 The whole surface ^8 of a right cjdinder of height h and radius r 
IS given bj'’ the formula 8 = 27r?(r+/i) Solve this for r and inter pjeet 
youi ansAver in words 

22 A soap-buiible of radius ? is blown out until the area of its outer 
suiface becomes double its oiiginal value ShoAv that the radius has 
therebj^ been inci eased bj^ the amount ? {y/2 — 1) 

[Hint. The area of a sphere whose radius is r is 47r)^.] 
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20. The Typical Form of Every Quadratic. We may 

evidently regard the equation 

( 1 ) = 0 

as the typical form of eveiy quadratic equation, because eveiy 
quadratic, being of the second degree, can be brought into 
the form (1) by a suitable leariangement of its teims It is 
to be here understood that the coefficients a, h, ancle repre- 
sent numbers which aie in no wise dependent upon the 
unlcnomi number represented by the lettei x, and that a is 
not zero, for if it wcic, (1) would reduce to 6.^-l-c = 0 and 
hence no longer be an ec{uation of the second degree 

EXERCISES 

Arrange each of the following quadratic equations in the typical 
form (1) and state the values of a, b, and c foi each 

1 2lH5 = ^(^- 1)4-7 

Solution Tiansposing all tcims to the left, Ave have the new equation 
2'i:^-l-5-i---l-a.— 7=0, oi, combining, 2 = 0 

This IS in the foim (1) Avith a = l, b = l, c= —2 

2 3^(a:-l)=^H2^-l 4 — = 2 

X t-hl 

3 4x“ = ("c — !)('!: +1) 5 

Solution OF Ex 5 WehaA'’e ^“-l-2??lx-l-wl^4-'l'"~2/Hx+n^ — 5??i'c = 0 
or, combining terms, 

2v^ — SinT 4'2»r = 0 

This IS in the foim (1) with a = 2, b = -5m, c = 2nr 

g _ 

.^-l-2 x-2 


6. 2ar-l— — = (m+7i)T:. 

A 

7 ^~Pg 
x—q 2 
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' 21. Solution of the General Quadratic. Since the equation 

(1) ca-+£i.^+c = 0 

IS the tj'pical form of every quadratic, it is spoken of as the 
geneial quadratic equahon. We may legard it as a liteial 
equation (§ 7) and solve it by the method oi completing the 
squaie (§ 12) as follows 

Transposing the teim c to the right, then dividing thiough 
by a and finally adding [b/(2a)Y to both membeis of (1), it 
becomes 

a \2a/ a \2a 


( 2 ) 




The left member is now a perfect square, namely 


2aj 


while the light member readily reduces to 

b-—4:ac 

4a- 


Thus (2) is the same as 


(3) rc-l- 


2a 


6- — 4ac 
4a' 


By extracting the square root of each meinbci of (3) we 
obtain 


(4) 


h _dsz-\/b-~‘^ac 
2a 2a 


Hence, upon transposing the h/(2a) in (4), it follows that 
the two values of x (which for convenience we will now call 
Xi and 0 : 2 ) which satisf}- (1) must be 

— b+^b‘^ — 4:ac — & — Vb^ — 4ac 

*1“ 2a ' 2a 


( 5 ) 
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These, then, are the values of the two roots, or solutions, 
of (1). By means of these formulas, we may at once solve 
any given quadratic, as illustiated below. 

Example Solve the quadiatic 4r+8x — 5 = 0 

Solution Heie a = 4, 5 = 8, c=— 5 Substituting these values for 
a, h and c m the foimulas (5), it appeals that the two loots m the piesent 
case (Avheii wiitten togethei m condensed form) aie 

-8±\/S^-4(4j(-5) 

2 4 

which reduces to 

-SrtVlIt -8 ±12 

j Ui 

8 8 

Taking the + sign, this becomes (-S + 12)/8, which reduces to 1/2, 
while it we take the - sign, it becomes (-8-12)/S, wluch reduces to 
-5/2 

The two desired solutions aie theiefore 1/2 and —5/2. 

Check 4(-l)2+S(-lj-5=4(-l)+4-5 = H-4-5 = 0. 

Again, 


EXERCISES 


Solve each of the followniig quadiatic equations by use of the for- 
mulas (5) 


1 2r-l-5i:+2 = 0. 

2 3d-l-lU+G = 0 

3 Ci--7x+2 = 0 

4 4^"-l-4^ — 15 = 0. 

6 1311 = 10. 

6 2a-2+3a = l 

7 3a--t-2a-4=0. 

8 3l2-6x=-2. 

9 -1-10 = 0 


10 '^ — mx = mn—nx 

[Hint Fust airange in the 
form (1) See § 20 ] 

11 '^-^mx = mn-\-nx. 

12 T-— 35'c=2a^— 6a5 

13 H-dniT -t-3nx = — 12mn. 

14 TT— 2aT— cr = 0 

15 6i“+3aa = 25a-l-ctb. 

16 .^“-l-px -1-3 = 0 


17 By substituting into equation (1) the values of ti and T 2 given 
in (5), verify the fact that xi and Xi satisfy fl). 
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22. Nature of the Solutions. Discriminant. If the coeffi- 
cients a, h, c m (1), § 21, aie leal numbers, the form of the 
two solutions (5) there obtained shows that neithei solution 
can be imaginary unless the expiession 6- — 4ac has a negative 
value. In fact, these solutions contain no radicals except 
"x/fc- — 4ac and this is imaginary only when — 4ac has a 
negative value (§ 10). If, then, the coefficients a, b, c of anj'- 
given quadratic (1) are such that 4ac is positive the two 
solutions unll be real, while if 6-— 4ac is negative the two solu- 
tions wall be imaginary. 

Moreover, if lr—4tac is equal to zero, the two solutions will 
be equal to each other, since then '\/h- — -iac reduces to zeio, 
so that each of the two roots [see (5)] reduces to the simple 
expression —b/(2a). 

Finally, if ¥ — 4ac is a perfect square, it is possible to find 
the exact value of 4ac and hence, in case a, b, c are 
rational numbers, it then follows fiom (5) that the two roots 
of the given equation will reduce to rational numbers, while 
if, on the other hand, 6^— 4ac is not a perfect square, the two 
roots of the given eciuation will not be so reducible and will 
therefore be iriational f 

tThe piecise meaning of the teims rational number, nrational num- 
ber, real numbei, and iraaginaiy niimbei, is as follows A teal number 
IS one whose expression does not require the squaie loot of a negative 
quantity, while an iniagiaaiy number is one whose expression does 
lequne such a squaie loot It can be shown that all niunbers of algebia 
fall into one or the other of these two geneial classes Thus 1, 3, —2, 
1/2, —2/3, ■\/2, l + -x/3 aie ail leal numbeis, while -v/ —2, V — 1/'-^, 
2-|-\/ — 3 aie all iinaginaiy Moreover, whenevei a leal numbei can be 
expiessed in the paiticulai foim 'p/q, where p and (/ aie integers (positive 
01 negative, or zeio, except that q must not be zeio) it is called a 
national numbei, while if it cannot be so expressed it is called an 
'Diaiioiial number Thus, 1/2, —2/3, 4/7, 5, 73, —10 are rational, 
while y/J, ^lA 1 + Vo , TT aie iriational 

For the defimtions of pwe imaginary number and complex 
number and a study of then properties, see § 10, page 26 
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In summaij’-, then, we may state the follo^vmg rule. 

HuLE. For any given quadratic equaiioii a.r-+6n + c = 0 
whose coefficients, a, h, c aie real numheis, the two roots ivill he 

(1) Real and unequal \f 4ac is positive; 

(2) Real and equal if 6^— 4oc = 0, each loot then i educing 
to — h/{2a); 

(3) Imaginary if h'^ — iacis negative. 

Moreover, if the coefficients a, h, c aie rational numbers, the 
two roots will he 

(4) Rational if — 4ac is a peifect squcne; 

(5) Irrational if 6“— 4ac is not a peifect square. 

Because of tlie manner in which the nature of the solutions 
of a quadratic equation thus comes to depend upon the 
value of 6^— 4ac, this expression is called the discriminant 
of the quadratic equation. 

Example 1 Deteimine (without solving) the nature of the roots 
of the quadratic equation 

a;--7x-8 = 0 

Solution. Here a — 1 , b=— 7, c = —8 Hence the disciiminant, or 
iF — iac , has the value (— 7)^— 4(— 8) =49+32 = 81, which is positive 
Thcrcloie, by (1) of the lule, the solutions aie leal and unequal 

Moi cover, since 81 is a peifect square, namely 9", it follows from (4) 
of the rule that the two solutions aie lational 

These lesulLs may be checked by actually sohnng the equation and 
examimng the natuie of the solutions thus obtained. 

Ex.uviPLii: 2. Determine the natuie of the roots of the equation 
3r+2x+l = 0 

Solution Here a = 3, 6=2, c = l Hence, 6“— 4c[c = 4 — 12= — 8. 

Theiefoie, by (3) of the rule, the solutions must be unaginaiy. 

Example 3. Determine the nature of the solutions of the equation 
4ar-4T+l = 0 

Solution Here « = 4, b=— 4, c=l. Hence 6“— 4ac = 16 — 16 = 0 

Therefore, by (2) of the rule, the two solutions must be real and 
equal. 
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EXERCISES 


Deteimme (without solving) the nntuie of the solutions of each of 
the following quadiatic equations 


a.2+5i,+6 = 0 
x"-7i,-30=0 
2i^-3x+2=0 
2x“— H + 1=0. 
3a--!,-10 = 0 
x--x = l. 


8 

9 

10 

11 

12 

13 

14 


-1 

9i.‘^-Gi,+l=0. 
4lH6i-4 = 0. 
2ir-9L+4 = 0. 
7l,H3^ = 0 
4a-^+16i:+7 = 0 
9xHl2t=-4 


15 Foi what values of m w'lll the roots of the qiiachatic equation 
=0 be eqiiaE 

Solution. Heie (using the language of §20) a = m~, & = 10, c = l 
and hence 6’ — 4ac = 100 — 4;?r Accoichng to § 22, the loots of the given 
equation wnll theiefoie be equal if m be so deteimined that 100 — 4»r = 0, 
that is, if »i^ = 25 Theieloie the desiied values of vi aie +5 and —5 


16 In each of the following quadiatic equations, find the value (oi 
values) of m w'hich will lendei the loots equal, and check your lesult 
by actually using Lius value and solving the i exulting equation 

(a) v + 12T+Sm = 0 (c) (2i-{-m)-=8v 

(h) (?/i + l) i.“+»i'c + //i’4-l =0. (d) 2?aT- + r— 6?n!.—6T +6/11+1 =0. 

17 For what values of L will the roots of the following quadiatic 
equation in x Ijo equal''’ 

cr{i}i% +/i,)^ +&" IT = a%" 


23. The Sum and Product of the Solutions. We have seen 
(§21) that the two solutions Xi, x^. of an}'- quadratic equation 
a^“+-6a;^-c = 0 
are given by the formulas 

— h-\- ^yb^ — 4ac —h—\/b~—4:ac 

•t’l = „ / ^ 

2a 2a 

It is now to be observed that if we add these two solutions 
together, the radical cancels and we obtain the simple result 

-26 6 

Xi -{-Xz — — — — 

2a 


a 
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Again, if we multiply the two ^solutions together, the result 
reduces to a very simple form. Thus 

(-5)’-(-\/&- — 4fte)’_h“-C^"-4flc) 4a c c 
4a- 4a- 4a- a 

These results for rii-t- co and Xi - a 2 may be summarized in 
the following useful rule 

Rule. In the Qeneicd quach citic equation aa-+6a-l-c = 0, 
the sum of the two solutions is —h/a, while the 'product of the 
two solutions IS c/a. 

Ex.vhple. State the siun and the pioduct of the solutions of the 
equation 3 1 ." — 2a' + 6 = 0 

Solution. Here a = 3, &= — 2, c = 6. Hence the sia« of the solutions 
IS _(_2)/3 j 01-2/3, while then pwduct is 6/3=2 


EXERCISES 

State (by inspection) the sum and the pioduct of the solutions of 
each of the following equations Check your answei in Exs. 1, 2, 3, 4 
by actually solving these equations and thus obtaining the sum and 
pioduct of the two solutions 

1. 3i“-|-6r-l=0 4 5r2_4a+2 = 0 7 2 x2+V3t-\/5 = 0 

2. 2c^-5'b- 1-3 = 0 ® 6a-+/a=42 g ^22 

O 1 1 o 

3 x’--2a+l=0 6 x-h-T-l-- = 0 

9 ShoAV that in the quadialic equation x--l-?«x + «=0 the sum of 
the solutions is —m and then product is ii This geneial lesult may be 
stated m the lollowing useful rule 

Rule If m a quadialic equation the coefficient of x" is 1, the sum of 
the sohdions will be the coefficient of x with its sign changed, while the 
pioduct of the solutions will be the lemaining (last) tenn 

Explain and illustiate this in the case of the equation a:^ — 10x+ 12 = 0 

10 Apply the lule stated in Ex 9 to deteimine the sum and the 
product of the solutions of each of the following quadiatic equations. 

(a) t2_4t;+3 = o. (e) x- - V2 x 4- Vs = 0. 

(b) x-+x-l=0 (/) 2x2-5x+3 = 0 

(c) X- — lOr + 13 = 0. [Hint First divide through by 2 ] 


(d) = 0 


{g) 3x^-1-;t— •\/5 = 0. 
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24. Formation of Quadratic Equations Having Given 
Solutions. We luive seen m Chaptei II (also in § 21) how to 
solve a given quacliatic equation, that is, how to determine 
the two values of the unknown numl^er x which satisfy it. It is 
fiequently desiiable to leveisc this process, that is, to detei- 
mine the quadratic equation which has two given numbeis 
as its solutions. This can alwaj's be done, as is shovn below. 

Ex^uiple. Form the quadratic equation whose solutious are —5 
and 2 

Solution. If 2;=— 5, then ^+5 = 0 Likevase, if x = 2, then 
a:— 2 = 0 Hence the equation. ('c+5)(''c— 2) =0, or — 10=0, will 

be satisfied when eithei ^ = — 5 01 a. = 2 (See §16) 

The desiied equation, whose solutions aie —5 and 2, is therefoie 
^-+ 3^-10 = 0 

This result can be checked, of couise, by solving the equation thus 
found and noting that its solutions tuin out to be —5 and 2, as desiied. 

Similarly, if the given values are any two numbers a and h, 
the quadratic equation having these values as its solutions is 
{x — a)(x—h) = 0, or x- — (a-{-h)x+ah = 0. 


EXERCISES 

Form the quadiatic equations whoso loots are as follows 

1. 1,2 6 Vs, -V 2 . 11 2 + V2,2-V2 


- 1 , -2 
3,1 


7 1 Vs 


12 2 ± "Vs 


8 


4 1 X 

— rc? 


iVs 

2 V o, 2 


13 


“9(3 ± Vg) 


14 


i(-i±V2). 


9 3771, —2m 

5 V 2 , Vs 10 (a— 6), (a+fe) 

16 Show that in case the quadiatic equation ax- + + c = 0 has 

one solution double the other, then 2b" = One 

[Hint Let ? be one solution Then, from what the problem assumes, 
the other loot will be 2r Now foim the quadiatic having 1 and 2i as 
Its solutions, and examine the coefficients ] 

16 Show that in case the quadiatic equation ax" + ( 13 ;+ c = 0 has 
one solution thiee tunes the othei, then 16ac = 362, 
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26 Graphical Solution, of Quadratics. Consider the quad- 
ratic equation 

(1) rc2-3rc-4 = 0. 

Let us represent the left membei by y ; that is, let us place 

( 2 ) = — 3^’— 4 

Now, if we give to x any special value, equation (2) deter- 
mines a coriesponding value for y For example, if .'C = 0, 
then i/ = 0“-3X0-4=-4. Again, if x=l, then 


i/ = L-3Xl-4=-6. 

The table below shows a number of .r-values with their 
corresponding i/-values determined in this way. 


When X = 

0 

1 1 

2 

3 

4 

5 

6 

-1 

1-2 

-3 

then y — 

-4 

1-6 ' 

1-6 1 

-4 

0 1 

6 

14 

0 

1 6 

14 


The graph of the equation (2) is now obtained by drawing 
a pair of cooidinatc axes, as m § 6, then plotting each of the 
points (^, y) which the table contains, 
and finally ckawing the smooth curve 
passing through all such points, as 
in Fig 13. Observe that this graph 
is not a straight hue and hence is 
essentially different m chaiacter fiom 
the graph of a linear equation (see § 6.) 

And it is especially important to note 
that the graph here cuts the a-axis m 
two poults whose a-values (abscissas) 
are respectively — 1 and 4. These special 
rc- values, determined m this purely 
graphical way, are the Wo solutions of 
the given equation (1), for theji^ are those 
values of x which make i/=0, that is, 
that make 3.11— 4 = 0. 



Fig 13 
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The graphical study which we have just made for the 
special equation rc^ — S.t:— 4 = 0 leads at once to the following 
general statements. 

Every quadratic equation has a graph which is obtained by 
first placing y equal to the left member of the equation (it being 
understood that the right member is 0), then letting x take a 
series of values and determining their con esponding y-vahies, 
plotting the points (x, y) thus obtained, and finally drawing 
the smooth curve through them. 

The x-values of the two points where the graph cuts the 
x-axis will be the solutions of the given quadratic equation 


EXERCISES 


Draw the giaphs of each of the following ociuations, and note 
where each cuts the r-avis In this -way deteimino giaphicallj' the 
values of the solutions, and check the conectness of j’oin answeis by 
actually solving the equation 


1 x^-x-2=0 

2 3 . 2 - 101+24 = 0 

3 3:2-2t-15 = 0 

4 3x~- S^ = 3. 


6 2d+5a+2 = 0 

6 a2-7L+12 = 0 

7 %-+7%+l2 = 0 

8 2++3t =9. 


26. Determining Graphically Whether Solutions Are Real 
or Imaginary. In older to apply the method described in 
§ 25 for determuung graphicallj" the solut.ious of a given 
quadratic it was essential that the graph should cut the 
a:-axis. However, quadratic equations maj" easily be found 
whose graphs do not cut or touch the .r-axis at all. For 
example, consider the equation 

(1) .t;2-6.r+15 = 0 

Proceeding as m § 25 to draw the graph, we place 


( 2 ) 


y = x--Qx-\-15, 
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and determine various pairs of values {x, y) which satisfy 
this equation The table below shows several such (r, y) 
pairs 


1 When 1 = 

- 1 

0 

1 

2 

3 

4 

5 

6 

then y = 

22 

15 

10 

7 

6 

7 

10 

15 


Plotting the vaiious points (x, y) thus obtained and di aw- 
ing the curve through them, we obtain the graph indicated in 
Fig 14. It is to be noted that this giaph 
lies entirely above the .^-axls, thus not 
cutting (or touching it) in any manner. 

The significance of such a icsult is that 
the two roots of (1) aie imaginaiy If 
they wcie ical, the graph would cut the 
ai-axis, as shovm m § 25 In reality, we 
find upon solving (1) that its tivo solu- 
tions have the following imaginaiy 
values : 

a; = 3± V — 6* 

Thus, in general, we have the follow- 
ing result: 

The solutions of a quachaiic equation 
are real oi imaginary acconling as its giaph 
does or does not cut or touch the x-axis. 

EXERCISES 

Find, by diawing the giaph, Avhcl.hei the solutions of each of the 
following equations aie leal oi imaginaiy 

1 .^^+2'c -1-3 = 0. 3 -1-3 = 0 6 6x“-l-5x-l-l = 0. 

2 . .'c2-l-2x-3 = 0 . 4 . 3x--l-4a; -1-1=0. 6 2x2- 3a; -1-4 = 0 . 

27. The Nature of the Solutions Considered Geometri- 
cally. We have seen in §§ 25, 26 that whenevei a quadratic 
has two distinct real solutions its graph will cut the a;-axis in 
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two pomts, while if the solutions are imaginarj’' the giaph 
fails to cut the ^-axls at all Suppose now that we have a 
quadratic equation whose two solutions are real and equal 
to each other, for example the equation 
(1) 4a.2-12rr+9 = 0. 

Here the discriminant (§ 22) is equal to 
(-12)2-4X4X9 = 144-144 = 0, 
so that the roots must be equal by the rule 
of § 22. 

If we now proceed to draw the graph 
corresponchng to (1) in the usual manner 
by placmg y — A.x'-—12x-^^, it appears that 
the resulting graph just touches the .a-axis 
instead of actually cutting thiough it This 
was to lie expected, since the equality of 
the roots means that there is but one root, 
and this, when considered as in § 26, can 
be possilDle only when the graph merely touches (is tangent 
to) the .r-axis. 

Thus, m general, we have the following result. If the two 
roots of a quadiatic equation are real and equal, the graph of 
the equation will be tangent to the x-axis, and conveisely. 

EXERCISES 

Draw the graph of each of the follo-nong equations and examine 
whether they do oi do not illustrate the stateineirt at the end of § 27 
If not, what statement is illustrated (see §§25-27)? 

1 ^2-2^;+l=0 5 x^-2x-S=0 

2 ar _ 0^_|.12 = O 6 3 t : 2 + 42 : + 1=0 

3 x-+Qx+12=0 7 3^;2+4^+2 = 0 

4 4a:2^42._|_i^Q_ 4a;2_42a;+9 = 0. 




CHAPTER IV 

SIMULTANEOUS QUADRATIC EQUATIONS 
I. One Equation Linear and the Other Quadratic 

28. Graphical Solution. In § 6 we have seen how to 
determine graphically the solution of two simple (first 
degiee) eciuations each of which contains the two unlcnown 
numbers % and y The method consists m ch amng the graph 
of each equation, then obseivmg the a and the y of the point 
where the two giaphs inteisect The paiticular pan’ of 
values (a, y) thus obtained constitutes the solution 

We often meet with a pair of eciuations similai to those 
just mentioned except that one (or both) of the equations is 
not of the first degree For example, consider the pau', or 
system, of equations 

(1) x-y==l, 

(2) a;2+i/=25 

In order to solve this pair of equations, that is, to find the 
particular pair (or pairs) of values (a, y) which will satisfy 
them both, we may proceed graphically in a mannei precisely 
analogous to that employed m the study of simple equations. 

Thus the graph of (1) is found (as m § b) to be the straight 
hne shoMTi in Fig. 16 In older to draw the graph of (2), we 
fiist solve this equation for y in teims of a, thus obtaining 

(3) y = ±V25-x^. 

By giving various values to v in (3), we obtain the ^-values 
corresponding to each The table below shov'^s the ^-values 
thus obtained corresponding to a=0, +1, +2, etc., to x= +5. 


When T = 

0 

+ 1 

+2 

+3 

+4 

+5 

then y = 

± V25 

± ■\/24. 

±v/2i 

zh x/lG 

dz V9 

±Vo 

= 

±5 

zhl 8 

±4 5 

rb4: 

±3 

0 


65 
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Observe that to .T = 0 correspond the two values 2 / = ±5; 
sumlarly to x=l correspond the two values 2 / =±4.8 
(approximately), etc. 

Moreover, if we assign to x the negative value, x— —1, we 
find in the same way that corresponding to it y has the two 
values, y=±4.8 Likewise, for 
x= —2 we find 2 /= ±4.5, etc., 
the values of y for any negative 
value of V being the same each 
time as for the corresponding 
positive value of x. 

Plotting all the points (.r, y) 
thus found and di awing the 
smooth curve thiough them, we 
obtain as the graph the curved 
line shown m Fig 16. This cm ve 
is a circle, as appears vLon we 
plot more and more of the points (x, y) pertaining to the 
equation (3). 

Note. The foim of (3) shows that thcie can be no points in the 
graph liaving x values gi eater than 5, for as soon as ^ exceeds 5 Ihe 
expression 25— :c“ becomes necjcilive and hence — becomes itnaq- 
iiianj, and theie is no point that we can plot coucsponding to such a 
result Siinilaily, it appeals fioin (3) that ^ cannot take \ allies less 
than —5 

Thus the giaph can contain no points lying outside the ciicle 
already diawn 

Returning now to the problem of solving (1) and (2), we 
know (§ 6) that wherever the one graph cuts the other we 
shall have a point whose x and y form a solution of (1) and 
(2), that is, we shall have a pair of values {x, y) that tvill satisfy 
both equations at once. From the figure it appears that theie 
are in the present case two such points, namely (a; = 4, y = S) 
and (a:= — 3, ?/= — 4). Equations (1) and (2) theiefore have 
the two solutions (a. = 4, 2 / = 3) and (a:= — 3, 2 /= — 4). Ans. 
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Check Foi the solution (a, = 4, 2 / = 3) we have t; — j/ = 4 — 3 = 1, 
and ir+y- = 16-1-9 = 25, as lequired 

Eoi the solution (t= - 3, (/=— 4) we hare a:-?/= -3 — (-4) = 1, 
and t--|-F = 9 -1-16 = 25, as lequned 

The follotnng are other examples of the graphical study 
of non-hnear simultaneous equations. 

Example 1 Solve the sj’-stem 

(4) 2x-9i/+10 = 0, 

(5) 4a--l-9r = 100 

Solution The straight line repiesenting the graph of (4) is dra^^^a 
readdy To obtain the giaph of (5), we have 

Qij- = 100 -ix- 

i/ = ^(100-4x2) = 4(25-x2). 

and therefore 

(6) y=±tV25^- 

Coiiesponchng to (6), we find the following table 


When ^ = 

0 

+ 1 

+ 2 

+3 

+4 

+5 

greater than 
+5 

then 2 / = 

iji/ 25 
±s(5) 
±3 3 

±:3t/ 21 
± jf4 8) 
iL3 2 

±3(4 5) 
±3 0 

±ll/l 6 
±5(4) 
±2 0 

±31/9 

±3(3) 

±2 

±§ 1/0 

±0 

0 

imaginary 

imaginary 

imaginary 


Foi any negative value of x, the y-values aie the same as for the 
conesponding positive value oi x. (See the chscussion of (2) ) 

The giaph thus obtained for (6), 
or (5), IS an oval shaped cuive It 
belongs to the general class of curves 
called ellipses 

The two graphs are seen to inter- 
sect at the points 

(x = 4, y = 2) and (a=— 5, y = 0). 

Theiefore the desired solutions of 
(4) and (5) aie (a: = 4, y = 2) and (x=— 5, y = 0). Ans. 
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ExA^rpLE 2 Solve the system 

(7) 2^— y=— 2, 

( 8 ) " 1 ^ = 4 

Solution The gtaph of (7) is the straight hue shovm m Fig. 18. 

To obtain the graph of (8), we have 

( 9 ) 

from which we obtain the following table 

When ^=S7654321•l- -]|^ 

then i 4 i 5 1 2 4 S 12 IG 20 

This table concerns oiilj' positive values of .i, but it appeals fioni 

(9) that foi any negative value of x the appropiiate ^-value is the 
negative of that for the coiiesponclmg 
positive value of x 

The giaph thus obtained foi (9), or 
(8), consists of two open curves, each 
mdefimtely long, situated as in Fig 
18 These taken togethei (that is, le- 
garded as one ciuve) form what is 
known as a hi/peihola (pionovmced hy- 
pei -bo-la) The part (branch) of the 
curve lying to the right of the y-axis 
corresponds to the table above, while 
the other branch coiresponds to the 
negative a-values 

The two giaphs are seen to intersect 
in the points (-r = l, y = 4) and {x = ~2, 
y= -2). 

Therefore the desned solutions of (7) and (8) are {x — 1, 2 / = 4) and 
(r=-2, ?/=-2) Ans 

Note. Ellipses and hyiierbolas are extensively considered in the 
branch of mathematics called analytic geomelrij. Both of these cuives 
are of wide application in physics, astronomy, and engineering, as 
illustiated m the fact that the orbit of each of the planets m the 
solar system is an ellipse. Both curves belong to a wider class of 
curves knovm as the come sections 
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Example 3. Considei guiphictilly ilic sy&Lcm 

(10) i.+'/ = 10, 

(11) t-+//- = 25 

Solution The giaph of (10) is lound in the usual mannei, and 
IS lepiesented by the stiaight line in Fig 19 The giaph of (11) has 
aheady been woiked out (see discussion ot (2)), being a circle of ladius 



5 ^vifch center at the origin The peculiarity to be especially observed 
here is that these two graphs do iloL xnlerscU This means (as it naturally 
must) that there are no ual solutions to the system (10) and (11), m 
other woids, the only possible solutions are imaqinaiij 

Likewise, whenever any two graphs fail to intersect, we may be 
assured at once that the only solutions then equations can have are 
imaginary The system (lOj and (11) and other such systems will be 
considered further in the next article 


EXERCISES 


Draw the graphs for the folloAving systems and use your result to 
determine the solutions whenever they are real. 


^ = 2y, 
r2 + !/■' = 20 


2 

3 


j r+y = 7, 
l3^2+y-=43 

( T-2y=-l, 
\a.^+4y^=25 


5 

J 6 


fa;+y = 7, 

\ xy = 10. 

\2i+y=7 

/^+y = 2, 
\ y = oi?- 


„ ^2^^-y = l, 

\y = -lx-+2a:H-l.''^ , 

Q fr“4-Ty = 12, x'" 

® 1 n.-!/-2 


./9 


( X = 6 - V, 

\x=>+y3 = 72. 
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29. Solution by Elimination. Let us consider again the 
system (1) and (2) of § 28. 

( 1 ) 

(2) .'c-+^^ = 25. 

Instead of sohung this system giaphically, we may solve 
it by elimination; that is, by the process employed with two 
linear equations m § 28 
Thus we have fiom (1) 

(3) y=x—l. 

Substituting this value of y m (2), thus eliminating y fiom 
(2), we obtain 

ai2+(n;-l)2 = 25, or x^+%‘^-2x+l = 25, 
or 2.r2-2a--24=0. 

or, divichng thi’ough by 2, 

(4) .a'2-re-12 = 0. 

Solving (4) by formula (§ 56), gives as the two loots 

V(-l)^-4(l)(-12)_l+Vl+^_l+7_^ 
^ 2 2 2 ' 
and 

-(-l)-V(-l)J-4(l)(-12)_l-\/l+48_l-7_ „ 

^ 2 2 2 ' 
When r has the fiist of these values, namely 4, we see 
from (3) that y must have the value ^ = 4 — 1, oi 3 

Similarly, when x takes on its othei value, namely —3, 
we see that y has the value y = —d — 1, or —4 

The solutions of the system (1) and (2) are, therefoie, 
(x = 4, y = 3) and (a = — 3, y = — 4) A^is 

Observe that these results agree with those obtained 
graphically for (1) and (2) in § 28. 

Further applications of this method are made m the 
examples that follow. 
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Example 1 Solve the system 

(5) 2i+y = i, 

(6) a:- + y- = 12 

Solution Fiom (5), 

(.7) y = i-2x 

Substituting this expression foi y in (6), we find 

or 

(S) 5r-16r+4=0 

The two roots of (S), as determined by formula (§ 21), are 

_ - ( - 16) ± V( - 16)2-4(5)(4) ^16d= V256 -80 WtQ 

2 ( 5 ) “ 10 10 

_16±4\/n _8it2-v/n_ 

~ 10 ~ 5 

The first of these values, namely a = (S+2-\/IT)/5, when substi- 
tuted in (7), gives as its coi responding value of y, 

16-l-4\/n 4-4vn. 

5 “ 5 ' 

The second value, namely t = (S-2 a/ID/S, when substituted in 
(7), gives as its coiiesponding value of y, 

16-4-v/ri^4+4Vn 
5 " 5 

Hence the desiied solutions are 


y = 4:- 


y = 


S+2V11, 

" and 

4-4VII 


8-2VTT 

= 7 

5 

4+4vri_ 

5 


To obtain the appioximate values of the numbers thus obtained, 
we have Vri = 3 31662 (tables), and hence the above solutions reduce 
to the forms 

a: = 2 9266, , f 11 = 0 2734, 

j/== -1 8533,''''^ \7/ = 3 4533 

These are the solutions of the system (5), (6), coi reel to four ■places 
of decimals, w'hich is sufficient ioi ordinaiy woik. 
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Example 2. Solve the sj'stem 

(9) ^+?/ = 10, 

(10) ^2+r = 25. 

Solution. From (9), ?/ = 10— r Substituting this expression, in (10), 
x- + (100-20i +i,-)=25, 

01 

(11) 2L--20a:+75=0 

Solving (11) by formula, ive find its solutions to be, aftei induction, 

10+ , 10-5\/Ll2 

% = and X — 

2 2 

Since these rc-values contain the square loot of the negative number 
—2, they aie imaginaiy The ^/-values aie also imaginaiy, as appeals 
by substituting the a-values just lound into (.9), vhich gives the lesults 
10 - 5\/^2 . 10+5V^ 

2/= 2 2 


The desired solutions of the systems (9), (10) aie therefore 


10+5V-2 


and 


2/ = 


10-5V^ 


10-5a/-2 


10+5V-2 


This result should now be contrasted with what we saw in Example 
3 of § 2S legaidmg this same sy.stein (9) and (10) There we lound 
g)aplncalltj that the solutions inubt be imaginaiy because the graphs 
failed to intersect, but we could not find the actual imaginary numbers 
which form the solutions 


EXERCISES 

Solve each of the follovnng systems by the method of elimination, 
and, in case surds are present, find each solution correct to tw'O places 
ot decimals by use of the tr’ ’ 

/r:2+l/^ = 53, 

I x-y=5 

2 /l0a+y = 3aiy, 

\ V-x = 2 . ' ’ 

3 lx^+xy = V2?^^ /cH3ry = y2+23, fa:-i/ x+y 5 

\ x—y = 2 ' \ x+3y=9 10 <x+y x — ij 6 

X 2y=2, „ vy Si/- = 5, l2a:+5w = 5 

a:-+4y-=25. \ 3x—5y = l. 


Lines 

[r'-2/ = 8, 

\ T— 2// = 3 v9 

jx-+3zy—y- = i3, 

\ a; +21/ = 10- 


4.t: 2y 34 
3y'^to''l5’ 
2x—5y= —4 


4 
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II. Neither Equation Linear 

30. Two Quadratic Equations. In each of the systems 
considered in §§ 28, 29 one of the two given equations was 
linear. However, the same methods of solving may often 
be employed m case neither equation is linear. In such cases 
four solutions may be present instead of two. 

Exaaiple 1 Solve the system 

(1) 9^2+16r = 160, 

(2) or — if = 15 

Solution Here only and y” appeal and we begin by finding 
their values Thus, multiplying (2) thiougli by 16 and addmg the 
result to (1), we eliminate if and find that 25^" = 400, or 

(3) a:2-16 
Substituting tins value of m (21, we find 

(4) f = l 
Fiom (3) and (4) we now obtain 

(5) a. = ±4 and v=±l 

Foiming all the pans of values (^, y) that can come fiom (5), we 
obtain as oui desired solutions 

(a; = 4, y = l), (t= -4, y = l); (t = 4, i/= -1), 
and (x=— 4, y=-l) Aiis 

Check Each of these pairs of 
values of x and y is immediately 
seen to satisfy both (1) and (2) Let 
the student thus check each pair 
When considered giaplucally, 
equation (1) gives use to an ellipse 
(compare § 28, E\ 1), while (2) 
gives a hjTperbola situated as 
sho'WTi in Fig 20 These two 
curves inteisect in four points 
which correspond to the four solu- 
tions just obtained. 




Fig 20 
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ExA^tPLE 2. Solve the system 

(7) a'+y"- = 25, 

(8) xij=-l2 

Solution Here we cannot pioceed as in Example 1 because we 
cannot find leadily the values oi and But if we multiply (8) by 
2 and add the lesult to (7), we obtain 

(9) a2+2^?/+y- = l 

Taking the squaie loot of both membeis of (9) gives 

(10) 114-1/= ±1 

Similarly, multipljong (S) by 2 and subti acting the result fiom (7), 

and hence 

(11) 1.-1/= ±7 

Taking account of the two choices ot sign m (10) and (11), we see 
that they give rise to the fom simple (lineai) systems 

(a) .i;4-y = l, a-y = 7, 

(b) 1:4-^= -1, a-y = 7; 

(c) i4-y = l, .^-y= -7, 

(d) i:4-y=-l, x-ij=—7 

Thus we have replaced the 
original system (7) and (8) by 
the fom simple systems (a), (b), 

(c), and (d), each of winch may 
be immechatel}’’ solved by ehmi- 
nation, as in § 28 Since the 
solutions of (a), (b), (c), (d) are 
respectively (^ = 4, y=— 3), 

(x = 3, y=-4), (i;=-3, y = i), 
and (a: = — 4, y = 3), we conclude 
that these are the desired solu- 
tions of (7) and (8) Ans 

The graplucal sigiuficance of 
these solutions is showi in Fig 21, wheie the circle a;^4-y^ = 25 is cut 
by the hyperbola xy= — 12 in four pomts that coriespond to the four 
solutions just found 

Check That these four solutions each satisfy (7) and (8) appears at 
once by trial. 
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While no geneial rule can be stated foi solving two equa- 
tions neither of which is linear, the following obseivation 
may be made Unless the equations can be solved readily 
for a;- and if (as in Example 1), the system should fiist be 
Q'sjrj^jYiined with a view to making such combinations as ^\ill 
yield one or moie new systems each of which can be solved 
(as in Example 2) by methods already familiar All solutions 
obtained m this way should be checked m older to avoid false 
combinations of the x- and 2 /-values thus obtained. 


EXERCISES 


Solve each of the following systems, and chaw a diagiam for each 
of the fiist thiee to show the geometuc meaning of your solutions. 


i^-r=s 
f 4a^+9iy' = 73, 
1 = 


3 


■ c !/ = 15 

i%-->riU= -6, 
\xy-l-/- = 15 


[Hint to Ex 4 Fust add, then subtiact the two ecjuations, thus 
showing that the given sv^tcin is equivalent to tv'O others each of 
winch may be solved as in § 29 Compaie Ex 2, § 30 ] 


^^2+^y+,/ = 151, 

\x^-Ti/+y‘^=37. 


7 


t !/— 6 = 0 , 

Tr+y-=xy+7 


Q U-+iy=77, 
\xy-f^=r2 

c^Ly+2x+y=25, 

10 I 

[ y ^ 


■*■31 Systems Having Special Forms The systems of equations 
consideied in §§ 29, 30 ilhistiate the usual and moie simple types such 
as one commonly meets in practice It is possible, hovevei, to solve 
more complicated systems piovided thej^ aie of ceitain piesciibed foims 
We shall heie considei only two such type foims 

I When one (o? both) of the given equations is of the foi m 
aTr+hxy+ci/^O, 

where the coefficients a, b, c are such that the expiession ai?-\-bxy-{-cif 
pan be factored into two rational hneai factors. 
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Exmiple. Solve the system 

(1) a;“+2'c — ?/ = 7, 

(2) x"—xy—2y-~0 

Solution Here we see that (2) is of the foim mentioned above, 
since x^ — iy — 2y- can be factoied into (^ — 2y)(^^-y) (2) may thus 

be wiitten in the form 

(3) (•^-2y)(r + ^/)=0 
It follows that eithei 

a— 2y=0, or a+7/ = 0. 

Hence the system (1), (2) may be replaced by the two following systems 


ar-{-2x—y = 7, 
x-2y = Q, 


and 


x-+2x-y = 7, 
x+y = 0 


Each of these two systems may noAv be solved as in § 30, and we 
thus find that the solutions of the first system aie 

(r==2, y = l) and (.x= y= 
while the solutions of the second system aie 
fa, = ^(-3+V37), 


and 


V='i(3 — \/37), 


fa. = ^(-3- V37), 
l2/ = '^(3+ 

The desired solutions of (1) and (2) consist, llierefoie, of these four 
solutions just obtained Ans 

II When both the given equations arc of the foim 
asf + hxy-\-cir = d, 

where a, h, c and d have any given values (0 included). 

ExatiIPLE Solve the system 

(4) ay +7/2 =3, 

(5) x--\-2xy = 5 

Solution Let v stand foi the latio x/y, that is, let us set 

(6) x = vy. 

Substituting in (4) and (5), we find, 

(7) vhf — vif+-l^=Z. 

(8) = ^ 
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Solving (7) and (8) for ij^, 


(9) 

c> O 

1 , 1' 

(10) 

0 5 

r= , , o • 

v--{-2v 


Equating the values of y- given by (9) and (10), 

5 _ 3 

i’-+2u a + l 

dealing of fiactions, 

fll) 2a2-ll„+5 = 0. 

Solving (11) by foimula (§ 21), 

ll=bVl21-4Q lld=\/8T_ ll±9 
4 ” 4 ~ 4 " 

Theiefore i’ = 5, oi v = \ Substituting 5 for v in (9), oi (10), 

*> 1 
y — Y* 

Hence 

, 1 1 

Substituting foi V in (9) or (10), y“ = 4. Hence y=+2 or —2. 

The only values that y can have are, therefoie, l/\/7, — l/\/7j 
2, and —2 

Since ^ = (see (6) ), the value of x to go with y = lf-\^ is 
rc = 5 (1/ y/l) = 5/ Si in daily, when y=—l/^/l we have 

t = 5(-1/V7) = -5/V7 

Likewise, when y = 2 (in Avhich case v=^, as shown above, then 
by (6) we have x= \ 2 = 1 

Again, when y=—2, then = — 1. 

Theiefore the only solutions which_the system (4), (5) can have are 
(a, = 5/V7, y = (x = -5/V7, y=-l/V7); ('c = l, y = 2)-, 

(x= — 1, y= -2), and it is easily seen by checlcmg that each of these 
%s a solution yl/is 

32. Conclusion. Every system of equations considered in 
this chapter has been such that we could solve it by finally 
solving one or more simple quadratic equations. We have 
examined only special tj’pes, however, and the student should 
not conclude that all pairs of sunultaneous quadratics can be 
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solved so simply. In fact, the solution of simultaneous quad- 
ratics %n general mvolves a study of equations of highei degree 
than the second such as considered in Chaptei XI 


MISCELLANEOUS EXERCISES 

Solve the foUo-wang simultaneous quadiatics The star C^) indicates 
that the exercise depends upon § 31 


jx^+i/ = 25, 

\ x+ii = 7. 

I 'ey =7 

[ .'ey = 10 

* j'i?+xy+ 2 !j- = n, 

\ 2r+.57/ = 22 

^2^“-l-^y-y- = 0, 

\ 2^Hy = l 

f 2i^-3y-i- = S, 
^ \6x2-5^y-6y‘■^ = 0 


Uy+2x = 5, 
\2xy-ij = 3 

f'l-lf + VIJ = 24:, 
\ .^^d-l-^ = 56. 

\%~—n/ = 8 


/a‘‘-y‘ = 369, 
\x^-y-9 
f ^2^-y- = 100, 
\(^-l-yr- = 196 

(''r-7ii/+12y- = 0, 

\ ay+3y-2a: = 21. 


MO f.ry+2y- = S, 
\^^+2^y = 12 

M4 / '»'“-^y-y^=20, 

\i.^-3i,y+2y2 = 8 

/ i-2i/ = 2{a+h), 
\iy+2y^- = 2b{h-a). 


APPLIED PROBLEMS 

In worlung the following pioblems, let a and y lepiesent the two 
unlaiown quantities, then foiin two equations and solve them. If 
lachcals occiii, find then appioxiinate values bj'’ use ot the tables 

1 The sum of tv'O mimbeis is 12, and then pioduct is 32. What 
ate the uumbeis? 

2 The sum of two niunbeis is 82, and the stun of their square roots 
is 10 What aie the niiinbeis? 

3 A piece of wue 48 inches long is bent into the foim of a light 
triangle w'hose hjqiotenuse is 20 inches long What aie the lengths 
of the sides'? 


4. If it takes 52 rods of fence to inclose a rectangular garden con- 


taiinng 1 acre, what aie the length and bieadth 
of the gaiden'? 

6 If, m the adjoiiung figuie, the combined 
area of the two ciicles is 15^ squaie feet and 


the distance CC' between centers is 3 feet, what 

/ 22 \ 

aie the lengths of the tw'o ladu? ^Take tt =-— . j 



Fig. 22 
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6 Woik Ex 5 in case the ciicles are situated as in Fig 23, talang 
the shaded aiea to be 110 squaie feet and CC' to 
be 5 feet 

7 The aiea of a tiiangle is 160 squaie feet, and 
its altitude is twice as long as its base Find, col- 
lect to three decimal places (using tables), the base 
and altitude 

8 The aiea of a lectangulai lot is 2400 squaie 
feet, and the chagonal acioss it measuies 100 feet 
Find, collect to thiee decimal places, the length and bieadth 

9 The chmensions of a lectangle aie 5 feet by 2 feet Find the 
amounts (collect to two decimal places) by which each dimension must 
be changed, and how, in older that both the aiea and the peiimetei 
shall become doubled 

10 Two men w'oilang togethei can complete a piece of w^ork m 6 days. 
If it would take one man 5 days longei than the othei to do the woik 
alone, m how many days can each do it alone‘s (Compaie Ex 19, p 12 ) 

11 The fore wheel of a carnage makes 28 i evolutions moie than the 
rear wheel m going 560 yauls, but il the ciicumfeience of each wheel 
be iiici eased by 2 tcet, the difloicnce would be only 20 revolutions. 
Find the ciicumfeience of each wheel 

12 A sum of money on interest for one year at a ceitam rate 
brought $7 50 mteiest If the late had been 1% less and the piincipal 
S25 more, the inteiest wmidcl have lemained the same Find the pim- 
cipal and the late 

13 A man tiaveled 30 imles If his rate had been 5 miles moie per 
houi, he could have made the jouiney in 1 horn less time. Find his 
time and late. (See Ex 10, p 9 ) 

14 Show that the foimulas foi the length I and the width w of the 
rectangle whose peiimetei is a and whose aiea is b aie 

Z = ^(a+Va2-165), ia = 'Ka- Va’-lGb) 

16 If the difference of the areas of two ciicles be d and the sum of 
their ciicumfeiences be s, show that their ladii ri and 9 2 ; iiiust have 
the following values 

47rd-|-s" s“ — 47rd 

47rs ’ 47rs 




CHAPTEE, V 


THE PROGRESSIONS 

I. Arithmetic Progression 

33. Definitions. An arithmetic progression is a sequence 
of numbers, called terms, each of which is derived from the 
preceding by adding to it a fixed amount, called the common 
difference. An aiithmetic progression is commonly denoted 
by the abbreviation A. P. 

Thus 1, 3, 5, 7, ••• IS an A P , since each tcim is dciived from the 
preceding by adding 2 to it Hence 2 is the common difference The 
dots following the 7 indicate that the senes may be extended as fai as 
one pleases Thus the fiist teim aftei 7 would be 7+2, oi 9, the next 
would be 9+2, or 11; etc 

Again, 5, 1, —3, —7, —11, •• is an A P. Heie the common diftei- 
ence is —4 


EXERCISES 

Determine which of the following progressions are aiithmctic pro- 
gressions, and for such as are, deteimme the common difference. 

1 3,6,9,12,—.^/' 6 0, 2a, 4ci, 6a, • 

2 3, 5, 6, 8, 7 

3. 6, 3, 0, —3, •••. 8 

4 30, 25, 20, 15, — . ' 9 

6 -1,2, 5, 8,-. 10 

11 Write the fiist five terms of the A P in which 

(а) The first term is 4 and the common difference is 2 

(б) The first term is 3a and the common difteience is —6 


a, a+4, a+S, a+12, ■ • 
a, a+d, a+2d, a+3f/, 
■c-d//, x—2y, x-ij, • 
3'c+3i/, 6'c+2i/, Qx+y, 


34. The Formula for the nth Term. From the definition 
(§ 33) it follows that every arithmetic progression is of the 
typical form 

a, a+d, a-\-2d, a+Sd, . . . 

Here the first term is a and the coimnon difference is d. 
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Observe that the cr^^fficieiit of d in any given term is 1 less 
than the number of thcx term. Thus, in the thud term the 
coefficient of d is 3 — 1, oi 2; likewise m the /owri/i teim the 
coefficient of d is 4 — 1, or 3. Thus, in general, the coefficient 
of d in the iith term is (n— 1). Hence, if we let I stand for 
the entue /ith teim, we have the forsoula 
l = a-\-{n—l)d. 

Example Find the 11th teim of the A. P. 1, 3, 5, 7, •••. 

Solution Heie a — 1, d = 2, ft = 11, Z = ? Hence, substituting m 
the toiniula, wc hnd Z = a + (ii — l)d = l + 10X2 = 1+20 = 21 Ans 
This result rnaj be checked by actually writing out the sei les so as 
to include the 11th teim 

35. The Formula for the Sum of the First n Terms. Let 

a represent the first term of an A. P., d the common diffeience 
and I the ?ith term, as in § 34, Then the sum of the first 7i 
terms, which we will denote by S, is 

(1) iS = C(-(-(c[T'd)-l-(a-l-2d)-j-(a-}-3d)-l- • • • -jr{l—d)-\-l. 

This value foi S may be much simphfied, however, as we 
shall now show. 

Write the A. P (1) in its reverse order, thus obtaining 

(2) iS = Z+(Z-d) + (Z-2d)+-a-3d)+ ■.+(a+d)+a. 

Now add (1) and (2), noting the cancellation of d with - J, 
of 2d ivith —2d, etc. The result is 

2»S= (u+Z) + (a+Z) + (a+Z)+ 

or 

2S=n{a-\-l). 

Therefore ' . ' ' 

S=|(a+0. 

If we replace I by its value a+(?i— l)d (§ 34), this formula 
takes the form 

' S=|-|2a + (n-l)4 
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Example. Find the sum of the fiist 12 terms of the A P 2, 6, 
10, 14, . 

Solution. Here a = 2, d = A, n = 12, s = ? 

Substituting in the second of the foimulas just obtained, we find 
11 X 4 J =6|4-|-44| =GX4S = 2SS Ans 

36. Arithmetic Means. The terms of an arithmetic pro- 
gression that lie between any two given terms are called the 
arithmetic means between those terms. 

Thus the tliiee aiithmetic means between 1 and 9 aie 3, 5, 7, since 
1, 3, 5, 7, 9 foim an A P 

Wlienever a single term is thus iiiseited between two 
numbers, it is biiefly called the arithmetic mean of those 
two numbers. 

Thus the arithmetic mean of 2 and 10 is 6 because 2, 6, 10 foim 
an A P 

A formula for the arithmetic mean between any two num- 
bers a and h is easily obtained Thus, if x is the desired mean, 
then a, x, h must form an A. P. Plence, if d be the common 
difference, we must have x — a=d and h—x = d. It follows 
that we must have x — a = h — x This equation, when solved 
for X, gives as the desired formula 

a-\-h 

^ ^ ' 

Thus, it follows that the authnietic mean of two numbers is 
equal to half their sum. 

Note. The arithmetic mean of two munbeis is also called their 
avei age 

Example Iiiseit five anthmetic means between 3 and 33. 

Solution We aie to have an A P of 7 terms in which n = 3, Z = 33, 
and n = 7. We begin by finding d Thus 

l = a+^n — l)d (§ 34) so that 33 = 3H-6d Solving, d = 5 

The piogiession is therefoie 3, S, 13, 18, 23, 28, 33, and hence the 
desiied means are 8, 13, 18. 23, 28 Ans 
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EXERCISES 

Find, by the formulas of §§ 34, 35, the numbers called for in Exer- 
cises 1-6 below 

1 The 12th term of 3, 6, 9, 12, 

2 The 21st term of 4, 2, 0, —2, —4, 

3 The 11th teim of ^ — y, 2x— 2y, 3i— 3y, 

4 The sum of the hist ten toims of 3, 6, 9, 12, 

6 The sum of the fiist thiiteen teims ot 1, 3i, 6, 

6 The sum of the A P of eleven teims, the hist of winch is —5 
and the last of which is 20 

7 When a small heavy body (as a bullet) diops veitically downwaid 
it passes ovei 16 1 feet during the hist second, thiee times as fai during 
the second second, five tunes as fai dining the tlnid second, etc 
Hence answei the following questions 

(а) Hoav far docs it go duiing the 12th second^ 

(б) Hoav far does it go duiing the fiist twelve seconds’? 

8 If you save 5 cents dining the fiist week in January, 10 cents the 
second week, 15 ccnls the thud week and so on, how much wall you 
save dui ing the last week ol the yeai Also, w’hat will be the total of 
the year’s savings? 

9 Find the sum of all odd mtegeis less than 100 

10 The fiist tcim ol an A P is ^ and the 12th term is ll^ \\Tiat is 
the sum of the 12 tcinis’ 

11 In Fig 24 t.lie sixteen dotted lines are 
equally spaced, and hence then lengths toim an 
aiithmetic progicssion It the highest one is G 
inches long and the loAvest one is 3 feet long, 
w'hat is the sum of all then lengths? 

12 The rungs ot a laddei diminish unifoimly from 2 feet 4 inches 
m length at the base to 1 foot, 3 inches at the top If theie aie 24 
lungs altogethci, what is the total length of wood 
they contain? 

13 A piece of rope, wdren coiled m the usual , 
mannei shown in Fig 25, is loiiiid to have 12 com- , , ^ 
plete turns, oi layers It the mneimost turn is 4 
inches long and the outermost is 37 inches long, es- 
timate the total length of the rope. 




Fig 24 


Fig. 25 
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14 Fdty-five logs are to be piled so that the top layer shall contain 
1 log, the next layei 2 logs, the next layei 3 'ogs, etc How many logs 
will he on the bottom layei 

16 A low ot niimbeis m aiitlimetic piogression is iiTitteii down 
and aftei’waids all eiased except the 7th and the 12th, which aie found 
to be —10 and 15 lespectively. What was the 20th nmiibei? 

16 A small lope is wound tightly lound a cone, as 
shown in Fig 26, the niunbei of complete tiuns being 
24 Upon unwinding tiom the top, the fiist and second 
tin ns aie found to measuie lespectively 2-j inches and 

niches Estimate the length of the lope 

17 Piuve that ecjual multiples of the teims of an 
aiitlmietic piogies.sioii foim another aiithmetic progies- 
sion 

18 Prove that the sum of n consecutive odd mte- 
geis, beginning with 1, is /r 

19 Show that the fiist foimula for aS obtained m § 35 
may lie tiaiislated into woids as foUow'S “The sum of n teims of an 
aiithmetic progiession is equal to n multiplied by the aiithmetic mean 
of the fiist and the last teims ” 

20 In the figuie lielow is shown the fiustum of a cone with its “mid- 

sectioii,” 01 section midway between the bases. Similaily, the frustum 
of a pyramid and its “mid- a/CZ>b 

section” aie shown It is / \ 

proved in sohd geometiy r 

that in all such cases the / 7 \ 

peiimetei of the niid-section / 
is the aiithmetic mean of/ 

the perimeter of the two Fig 27 

bases Hence, aiiswei the followung questions 

(fl) If the perimeters ol the bases aie 30 inches and 10 inches 
respectively, what will be the peiimetei ot the mid-section? 

(6) If the ladiiis of the uppei base is 2 niches and that of the lower 
base 8 inches, what will be the peiimeter of the mid-section? 

21 If d = 2, 71 = 21 and *8 = 147, find a and I 

22 Show that if any thiee of the quantities a, d, I, n, S aie given, 
it IS always possilile to find the other two In particular, prove that 
the value of a in terms of cl, I and S is given by the formula 

a = \d±V{l+^dr—2dS. 
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II. Geometric ProCxRessiont 

37 Definitions. A geometric progression is a sequence 
of numbcis, called terms, each of which is derived from the 
precechng by multiplying it by a fixed amount, called the 
common ratio. A geometric progression is commonly denoted 
by the alibi eviation G. P. 

Thus 2, 4, S, 16, 32, is a G P , since each leim is deiived from 
the piecechng by multiplying it by 2, ■which is theiefoie the common 
ratio 

Likewise, 10, -5, 5/2, -5/'4, is a G P ^\hose common ratio is 
— 1/2 The next two terms would bo 5/S, —5/16 

EXERCISES 

Deteimine which ot the following aie geometiic progressions, and 
for such as aie, deteimind the common latio 

1 3, 6, 12, 24, 48, 

2 -ii i> tV) • 

3. -1, 2, -4,8, -16, 

4 . a, a~, a*, 

6 (a-hb), (a+bf, (a-hb)^ (a+bf, • 

9/1® 911^ 

6 n * 1 ^ ^ ^ rJ 

/r iv ?r ?i 

7 Wiite the first five teims of the G P in which 

(а) The fiist teim is 4 and the common latio 4 

(б) The fiist teim is —3 and the common ratio —2 
(c) The fiist leim is a and the common latio r 

38 The Formula for the nth Term. From the definition 
in § 37 it follows that every geometric progression is of the 
type form 

a, ar, ai-, ai^, ar\ , 

where a is the first teim and r is the common latio. 

Observe that the exponent of r in any one term is 1 less 
than the numbei of that teim. Thus 2 is the exponent of r 
in the thud ieim, 3 is the exponent of r m the fouith term, etc. 
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Therefore the exponent of r in the ?ith term must be (n— 1), 
so that if we let I stand foi the ? 2 th term M'e have the formula 

l = ar^-K 

Example Find the 7th teiin of the G P 6, 4, 

Solution We have a =6, » = j, n = 7, l = f 

, /2\'5 2® 2' 128 , 

The foimula gives Z =£!/'* ‘■ = 6X [ -] =^X3X— = ^ = ;rjv 

y 3 j 3 3 2"J:3 

39 The Formula for the Sum of the First n Terms. Let 

a be the fiist term of a geometiic progression, r the common 
ratio and I the «th teim Then the sum of the first ?i terms, 
which we vail call *S', is 

(1) iS = a-t-<2r+a9--bhi®+ . +ar"'“^d-£U’"'“^. 

This value for S maj', howevei, be vnitten in a veiy much 
more condensed form, as we shall now show. Multiply both 
members of (1) by i, thus obtaining 

(2) r>S = a?'+a?'-+ar3H-fW’^+ 

Now subtract equation (2) fiom equation (1), noting the 
cancellation of terms This gives S—rS=a—a7'”‘. Solving 
this equation foi S, we find 


This IS the condensed form for S mentioned above. 

It IS to be obseivcd also that since l=ar’'-~^ (§ 38), we may 
wiite rl = m’\ Placing this value of ar”‘ into the formula just 
found for S, we obtain as a second expression for S 

_ a-rl 


Exaimple Find the sum of the fast six teims of the G P 3, 6, 
12,24, ■ 

Solution a = 3, ? =2, n = 6, 5 = ? 

„ a-aP' 3-3-2® 3 -3 64 3-192 -189 

S = - = , , = , = — = — = 189. A71S. 


-1 



THE PROGRESSIONS 


77 


V, § 40] 


40. Geometric Means. The terms of a geometric pro- 
gression that he between any two given terms are called the 
geometric means between those two terms. 

Thus, if we wish to inseit thiee geometiic means betw^een 2 and 32, 
they w'ould lie 4, S, 16, since 2, 4, S, 16, 32 foiins a G P 

Whenever a single teim is inseited in this way between 
two nmnbeis, it is briefly called the geometric mean of 
those two numbers. 

Thus the geometiic mean of 2 and 32 is S, since 2, 8, 32 foims a G P 

A formula for the geometric mean of any two numbers, 
as a and h, is easily obtained. Thus, if .t denote the mean, 
then a, x, h forms a G. P. so that 'i{a = hfx, each of these 
fractions being equal to the common r.atio of the G P. 
Clearing this equation of fractions, and solving for x we find 

.T = ■\/ab. 


Thus it follows that the geometiic mean of two numbers is 
equal to the square root of theii pioduct 

ExuuPLC Inseit four geometne means bctw'een 3 and 96. 
Solution We aie to have a G P m which a = 3, l-QQ and n = Q. 
We begin by finding i Thus 

2 = (§38), so that 96 = 3 oi /■' = 32 Hence i =2. 

The piogiession is theiefoie 3, 6, 12, 24, 48, 96, and hence the 
four desiied means aie 6 12, 24, 48 Ans 


Historical Note. It is related that W'hen Sessa, the mventoi of 
chess, piesented his game to Scheian, an Indian pimce, the latter 
asM h.m to mmo h,s .oword Ses^a, )«egccl that the pimeo ^tould 
give him 1 giam of wheat foi the fiist squaie ol the chess boaid, .. tor 
the second, 4 for the thud, S to. the fomth, end so on to ^ 
fourth The number of giams of wheat thus called foi ivas (see (3), ^ 39) 


1_1 .2“ ^?®l_i^2®^-l = 18,446,744,073,709,5.51,615. 

1-2 1 

This amount is gieatei than the woild’s annual supply at present. 
Histoiy does not i elate how^ tlie claim was settled ^ (Flora Godfiey and 
Svddons’ Eleme Ida) y Algebia, Vol II, pp 336, 33/ ) 
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EXERCISES 

Find, by the formulas of §§ 38, 39, the following numbers. 

1 The ninth teim ot 2, 4, 8, 16, • •• 

2 The eighth term of -2> 1, 

3. The tenth teim of 4, 2, 1, ■- 

4 The eleventh teim of at, a~i,\ •••. 

6 . The tenth teim of 2, 1, • * 

6 The sum of eight teims of 2, 4, 8, 

7 The sum of six teims of 1, 5, 25, • •. 

8. The sum of ten teims of —4, •••. 

9 The sum of ten teims of 1, a“, a’, 

10. What is the sum of the series 3, 6, 12, , 384? 

11 What 13 the sum ot the senes S, 4, 2, "I 

12 Find the sum of the fiist ten powcis of 2 

13. Find the sum of the fiist seven powers of 3. 

14 F 01 evei y pei son thei e have lived two parents, four grandpar ents, 
eight gieat giandpaient-^, etc How maiij'^ ancestois does a person have 
lielonging to the 7th generation before himsell (assuming no dupli- 
catioiiji’ y\.iiswer also foi the 10th generation 

16 From a grain of com tlieie grew a stalk wluch pioduced an ear 
of 100 grams Tlie-^e giaiiis ueie planted and each pioduced an ear of 
100 grains This was leiieated until there weie 5 harvests If 75 ears 
make a Imslicl, how iiianj'^ ljushels were there the fifth year? 

16. A senes of five sciuaies is dtawm such that a side of the second 
IS twice as long as a side of the first, a side of the third tAvice as long as 
a side of the second, etc It a side of the first is 2 inches long, find 
(by § 39) the sum of the ai eas of all the squares 

17 Half tire an in a certain sealed receptacle is removed bj’' each 
stroke of an an pump What fraction of the original amount of air 
has been removed In" the end of the 7th stroke? 

18 A wheel is making 32 revolutions per second when the steam 
is turned off and the wheel begins to slow clown, making half as many 
levolutions each second as it did during the preceding second How 
long before it will be making only 2 revolutions per second? 

19 It IS found that the number of bacteria in rrulk doubles ever 3' 
3 hours B}" how much will it be multiplied by the end of one da3^? 
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20 Show that if a piincipal of $p lie invested at r% compound 
latoicst, the sums of money accumulating at the ends of successive 
yeais will toim a geometiic iirogiession, but if the investment be made 
at. simple luteiest, the sums similaily accumulating will foim an aiith- 
metic piogicssion 

21 Fiom a cask of vinegai the contents is iliawii off and the cask 
then hi led by pouiing in watei Show that it tlus is done 6 times, the 
cask will then contain moie than 90% watei 

[Hint Call the oiiginal amount of vinegai 1, then expiess (as a 
pioper fiaction) the amount of Avatei in the eask aftei the first refilling, 
second lefilling, etc ] 

22 In Eig 2S a senes of oidinates equally 
spaced fiom each otliei has been drawm, the 
fiist one being laid off 1 unit long, the second 
one being laid off equal to the first one inci eased 
by its length, etc Show that these oi chnates 
icpresent the successive terms of the G P \ 
whose first term is 1 and Avhose common i atio is 
1] In Hus sense, the figuic may be called the 
diagram ooiiesponcUng to the G P m wdiich a = l, ? 

23 Draw the diagram for the G P in which 

(a) a = l, r = (6) a=2, 7=1^ (c) 0 = 4,;=-^ 

24 Piovc that the lecipiocals of the teims of a geometi ic piogiession 
form another such piogiession. 

26 If a senes of mmibers aie in geometiic progression, are then- 
squares likewise in geometric piogiession'i* Answei the same question 
for the cubes of the given numbers, also foi their square loots and 
then cube roots 

AnsAvei the same questions for an arithmetic piogression 

[Hint See that your leasomng is geneial, that is, do not base it 
merely upon the examination of special cases ] 

26 Find, collect to four decimal places, the 
. geometric mean of 6 and 27 (Use the tables ) 

27. In Fig 29 a square is placed (m any 
mannei) within another square wdiose side is twice 
as long Shmv that the area between the squares 
IS equal to three halves of the geometric mean of 
the gregs of the two square^, 
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41. Infinite Geometric Progression. Consider the geo- 
metiic pi egression 

(1) 1 , ^, 1 , 1 .^, .... 

Here n = l, 7’=^) and hence, by § 39, the sum of n teims is 

1-1 l-(^)'‘ 


S = 


a — m 
1—r 


Now, if the value selected foi n is vciy laige, the expres- 
sion (1/2)“ which here appeals is veiy small, being the frac- 
tion I multiplied into itself ')i limes In fact, as n is selected 
larger and larger, this expicssion (1/2)“' comes to be as small 
as w^'e please, so that the value for S, as given above, comes as 
iieai as we please to 

1-0 


which is the same as 2. So we saj' that 2 is the simi to in- 
finity of the geometric progiession above, meaning theieby 
simply that as we sum up the terms, taking more and moie 
of them, Ave come and remain near as we 2:)lease to 2. 

The meamng of this result is illustrated in Fig. 30. 


A 


1 


I 1 


"i 


Fig 30 


Heie, beginning at the point marked 0, we first measure 
off 1 unit of length, then, continuing to the right, we measure 
off I unit, then \ umt, then | unit, etc., each time gomg to 
the right just one-half the amount we Avent the time before 
As this is kept up indefinitely, we e^adently come as near as 
AA’e please to the point marked 2, wdnch is 2 units from 0. 
This corresponds exactly to AAdiat we are doing when Ave add 
more and more of the terms of the gNen progression 

h’ i’ xf 

A progression like the one just considered, in which the 
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value of n is not stated but may be taken as large as one 
pleases, is called an infimle geometric piogrcssion. 

Having thus considcied the sum to infinity of the special 
infinite geometric progression (1), let Ub now suppose that we 
have any infinite geometric progiession, as 

a, ar, ai-, a)^, , 

and (as befoie) that r has some value numerically less than 
1. Then the sum of the first ?? teims is, by § 39 


and, as n is taken larger and larger, the expression which 
appeals here becomes as small as we please, since we have 
supposed r to be less than 1. Hence, as n mci eases indefi- 
nitely, the value of S comes as near as we please to 

a — a • 0 
1-r ' 
or 

a 

1—r 

We have therefore the follovdng theorem: The sum to 
infimty of any geometric progiession whose common ratio r 
IS numencally less than 1 is given hy thejoimula 



Example Find the sum to infinity of the pi egression 
3, 1, -1 , 

Solution a = 3, ? = ^ Since i is numencally less than 1, we have 
by the formula of § 41, 

a 3 3 9 T . 

1—r 1— -y f 4 
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EXERCISES 


Find the sum to infinity of each of the following piogressions, and 
state in each case what youi' answei incaas, chawing a diagiam similai 
to Fig 30 to illustiate 


1 . 1 2 

2 ‘1’ ‘l’ 


1 1, A, it, ... 

’ 3 ’ U ’ 2 7’ 

3 1, —I, 1, .. 

’ 3’ 9’ 27’ 

[idiNT J = — 3 and hence is numeiioally less than 1 The formula 
of § 41 therefore applies J 

4 4, A, 04, 004, . 

^ 'i'j “"tVj ¥Ti 

6. 1— a.-f-'i'" — -1- • • when r = |- 


2 2-v/2 4 

® 7- > - > 

3 3 \/3 9 


7. V3, 1,-L, 1, ... 

\/3 3 


n 4 2 1 

^ ) 7=? — } 

5 SVs 15 



Fro 31 


10. A pendulum starts at A and swings to B, 
then it swings back as fai as C, then for waul as 
far as D, etc If the fiist swing (that is, the cir- 
cular aic fioni A to B) is 6 inches long and each 
succeeding swing is five-sixths as long as the one 
]ust pieceding it, how far will the pendulum boji 
tiavel before coming to lest? 

11 At what lime after 3 o’clock do the hands 
of a watch pass each other? 

[Hint We maj’’ look at tliis as follows The 
large (mrnute) hand first moves down to where 
the small (horn’) hand is at the beginning, that is, through 15 of the 
minute spaces along the dial. Meamvlule the small hand advances y-j 
as fai, or -y-I of a minute space This brings the small hand to the 
jiosition inchcated by the dotted line m the figuie 
The large hand next passes over this y-f of a 
minute space Meanwhile the small hand again 
advances y^-j as far, Avhich is of a minute 
space The large hand next covers this y’-^ of a 
minute space, but the small hand meanwhile ad- 
vances y*y as far , or y- 7 -f s' of a minute space, etc 
Thus, the successive moves of the large hand, 

counting from the first one, form the G. P 15, lA, is , i ,s , 

' ’12’ iTT’ T 



] 
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42. Variable. Limit. We have seen (§ 41) m connection 
with the goometiic progiession 1, i, •, that the sum of 
its first n terms is a quantity which, as n increases indefinitely, 
comes and remains as near as we please to the exact value 2. 
The usual way of stating this is to say that as n increases, 
the sum of the first n teims approaches 2 as a limit. The sum 
of the first n terms is here called a variable since it varies, or 
changes, in the discussion. A similar remaik applies to all 
the infinite geometric progressions winch we have consid- 
ered. In every case the sum to infinity is the limit which 
the sum of the first n terms, considered as a vaiiable quantity, 
is approaching. 

Note. It may be asked -whethei the sum of the fiist ?! terms of the 
G P. 1, a, ' could evei actually reach its limit 2 The answer is 

that it may or it may not, depending upon cncumstances Thus, if 
we think of the teims, beginning with the second, as being added on 
at the rate of one a minute we could nevei leach the end of the adding 
pioccss, since the numbei of the teims is me\haustilile and hence the 
nuniites required would have no end In other woids, the sum of the 
fii.st n terms could nevei leach its limit on this plan But suppose that 
inslcad of this we weie to add on the terms with inci easing speed as 
Ave went fonvard For example, suppose Ave added on the 4 in a 
minute, then the { m \ of a minute, then the 4 in ^ of a minute, etc 
On this plan Ave avouIcI actually leach the limit 2 in 2 minutes of time. 
Ilcie the constantly mci easing speed of the adding process exactly 
counterbalances the fact that Ave have an indefinitely large number of 
tcims to add, Avith the icsult that we leach the end of the process in 
the definite time of 2 minutes This idea is practically illustiated m 
Ex 11, p 82, Avhoie the hands of the watch would nexmr pass each 
other at all except for the fact that the successive moves of the large 
hand, Avhich constitute the teims of the progression 15, If - T 72 T’ ' 
are added on m less and less time as the process goes on, each being 
added on in the time oceupied by the one just before it 

The question of Avhethei a variable can reach its hmit is intimately 
connected AVith the famous pioblem consideied by the Schoolmen of 
antiquity and knoAxm as the problem of Achilles and the tortoise In 
this problem, Achilles, Avho is a celebrated runner and athlete, starts 
out from some point, as A, to o\'ei take a toitoise which is at some point, 
as T, the tortoise being famous for the slow rate at which it crawls 
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along Both stait at the same instant and go in the same dnection, 
as mcUcatecl in the figuie Achilles soon aiiues at the point T, fiom 
which the toitoise staited, but in the meantime the toitoise has gone 

1 _ 4 |) >. 

A T 

Fig 33 

some distance ahead Achilles now coveis this last distance, but this 
leaves the toitoise still ahead, having again gamed some additional 
distance This continues indefinitely How, Ihcicfotc, can Achdlcs 
evei oueiiakt Ike toitoise'’ The Schoolmen nevei qmte answoied this 
question satisfactoi ilj^ to themselves The secret of the difficulty lies 
m the tact that, as in the othei pioblems mentioned above, the succesbive 
moves which Achilles makes are done in shoitei and shoiter inteivals 
of tune, -with the result that, although the number of moves necessaiy 
is indefiiutely gieat, thej'' can all be accomplished m a definite time 

43. Repeating Decimals. If we express the fraction 
decimally by divicling 12 l)y 33 m the usiinl way, we find that 
the quotient is 363636 • , the doth indicating that the divi- 

sion process never stops (or is never exact) but leads to a 
never-ending decimal However, the digits appearing in 
this decimal aie seen to repeat themselves m a regular older, 
since they aie made up of 36 repeated again and again. 
Such a decimal is called a repeatmg decimal More generally, 
a repeating decimal is one in which the figures repeat them- 
selves after a certain point Thus, 

.12343434 - , and 1 653653653 •, 

are repeating decimals 

Let us now turn the question aiound. Thus, suppose 
that a certain repeating decimal is given, as for example 
272727 • , and let us ask what fraction when divided out 

gives this decimal. This kind of question is usually too 
difficult to answer m arithmetic, but it can be easily answered 
as follows by use of the formula m § 41. 

Thus the decimal 272727 • may be vu'itten in the form 

tVo TlTffV’o' "h “h ■ • 
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This is an mfinite geometric piogies&ion in which fl=iVo5 
The sum of this piogiession to infinity must be the 
value of the given decimal Hence^ the desired value is 


a 

1 — ?’ 


iViF = = A 

l__j_ 100^ 99 99 11 


A ns. 


This answer may be checked by dividing 3 by 11, the 
result being .272727 • • •, which is the given decimal. 

Note It is shown in higher mathematics that evciy rational fi ac- 
tion in its lowest teiiiib (that is, eveiy numliei of the foiin o/b, wlicie 
a and b aie integeis piime to each othci) gives use when divided out 
to a nevei-ending icpcaling decimal (including the cases in which ail 
the digits aftci a ccitain point aie zeio), while eveij’’ iiiational numbei 
(such as \/2) gives use when expiesscd decimally to a nevei-ending 
non-i cpealing decimal 


EXERCISES 

Find the values of the following lepeating decimals and check your 
answ'er foi each of the fiist six 

1 0 153153 •. 2 0 135135 3 0 543543543 •. 

4 0 3414141 

Solution. 0 3414141 ••• = 3-T 0414141 • 

= 3+tV( ^14141 ) 



_ 3 1 41 100 

"^io'’'ib^ioo^ 99 

3 41 338 169 , 

= 1 = Ans 

10 990 990 495 

6 0 17272 ••• 8 5 032032032 

6 1 212121 9 6 00S00800S 

7 3 2151515 10 . 34 5707676 -. 
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VARIATION 

44. Direct Variation. One quantity is, &aid to vary 
directly as another when the two are so i elated that, though 
the quan title, s themselves may change, their latio never 
changes. 

Thus the amount of work a man does vaiies dnectly as the number 
of hoius he woiks Foi example, if it lakes him 4 horns to diaw 10 
loads of sand, we can say it will take him S houib to diaw 20 loads 
Here the fiist latio is and the second is-^ and the two are equal, 
though the nimibeis in the second have been changed fiom what they 
weie in the fiist In general, if the man works twuce as long, he wall 
draw tw’ice as much, if he woiks thiee times as long, he will draw thiee 
times as much, etc , all of which implies that the latio of the tune he 
wmiks to the amount he draws in that time nevei changes. 

EXERCISES 

Determine which of the followang statements aio true and which 
are false, giving your reason in each instance 

1 The amount of electiicity used in lighting a room varies dnectly 
as the number of lights turned on 

2, The amount of wxitei in a cylindiical pail varies directly as the 
height to -which the w'^atei stands m the pail 

3 The amount of gasoline used by an automobile m any given time 
(one Aveek, say) varies dnectly as the amount of dri-ving done 

4 The time it takes to wmlk fiom one place to anothei at any given 
rate (3 miles an hour, sajO vanes dnectly as the distance between the 
two places 

5 The time it takes to w alk any given distance (5 miles, say) varies 
dnectly as the rate of w^alkiiig 

6 The peiimeter of a square vanes chiectly as the length of one side 

7 The circumference of a ciicle vanes directly as the length of the 
radius 

8 The aiea of a squaie vaiies directly as the length of one side. 

9 X vanes dnectly as lOa. 

10. vanes dnectly as lOa:^. 
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45. Inverse Variation. One quantity, or number, is said 
to vary inversely as another when the two are so i elated 
that, though the quantities themselves may change, their 
'product never changes. 

Thus the time occupied in doing any given piece of woik vanes 
inveisely as the numbei of men employed to do it Foi example, if it 
takes 2 men 6 days, it will take 4 men only 3 days The point to be 
obseived heie is that the fiist pioduct, 2X6, equals the second pioduct, 
4X3 In geneial, if twice as many men are employed it will take halj 
as long, if thiee tiinCb as many men are emploj'ed, it will take one-iJaid 
as long, etc In all these cases, the numbei of men employed multiplied 
by the coiiesponding time lequiicd to do the voik lemains the same 

Note. The teim I'cii lcs uiveisely as is due to the lact that in case ly 
nevei changes (as leqinied by the above definition), it follows that 
T — (1/y) never changes, since ^y = ^ — 0-/y) That is, x vanes directlv 
as the reciprocal, oi 'tnveise, of y (§ 44) 

EXERCISES 

Determine wluch of the following statements aie tiue and wdiich 
are false, giving youi leason m each instance. 

1 The time it takes watei to chain off a roof yaiies inversely 
as the numbei of (equal sized) conductoi pipes i 

2 The time it takes to walk an 3 ' given distance (5 miles, say) vanes 
inveiselj'' as the late of walking 

3 The weight of a pail of watei varies inverselj' as the amount of 
water that has been pouied out of it 

4. X varies inveisclj'' as lO/i 

5. X varies inveiselj" as 10/ 

46. Joint Variation. One quantity, or number, is said to 
vary jointly as two others when it varies dnectly as then- 
product. 

Thus the area of a triangle varies jointlj' as its base and altitude, 
for if A be the aiea ot anj'' triangle and h its base and /t its altitude, we 
have A = \hh, which maj' be wntten A/hh = \ Hence A vanes chiectly 
as the pioduct hh (§ 44), that is, the ratio of A to hh is alw^ays the same, 
namely in this instance. 
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EXERCISES 

DotGinune wliethei tliG followuig statemGnts aic tru6, giving youi 
leason in each instance. 

1 The aiea of a rectangle vanes jointly as its two dimensions, that 
13 , as its length and bieadth 

2. The pay leceived by a woilonan vanes jointly as his daily wage 
and the number of days he woiks 

3 The amount of leading matter in a Iiook vanes joiutlj" as the 
tluclaiess of the book and the distance between the lines of pniit on 
the page. 

4 The inteiest leeeived in one yeai fiom an investment vanes 
jointly as the principal and late 

6 The volume of a lectangulai paiallelopiped (such as an oidinaiy 
rectangulai shaped box) vanes jointlj’' as its length, bieadth, and height. 

[Hint Heie we have one quantity A'aivuig jointly as lloec otheis. 
First make a definition of vhat such vanation means] 


47 Variables and Constants. When we say that the 
anaoiint of work a, man does varies diiectly as the nuinbei of 
hours he works, we aie dealing mth two quantities, namely 
the amount of work done and the time used m doing it But 
it IS to be observed that these are not being regaided as 
fixed quantities, but rather as changeable ones, the only 
essential idea being that theii taiio never changes. In gen- 
eial, quantities which aie thus changeable throughout any 
discussion or problem aie called variables, while quantities 
which do not change aie called constants. (Compaie § 42.) 

48. The Different Types of Variation Stated as Equa- 
tions. We may now state very briefly and concisely what is 
meant by the different tjqres of vanation described in 
§§ 44-46 and certain other important types also. To do 
this, let us think of x, y, and z as being certain variables 
and k as being some constant. Then we may state the fol- 
lowing facts . 
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(1) To scnj that x vanes duecily as y means (§ 44) that 

- = 1 or x='kij, where k is a constant 

y 

(2) To say that x varies viversely as y means (§ 45) that 

k 

— or x — ^j where k is a constant. 

‘ J J y 

(3) To say that x varies jointly as y and z means (§ 46) that 

— = k or X = kyz, where k is a constant. 

yz ’ 

Two othei impoitant types of variation aie desciibed 
below: 

(4) To say that rr vai ics directly as the square of y means that 

—, = k, or x — ky-,wherek is a constant. 

(5) To say that x varies inversely as the square of y means that 

xy- — k, or x—^ 2 ’ ^ constant. 

Ill all these types of variation it is important to obscive 
that the value which must be given to the constant k depends 
upon the particulai statement or pioblem in hand. For 
example, consider the statement that “The aiea of a rec- 
tangle varies jointly as its two dimensions.” This means 
(see [3]) that if we let A be the variable area and a and b 
the variable dimensions, then A = kab. But in this case we 
Imow by aiithmetic that A = ah, so the value of k here must 

On the other hand, considei the statement that "The 
area of a tiiangle vanes jointly as its base and altitude ” 
Letting A be the vaiiable aiea and b and h the variable base 
and altitude, respectively, this means that A = kbh. But 
here, as we know fiom geometry, k = \. 
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EXERCISES 

Convert each of the following statements into equations, supplying 
loi each the piopei value foi the constant I mentioned in § 48 

1 The circumference of a circle vanes diiectly as the lachus 

[Hint Let C stand for circumference and » for radius ] 

2 The circumference of a circle varies chrectly as the diameter. 

3. The area of a circle vanes directly as the square of the ladius 

4. The area of a circle vanes directly as the square of the diameter 

6 The aiea of a sphere vanes directly as the square of the lachus 

6 The Amlume of a lectangulai iraiallelopiped \aiies jointly as its 
length, breadth, and height 

7 Interest vanes jointly as the principal, rate, and time 

8 The volume of a sphere varies directly as the cube of the lachus 

[Hint First supplj' for 3 ’’omself the defimtion of what this type of 
variation means ] 

9 The volume of a circular cone vanes jointly as the altitude and 
the squaie of the radius of the base (See formula (11), § 7). 

10 The distance, measuied in feet, thiough winch a body falls if 
dropped veiticalty downwaid iiom a position of rest (as from a window 
ledge) vanes diiectly as the squaie of the number of seconds it has 
been falhng 

[Hint It is fomid by expenments in physics that the value of the 
constant ^ is in tlus case 16 (approximately) ] 

11 The following, like Ex 10, aie statements of well-known phys- 
ical laws Convert each into an equation without, hovevei, attempting 
to suppty the proper value of k, since to do so leqiuies a studj'' of phj’sies 
and experiments in labor atones 

V 

Fig 34 

(a) T\Tien an elastic stung is stretched out, as represented in Fig 34, 
the tension (force tending to pull it apart at anj'’ point) vanes directly 
as the amount of the extension beyond the natural length of the string 
(Hooke’s Law) 
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(h) If a body is tied to a string and swung round and lound m a 
Clide (as in swinging a pail of watei at aim’s length from the shoiddei), 
the foice, F, with which it pulls outw^aid from the center (called cen- 
li ijufjal foice) vanes diiectly as the square of the velocity of the motion. 

(c) The intensity ot the illumination due to any small soince of 
light (such as a candle) vanes inveisely as the square of the chstance of 
the object illuminated iiom the souice of light 

(d) The piessuie pei squaie inch which a given amount of gas (such 
as ail, or hydiogen, oi oxj'gen, oi illuminating gas) exeits upon the 
sides of the contauung receptacle (such as a bag) vanes inversely as 
the volume of the receptacle {Boyle' Law) 

For example, whenever air is confined nr a rubber balloon, as in 
the first drawing m Fig 35, it everts a certain pressme upon each square 



inch of the interior surface If the balloon be squeezed, as in the second 
drar\nng (no an being allowed to escape), until its volume is half of 
what it was before, this piessuie w'lll be exactly doubled 

(c) The cube of the mean distance of any planet in lire solar sys- 
tem from the sun vanes diiectlv as the square of the time it takes the 
planet to make one complete revolution around the sun {Kcpiei’s ihvd 
law of planelai y motion) 

In the case of the earth, its mean distance from the sun is about 
93,000,000 miles and its time of complete levolution is 1 year, or 
365]^ days 

49. Problems in Variation. The problems naturally 
arising in the study of vaiiation fall mto two general classes 
as follows . 

(1) Those m which the value of the constant 7c mentioned 
in § 48 can be determined from the statement of the problem 
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and forms an essential part in the solution. This kind of 
pioblem is illustiated by Exs. 1-10 below. The solution 
given for Ex. 1 should be well understood before the student 
undertakes Exs 2-10. 

(2) Those in which it is not necessary to know the value of 
k. Such problems aie illustiated in Exs. 11-20 below. 

The pupil is advised to woik seveial i^roblems from each 
group rather than to confine his attention to either. 


EXERCISES 


I. Illustrations of Case (1) 


1 111 a fleet of ships all made fiom the same model (that is, of the 
same shape, imt of ditteient sizes) the aiea of the deck vaiies directly 
as the squaie of the length of the ship It the ship Avhosc length is 
200 feet has 5000 squaie feet of deck, how many squaie leet m the deck 
of the ship winch is 300 feet long? 

Solution Let .4 leiirescnt the area of deck on the ship whose 
length IS I Then the given law of vaiiation, exqnessed as an equation 
(§ 48), IS 

(1) A=kf. (/i, = some constant) 

Since the ship ivhich is 200 feet long has 5000 squaie feet of deck, 
it follows fiom (1) that we must have 
5000=7d200)“ 

This equation tells us that the value of L in the present pioblera 
must be 

5000 5000 _1 

‘'“(200)“~200X200“S 


Placing this value of k m (1), gives us an equation winch detei- 
mmes completely the lelation between A and I in the present problem, 
that is, 

( 2 ) _ A=iA _ 

Now the problem asks how many squaie feet of deck there aie in 
the ship whose length is 300 feet This can be found by simply placing 
Z = 300 m (2) and sohnng for A. Thus 

1 300X300 

A = gX(300)^= =11,250 squaie feet. Ans. 
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Note. Obseive that the fiist step m the above solution is to expiess 
as an equation the law of vaiiation belonging to the piobiem Next, 
the constant I is cleteimined Aftei this, the fiist equation is lewntten 
in its moi e exact foi m obtained by assigmng to I its value The answer 
IS then leadily obtained 

These steps should Ije followed in woilang each of the E\s 2-10 
which follow 

2 In a fleet of ships all of the same model, the ship whose length 
IS 200 feet contains 6000 squaie feet in its deck How long must a 
similai ship be made it its deck is to contain 13,500 squaie ieet*? 

3 To make a suit of clothch foi a man who is 5 feet 8 inches high 
lequnes 6 squaie yaids of cloth How much cloth will be reqiiiied to 
make a suit foi a man of similar build, whose height is 6 feet 2 inches 

[Hint The aicas of any tA\o similar figuies vaiy diiectly as the 
squat es ot their heights ] 

4 It 10 men can do a piece of woik in 20 days, how long will it take 
25 men to do it*'* 

[Hint The time lequued varies inversely as the numbei of men 
employed ] 

6 The hoise-power leqiuied to piopel a ship vanes chiectly as the 
cube of the speed It the horse-powei is 2000 at a speed of 10 knots, 
what ^^'lll it be at a speed of 15 loiots? 

,, 6 A silvei lovmg-cup (such as is sometimes given as a prize in 
athletic contests) is to be made, and a model is fiist piepaied out o 
wood The model is 8 inches Ingh and weighs 12 ounces M hat will 
the loving-cup cost it made 10 inches high, it being given that silver 
IS 17 times as hea\T <^'5 wood and costs 12 20 an ounce ^ 

[Hint. The volumes and hence the weights of any two similar 
figuies of like mateiial vaiy diiectly as the cubes of then heights J 

7 Wlien electiicitv flows thiough a wne, the wire offeis a ceitain 
resistance to its passage The unit of tins lesistance is called the ohm, 
and foi a given length of wire the lesistance varies inveisely as the 
squaie of the diametei If a ceitain length ot wiie whose chametei is 
+ inch offeis a resistance of 3 ohms, what will be the lesistance of a 
similar wne (same length and mateiial) i of an inch in chametei? 

8 Thiee spheies of lead whose radii aie 6 inches, 8 inches, and 10 
inches respectively aie melted and made into one. What is the lachus 
of the lesultmg spheie? 
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9 On boaid a ship at sea the distance of the horizon vanes chrectly 
as the squaie root of one’s height above the watei It, at a height of 
20 feet, the hoiizon is 5 5 miles chstant, what is its chstance as seen 
from a lighthouse 80 feet above sea-level? 

10 The hoise-powei that a shaft can safely transmit vanes jointly 
as its speed m levolutions per minute and the cube of its diameter A 
3-mch steel shaft malcing 100 revolutions pei minute can transmit 85 
hoise-power How many hoise-powei can a 4-mch shaft tiansmit at a 
speed of 150 levolutions per minute? 


II Illustrations of Case (2) 


11 Knowing that the foice of gravitation due to the earth vanes 
inversely as the sciuare of the distance fiom the earth’s centei (Neivtoii’s 
Laio of GravilaLion), find how far above the earth’s surface a body 
must be taken in order to lose halt its weight 


Solution Letting W lepresent the weight of a given body at the 
distance d fiom the earth’s centei, the law stated above, when expiessecl 
as an equation, becomes 


( 1 ) 


TF 


dr 


(k—some constant) 


Now let TFi represent the weight of the body when on the surface. 
Remembenng that the earth’s radius is 4000 miles (approximately), 
equation (1) gives 


(2) 




k 

40002 • 


Next, let X represent the desued distance, namely the distance 
above the surface at which the same body loses half its weight At 
this distance its weight wiU consequently be ^TFi, wlule its distance 
fiom the earth’s center is now 4000-1-a:. So (1) gives 

(3) ^ 

2 ( 4000-|-^)2 

Dividing equation (3) by equation (2), noting the cancelation of 
TFi on the left and of the (unknown) k on the light, we obtain 

1_ 40002 

2“(4000-l-a:)2' 

It remains only to solve this equation for x. 

Clearing of fractions, (4000-l-a;)2=2 • 4000^ = 40002 • 2 
Extracting the squaie root of both members, 4000 -f-a; = 4000 \/2< 
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Solving, ^ = 4000 \/2 - 4000 = 4000 ( - 1) nules Ans. 

To find the approximate value of tins answei, we have (see tables) 
V2 = l 41421 

80 that a = 4000(l 41421-1) =4000X 41421 = 1656 84 miles Ans. 

12 Show that the eaith’s attraction at a point on the surface is 
over 5000 times as stiong as at the distance of the moon , that is, at the 
(approximate) distance of 280,000 miles 

[Hint Call llh the weight of a given body on the surface, and let 
IF 2 lepresent the weight of the same body at the distance ot the moon 
from the eaith’s center Then use the law expressed in (1) of the 
solution of Ex 11 ] 

13 A book lb being held at a distance of 2 feet from an incandescent 
lamp How much nearer must it be In ought in oidei that die illumi- 
nation on the page shall be doubled? (See Ex 11 (c), p 91 ) 

14 If tivo like coins (such as quarter dollars) weie melted and made 
into a single com of the same thiclaiess as the original, show that its 
diameter would be \/2 times as gicat 

[Hint Call D the diameter of the given coins and A the area of 
each Note that the area of the new com will then be 2A Use the 
result stated 111 Hint to Ex 3, p 93 ] 

16 Find the result in Ex 14 when four equal-sized coins are used 

16 Show that a falling body will pass over the second 3 feet of its 
descent m about 4 of the time it takes it to pass over the first 3 feet 
(See Ex 10, p 90 ) 

17 The time required foi a pendulum to make a complete oscillation 
(swing fonvard and back) varies diiectly as the square loot of its length. 
By how much must a 2-foot pendulum be shoiteired in order that its 
time of complete oscillation may be halved? 

18 If the diameter of a sphere be increased by 10%, by what per 
cent will the volume lie incieased? 

~19 Show that if a city is receiving its water supply by means of 
a main fiom a reservoir, the supply can be mcreased 25% by inci easing 
the chameter of the mam by about 12%. 

20 It IS desired to biuld a ship similar in shape to one already in 
use but having a 40% greater cargo space (01 hold). By wfiiat per cent 
must the lieam (width of the ship) be increased? 

[Hint. See the Hmt to Ex 6 , p 93.] 



96 


COLLEGE ALGEBRA 


[VI, § 50 


50 Variation Geometrically Considered. If a variable 
y vanes directly as anotliei variable x, we know (§ 48) that 
this IS equivalent to having the eciuation y = kx, wheie k is 
some constant. If tne value of Jc 
is 1, this equation takes the defi- 
nite form y = x, and we may now 
draw its graph, the result bemg 
a certain straight line. If, on the 
other hand, k = 2, we have y = 2x, 
and this again is an equation 
whose graph may be chawn, lead- 
mg to a straight line, but a differ- 
ent one. In general, whatever 
the value of k, the corresponding 
equation has a straight-hne 
giaph. The fact that in all cases the graph is a straicjhl 
line characteiizes this type of variation, that is, chaiacteiizes 
the type in which one variable varies di)ectly as another 
Figure 36 shows the lines corresponding to several different 
values of /c. 

In case a variable y varies in- 
versely as another variable x, we 
loiow (§ 48) that there exists an 2 
equation of the form y = k/x, 
where k is some constant. If we 
let /i,= l, this becomes y=l/x. ^ 

By letting x take a series of 
values and determining the cor- 
respondmg values of y from this 
equation (thus forming a table 
as in § 25) we obtain the graph. 

Similarlj'', corresponding to the value k = 2 we have y = 2lx, 
and this equation has a definite graph which is different from 
the one just mentioned. In general, wiiatever the value of kj 
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the coirespondmg equation has a graph, but it is now to 
noted that these giaphs aie not straight lines, they aie 
hyperbolas. (See Ex 2, § 28 ) Figiiic 37 shows the curves 
corresponding to scvcial diftcient values of A. 

Note. Though these cuives dilfei in foim, they have the following 
fcatuie m common Thioiigh the ougin chaw ]iny sUaight lines 
(dotted m figuie) Then the mteiccpted aics AB, CD, El', , , 

aie similai , that is, the smallest aie when simply marjnijicd by the propei 
amount pioduces one of the otheis 


EXERCISES 

Diaw diagrams to icpiesent the geomctiic meaning of each of the 
following statements. 

1 y vanes diiectly as the scpiaic of a 

2. y vanes inveiselj as the squaic of ^ 

3, y vanes as the cube of i 

4 y vanes chiectly as x, and y=6 when x — 2 
[Hint The chagiam heie consists of a single line ] 

5 y vanes mveisely as x, and ij = Q when x = 2 

6. The cost of n pounds of butter at lOc pei pound is (^ = 40/1 

7 The amount ot the extension, c, of a stietchcd to 

tional to the tension, I, and c = 3 in when t = l0 lb (Sec Ex 1 (c), 

p 91-) 

8 The pressure, p, of a gas on the walls ot a letaining vessel 
inversely as the volmne, ii; and p=40 lb pei squaie foot when v-W 
cu ft 

9 The length, L, of any object m centimeters is pi opoi tional to 
its length, I, expressed in inches, and L=2 54 cm. Avhen l = ln\. 


CHAPTER YII 

LOGARITHMS 

I. General CoNsiDEEATioNsf 

51. Definition of Logarithms. If we ask what power of 
3 must be used to give a lesult of 100, the answer is 2 
ecause 10- =100 Another common way of stating this is 
D say that ‘The logarithm of 100 is 2.” In the same way, 
tie powei of 10 needed to give 1000 is 3 because 10^ = 1000, 
nd this IS briefly stated by saying that “the logantJwi of 
000 is 3 ” Similarly, the power of 10 that gives .1 is —1 
ecause 10 -i = tV 5 oi' -1 § 8, and this is equivalent to 

aying that “the logarithm of .1 is-1.” Likevnse, the loga- 
ithm of .01 IS —2. 

Fiom these illustiations we readily see what is meant by 
he logaiithm of a number. It may be defined as follows: 

The logarithm of a number is the power of 10 required to 
we that number. 

Note. A moie geneial definition mil be given m § 67, but this is 
lie one commonly used m piactice 

We VTite log 100 = 2 to indicate that the logarithm of 100 
3 2. Snnilaily, log 1000 = 3, log .1 = — 1, log .01=— 2, etc. 

EXERCISES 

1. Yrhat is the meaning of log lOOGO"^ What is its valuel 

2. t^Tiat IS the value of log 001? 'U'hy'^ 

3. What IS the value of log 00001 ? Why? 

4 Wdiat IS the value of log lO'? 

6. Yliat IS the value of log 1? (See ^TII, § 8 ) 

6. As a number inci eases from 100 to 1000, how does its logarithm 
hange*? 

fParts I and II give definitions and essential theorems which should 
le well understood before Part III, which describes the impoitant 
pplicatioiis, IS taken up. 
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7 As a number decieases fiom 1 to 01 how does its logarithm 
change‘s Answei the same as the numbei goes horn 01 to 001, from 
1 to 10, from 1 to 1000 

8 ExiDlain Avhy the following aie true statements: 

(a) log 100000 = 5 (b) log 0001= -4 

(c) log\/l0 = i 

[Hint Remenibei -s/lO = 10 

(d) log^^=i 

(e) log 100 = i 

[Hint Remenibei ->^100= -^10- = 10^. (§8)] 

(/) logVT =— 2 


62. Logarithm of Any Number. Suppose we ask what 
the value is of log 236. What we are asking for (see demii- 
tion in § 51) is that value which, when used as an exponent 
to 10, will give 236, that is, we wish the value of x which will 
satisfy the equation 10'' = 236. This question resembles 
those in § 51, but is diffeient because we cannot unmechately 
arrive at the desued value of x hy meie inspechon. All we 
can say here at the beginning is that x must he somewhere 
between 2 and 3, because 10- = 100 and 10^ = 1000, and 236 
lies between these two numbers. In ordei to find ir to a finer 
degree of accuiacy, it is now natural to try foi it such values 
as 2.1, 2.2, 2 3, 2 4, 2 5, 2.6, 2 7,2 8, and 2 9, all of which he 
betAvecn 2 and 3. The result (which for bievity we shall 
here state without proof) is that when .r = 2 3 the value of 10"" 
is slightly less than our given number, 236, while if we take 
.^ = 2.4 the value of 10® is shghtly greater than 236. Thus x 
lies somewhere between 2 3 and 2 4 In other woids, the 


value of log 236 correct to the first decimal place is 2 3. 

It IS now natural, if we vdsh to obtain x to still gi eater 
accuracy, to try for it such values as 2.31, 2 32, 2 33, 2 34, 
2.35, 2.36, 2.37, 2 38, and 2 39, all of which he between 2 3 
and 2 4 The result (which again is here stated without proof) 
is that when a: = 2.37 the I’^alue of 10® is shghtly less than our 
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number 236, while if we take n = 2 38 the value of lO'* is 
slightly greater than 236. This means that the second 
figuie of the decimal is 7, after which we may say that the 
value of log 236 coned to two places of decimals is 2 37 
Proceedmg further in the same mannei, it can be shown 
that when .a = 2 372 the value of 10'^ is slightly less than 236, 
while for . 1 ; = 2.373 the value of lO'^ is slightly greatei than 236. 
Thus the value of log 236 concct to thee places of decimals is 
2 372 Similaily, it can be shown that the number m the 
fouith decimal place is 9, and this is as fai as it is necessaiy 
to carry out the piocess, since the result is then sufficientlj’' 
accurate for all oidinary puiposes Hence log 236 = 2 3729, 
coirect to four places of decimals 

Note It thus a])peais that logaiiihius do not la geneial come out 
ciacl, thougli they do so foi such exceptional numheis as 100, 1000, 
10,000, 1, 01, etc They can be expiesscd only appioximately, yet 
as acciuately as one pleases by caiiying out the decimal ftu’ enough 
In this lesiicct they le-aemlile •sUch lUlmbel,■^ as \/2> >^2, etc 

Other examples of logarithms are given below. Note 
especially the decimal part of each, which is correct to four 
places. 

log 283 = 2 4518 log 196 = 2 2923 log 17 = 1 2304 
log 6 = 0.7782 log 3.410 = 0 5328 log 5.75 = 0 7597 

53 Characteristic. Mantissa. We have seen that the 
logaiithm of a number consists (in general) of an integral 
pai t and a decimal part These two iiai ts of every logarithm 
are given special names as follows* 

The integial paitof a logarithm is called the characteristic 
of the logarithm 

The decimal pait of a logaiithm is called the mantissa of 
the logaiithm. 

Thus, since log 236 = 2 3729, the characteiistic of log 236 is 2, while 
as mantissa is 3729 

Siimlaily, the chaiacteiistic of log 6 is 0, while its mantissa is .7782 
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EXERCISES 

1 What IS the rhaiacteiistio of lo^ 100? hat the mantissa‘s 
Answei the same ciue-^tions toi lo»: 1000, log 10, and log 1 

2 What 1 ^ the rhaiacteii'^tir ol log 185‘S 

[Hint Note that 1S5 lies between 10^ and 10 ] 

3 What is the chaiacteustic of log ‘310? of log 1287? of log 85? 
of log 21? ot log 4? otlogr2? of log 1.3987? 

4 Foi what kind ol niimbei can one tell In/ ui^pcclwn both the 
chaiacteiistic and the inantis'^a of its logaiithm? (See § 51 ) 

54 Further Study of Characteristic and Mantissa. A\e 

have seen (§ 53) that log 236 = 2.3729, tvhich is the same as 
saying that 

(1) 10? 3729 = 236. 

Let us now multiply both mcmbcis of (1) by 10 The 
loft side becomes 10«-"+‘ or (§ 8, Foranila I) while 

the light side becomes 2360. That is, we have 10“’"-= = 
2300, which IS the same cus saying that log 2360 = 3 3729 ^ 

If, instead of multiplying both sides of (1) by 10, we diuuh 
both by 10, we obtain m like mannei 10-3^?3-^ = 23 6 (§8, 
Formula V). That is, wc have 10^ 3720=23 6, which is the 

same as saymg that log 23 6 = 1 3729 

Finally, if avc divide both sides of (1) by 10^, or 100, wc 
obtain 10 ? 3720-2 = 2 36 That is, avc have 103 3729 = 2 36 which 

lb the same as saying that log 2.36 = 0 3729 

AVhat w^c now wish to do is to compare the results which we 
have just lieen obtaining, and for this pin pose they are ai- 
ranged side by side in a colunm below. 

(log 2360 = 3.3729 
)log 236 = 2.3729 
(2) \log 23.6 = 1.3729 

(log 2.36 = 0.3729 

Note that the mantissas heie appearing on the light are 
all the same, namely .3729, while the numbers appealing on 
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the left (that is, 2360, 236, 23.6, and 2 36) are ahke except 
foi the po'^ition of the decimal point, that is, they contain 
the same significant figures. This illustrates the foUowmg 
impoitant rule. 

Rule I. If tioo or more mimheis have the same significant 
figures (that is, differ only in the location of the decimal 'point), 
their loganthms will have the same mantissas, that is, their 
loga'iithms can difjer only in their chai actei istics. 

Thus, log 243, log 2430, log 24 3, log 2 43, log 243, and log 0243 
all ha\e the same mantissas It is only their characteristics that can 
be diffeient 

EXERCISE 

Apply Rule I, § 54, to tell wluch of the followmg logarithms havo 
the same mantissas 

log 167 log 8100 log 16 7 log SI log 0072 

log 081 log 7 2 log 720 log 1670 log 16700 

II. To Determine the Logarithm of Any Number 

55 Purpose of This Part. When we \tash to determine 
the value of a logaiithm, as for example, to find log 236, we 
can woik out the chai actenstic and mantissa as explained 
m § 52, but this requiies considerable time What we do 
in practice is to use certain simple rules for determining the 
characteristic, and we determine the mantissa chrectly from 
certain tables which have been carefully prepared for the 
purpose We shall now state these rules (§§ 56-58) and 
explam the tables and how to use them (§§ 59-61). 

56. Characteristics for Numbers Greater Than 1. If we 

look again at the results m (2) of § 54, we see that the char- 
acteristic of log 2360 is 3 Thus the chai actenstic is 1 less 
than the number of figures to the left of the decimal point. 

Note. 2360 is the same as 2360 , so that there are four figures here 
to the left of the decimal point. 
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Again, W6 see from (2) of § 54 that the characteiistic of 
log 236 IS 2 and this, as in the case already examined, is 1 less 
than the number of figuies to the left of the decimal point. 

Note. 236 is the same as 236 , so theie aie thee figuies heie to the 
left of the decimal point 

Similarly, since the characteiistic of log 23 6 is 1 (see (2) 
of § 54) this again obeys the same law as just observed m 
the othei two cases, that is, the characteristic is 1 less than 
the number of figures to the left of the decimal point. 

Finally, since the characteristic of log 2.36 is 0, the same 
law IS again present here. 

The law which we have just obsei ved can be sho^\m in like 
manner to hold good foi the chaiacteiistic of the logaiithm 
of any number greater than 1; hence we may state the 
following general rule. 

Rule II. The characteristic of the logarithm of a number 
greater than 1 is one less than the number of figuies to the left 
of the decimal point. 

Thus, the chaiactenstic of log 385 9 is 2, that of log 8.679 is 0 
EXERCISES 

State, by Rule II, § 56, the chaiactenstic of the logaiithm of each 
of the following nmnbeis 


1 

385 4 

7 

18 831 

2. 

461. 

8 

3 1568 

3 

7962. 

9 

401 005 

4 

2 7 

10 

2967 6 

5 

75 54 

11 

85. 

6 

165,781 

12 

2 46879 


State how many figuies piecede the decimal point of a nimiber it 
the characteiistic of its logaiitlim is 

13 2 16 1. 17. 5. 

14. 3. 16. 0. 18 4. 
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67. Characteristics for Positive Numbers Less Than 1. 

We have seen (see (2) in § 54) that log 2 3G = 0 3729, which 

IS the same as saying that 

( 1 ) 10 '’«' 29=:2 36 

Let us HOW'- divide both membeis of this relation by 10. 
We thus obtain (§ 8, Formula V) 

100 3729-1 = 236 or 10-^+0 3729= 236, 
which means (b^" § 51) 

log .236= -1+0.3729 

Obscivc tluit —1+0 3729 is leally a iie^alive quantity, being equal 
to —(1—0 3729) wliieh loduces lo —0 0271 Howevei, it is nioic con- 
venient foi our piesent jiui poses lo keep the longei foiin —1+0 3729 
Note that this cctaiioi be wiitten as —1 3729 because tlie latlei is equal 
to — 1 —0 3729 instead of —1+0 3729 

If, instead of dividing both members of (1) b}'' 10, w'-e 
divide both by 10-, oi 100, w^e obtain 

IQO 3729 - 2 = ,0236 (or 10-“ +0 3723 = .0236), 
which means that 

log .0236 =-2+0.3729 

Similaily, bj" dividing (1) by 10®, or 1000, we find that 

log .00236= -3+0.3729 

Finally, if we divide (1) by 10', oi 10000, we find that 

log .000236= -4+0.3729 

Let us now compare the four results just obtained Be- 
ginning with the last result, we see that in the number 
.000236 there are three zeros immediately to the ? ight of the 
decunal point; that is, between the decimal point and the 
first significant figuie. Corie&i3onding to this, the charac- 
terihtic on the light is minus fow . Hence the characteristic 
is negative and 1 more numericall}'' than the number of zeros 
between the decimal point and the first significant figure. 
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Similarly, m the numbci 00236 theie are two zeros between 
the decimal point and the fiist significant figure, and corie- 
spouclmg to this there is a characteiistic on the right of 
mnius thee. Hence, as befoie, the chaiacteiistic here is 
negative and numerically 1 moie than the number of zeros 
between the decimal point and the first significant figure. 
This statement, which is true in all cases mentioned above, 
ean be proved foi the characteristic of the logaiithm of any 
positive numbei less than 1. Hence we have the following 
rule 

Rule HI The chai odcndic of the logen ithm of a {'positive) 
numher IcbS than 1, ts negative, and is ninnei iccdly 1 gieater 
than the number oj r-cre.s between the elccimal point and the first 
significant figure 

Tims, the chaKicteiislie ot log 007G is —3, that of log 2S is —1 

Note. The logaiithm of a negative niimhci is an iinaginaiy quan- 
tity (as shown in liighci mathematics^, and hcncc we shall consiclei 
here the login ithins ot positive numbeis only 


58 Usual Method of Writing a Negative Characteristic. 

In § 57 we saw that 

log .236= -1+0 3729 

If we add 10 to this quantity and at the same time sub- 
tract 10 from it we do not change its value, but we give 
it the new form 

9+0 3729-10, 

which is the same as 9 3729-10. That is, wo may write 
log .236 = 9 3729-10. 

This is the form used in practice. 

Likevase, instead of miting log .0236= —2+0 3729 (see 
§ 57) we vaite in practice 

log .0236 = 8.3729-10, 
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and similarly we wiite 

log .00236 = 7.3729-10. 

Thus, tlie usual method of exi^ressuig the characteiistic 
whose value is —1 is to wiite 9—10 for it; if it is —2, we 
write 8 — 10 for it; if it is —3, we wiite 7 — 10 for it, etc. 

Foi example, log 0076 has the characteiistic 7-10 

EXERCISES 

State, by Rule III, § 57, the value of the chaiactenstic of the loga' 
iitlim of each ot the following, state how it w'ould be wiitten if expressed 


in the usual form desciibed in § 5S 

1 06 -2, or S- 10 A?is 6 0835 

2 0071 7 4578 

3 81 8 00875 

4 00053 9 15681 

6 835 10 00005 

How many zeros lie between the decimal point and the first sig- 
nificant figure of a number when the characteiistic of its logaiithm is 

11 -3 13 -5 16 7-10 

12 9-10 14 8-10 16. 6-10 


59 Determination of Mantissas. Use of Tables. Sup- 
pose we vish to determine completely the value of log 187. 
By Rule II, § 56, we know that the characteiistic is 2. To 
find the mantissa, we turn to the tables (p. 108) and look in 
the column headed N for the first two figuies of the given 
number, that is, for 18. The desned mantissa is then to be 
found on the horizontal line with these two figures and in 
the column headed by the thud figure of the given number; 
that is, in the column headed by 7. Thus m the present 
case the mantissa is found to be .2718 

Note. For brevity, the decimal point preceding each mantissa is 
omitted flora the tables It must be supplied as soon as the mantissa 
IS used 

The complete value (correct to four decimal places) of 
log 187 is therefore 2.2718 
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Again, suppose we wish to determine log 27 6 The char- 
acteristic (by § 56) IS 1 The mantissa, by Rule I, § 54, is 
the same as that of log 276, and the latter, as given in the 
tables, is .4409 Therefoie, log 27 6 = 14409 Ans. 

As a last example, suppose we wish to determine log 0173 
The characteristic (by § 57) is -2, or 8-10. The mantissa, 
by the lule m § 54, is the same as that of log 173 and the 
latter, as obtained from the tables, is .2380 Therefore, 
log .0173 = 8.2380 - 10 Ans 

These examples illustrate how the tables together with 
Rules II and III, §§ 56, 57, enable us to determine completely 
the logaiithm of any number piovided it contains no moie 
than three significant figures. We may now summarize oui 
results in the following lule. 

Rule IV. To find the logarithm of a number of three signifi- 
cant figui es • 

1. Lool m the column headed N foi the fiist twofigwes of the 
given nuinbei , The mantissa will then he found on the hoi i- 
zontal line o'p'posite these two figures and in the column headed 
by the thn d figui e of the given numbei . 

2. Piefix the characteristic according to Rules II and III, 
§§ 56, 57. 


EXERCISES 

Determine the logaiithm of each of the follovmig numbers, expressing 
all negative characteristics as explained in § 58. 

1 561 2 217 3 280 4 800 

6 72 5 [Hint to Ex 5 Note how log 27 6 was obtained in § 59 ] 

6 7 25 7 93 8 9 9 0136 

10 936 11 0036 [Hint Write as 00360] 

SR 18 000831 


12 7550 

13 071 


16 35 

16 55 7 

17 25,300 
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N 

0 

1 

3 

3 

4 : 

5 

6 

7 

8 

9 

1C 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

03,34 

0374 

lA 

0414 

0453 

0492 

0531 

0569 

01)07 

0b45 

U()82 

0719 

0755 

12 

0792 

0828 

0Sb4 

0899 

0934 

09b9 

100-f 

1038 

1U72 

1106 

13 

1139 

1173 

1206 

12.19 

1271 

1303 

1335 

13()7 

1399 

14.30 

14 

1461 

1492 

1523 

1553 

1584 

lbl4 

16i4 

1673 

1703 

1732 

15 

1761 

1790 

1818 

1847 

1875 

l‘t03 

1931 

1959 

1987 

2011 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

‘2253 

2279 

17 

2304 

2330 

2355 

23SO 

2405 

2430 

2155 

2180 

2,504 

2529 

18 

2553 

2577 

2601 

2625 

2(.4S 

2b72 

2695 

‘1718 

2742 

27()5 

19 

2788 

2810 

2833 

2855 

2878 

2900 

2923 

2945 

29b7 

2989 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

31.81 

.3201 

21 

3222 

3243 

3263 

3284 

3,104 

3324 

3345 

L)tj( )5 

3185 

3404 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3.541 

35()0 

3579 

3,598 

23 

3(>17 

3636 

3655 

31)74 

3692 

3711 

3729 

3747 

3766 

37,84 

24 

3802 

3S20 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3902 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

421)5 

4281 

4293 

27 

4.314 

4330 

4346 

48(,2 

4378 

4393 

4409 

4425 

4440 

445() 

28 

4472 

4487 

4602 

4518 

4633 

454.8 

4564 

4579 

4594 

4609 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

48SG 

4900 

31 

4914 

4928 

4942 

4955 

49t>9 

4983 

•1997 

5011 

5024 

5033 

32 

5051 

5065 

5079 

6093 

5105 

5119 

5132 

5115 

6159 

5172 

33 

5185 

5193 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5.102 

34 

5315 

5328 

5340 

6353 

5366 

5378 

5391 

5403 

5416 

5428 

35 

5441 

5453 

5465 

5478 

6490 

5502 

5.511 

6527 

5539 

5551 

36 

6563 

5575 

5587 

5599 

5()11 

5()23 

5()35 

5()47 

.5658 

5670 

37 

5632 

5694 

5705 

5717 

6729 

5740 

5752 

57()3 

5775 

5786 

38 

6798 

6809 

5821 

5832 

5813 

5855 

5866 

5877 

5888 

6899 

39 

6911 

6923 

5933 

5944 

5955 

5966 

5977 

0988 

5999 

6010 

40 

6021 

6031 

6042 

6053 

6064 

6076 

6085 

6096 

6107 

0117 

41 

6128 

6138 

6149 

6160 

6170 

6180 

61<)1 

6201 

6212 

b'222 

42 

6232 

6243 

6253 

62()3 

6274 

0284 

6294 

6.104 

6314 

6,)25 

43 

6335 

6345 

6355 

6365 

6375 

6.185 

6395 

6105 

6416 

6125 

44 

6435 

6444 

6454 

6464 

6474 

6481 

6493 

6503 

6513 

6522 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

0599 

6609 

6618 

46 

6628 

6637 

6646 

6056 

C6(j5 

C()75 

6684 

6693 

6702 

6712 

47 

6721 

67.B0 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

48 

6812 

6821 

6830 

6839 

6848 

6867 

6866 

6875 

6884 

6893 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

0972 

6981 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

51 

7o76 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

53 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

54 

7324 

7333 

7310 

7348 

7356 

7364 

7372 

7380 

7383 

7396 
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N 

0 

1 

2 

3 1 

4 1 

6 

55 

7404 

7412 

7419 

7427 

7435 

7443 

56 

7482 

7490 

7497 

7505 

7513 

7520 

57 

7559 

7506 

7574 

7582 

7589 

7597 

58 

7034 

7642 

7649 

7657 

7()64 

7o72 

59 

7709 

7716 

7723 

7731 

7738 

7745 

60 

7782 

7789 

7796 

7803 

7810 

7818 

61 

7853 

7S(j0 

7868 

7875 

7882 

7889 

62 

7924 

7931 

7938 

7945 

7952 

7959 

63 

7993 

8000 

8007 

soil 

8021 

8028 

64 

8062 

8069 

8075 

8082 

8089 

8096 

65 

8129 

8136 

8142 

8149 

8156 

8162 

66 

8195 

8202 

8209 

8215 

8222 

8228 

67 

8261 

8267 

8274 

8280 

8287 

8293 

68 

8325 

8 '.31 

8338 

8344 

8351 

83.57 

69 

8388 

8395 

8401 

8407 

8414 

8420 

70 

8451 

8457 

8463 

8470 

8476 

8482 

71 

8513 

8519 

8525 

8531 

8537 

8543 

72 

8573 

8579 

8585 

8591 

8597 

8603 

73 

8033 

86 '.9 

8645 

8651 

8u57 

8663 

74 

8692 

8698 

8704 

8710 

8716 

8722 

75 

8751 

8756 

8702 

8768 

8774 

8779 

76 

8808 

Sbl4 

8820 

8825 

8831 

8837 

77 

8865 

8871 

8876 

8882 

8887 

8893 

78 

8921 

8927 

8932 

8938 

8943 

8949 

79 

8976 

8982 

8987 

8993 

8998 

9004 

80 

9031 

90 le 

9012 

9047 

9053 

9058 

81 

9085 

9090 

9096 

9101 

9106 

9112 

82 

9138 

9143 

9149 

«)154 

9159 

9Hi5 

83 

9191 

9196 

9201 

9206 

9212 

9217 

84 

9243 

9248 

9253 

9258 

9263 

9269 

85 

1 9294 

9299 

9304 

9309 

9315 

9320 

86 

9U5 

9350 

9355 

9360 

9365 

9370 

87 

9395 

9400 

9405 

9410 

9415 

9120 

88 

9445 

9450 

9455 

94t>0 

9405 

9469 

89 

9494 

9499 

9504 

9509 

9513 

9518 

90 

9542 

9547 

9552 

9557 

9562 

O'-, 06 

91 

9590 

9595 

9600 

9605 

9609 

9614 

92 

9638 

9643 

9647 

9652 

9657 

9001 

93 

9685 

9639 

9691 

9699 

9703 

9708 

94 

9731 

9736 

9741 

9745 

9750 

9754 


6 


7451 

7528 

7604 

7079 

7752 

7825 

78% 

79b6 

8085 

8102 

8169 

8255 

82M9 

8.JG3 

8426 

8488 

8549 

8609 

8669 

8727 

8785 

8842 

8899 

8954 

9009 

9063 
9117 
1 9170 
9222 
9274 

9325 

9375 

9426 

9474 

9523 

9571 

9619 

9666 

9713 

9759 


7459 

7536 

7612 

7686 

7760 

7832 

7903 

7973 

8041 

8109 

8176 

8241 

8306 

8370 

8432 

8494 

8555 

8615 

8675 

8733 

8791 

8848 

8904 

8960 

9015 

9069 

9122 

9175 

9227 

9279 

9330 

9380 

9430 

9479 

9528 

9576 

9624 

9671 

9717 

9763 


8 


7466 

7543 

7619 

7694 

7767 

7839 

7910 

7980 

8048 

8116 

8182 

8248 

8312 

8376 

8439 

8500 

8561 

8621 

8681 

8739 

8797 

8854 

8910 

8965 

9020 

9074 

9128 

9180 

9232 

9284 

9335 

9385 

9435 

9484 

9533 

9581 

9628 

9675 

9722 

9768 


9 


7474 

7551 

7627 

7701 

7774 

7846 

7917 

7987 

8055 

8122 

8189 

8254 

8319 

8382 

8445 

8506 

8567 

8627 

8686 

8745 

8802 

8859 

8915 

8971 

9025 

9079 

9133 

9186 

9238 

9289 

9340 

9390 

9440 

9489 

9538 

9586 

9633 

9680 

9727 

9773 


95 

96 

97 

98 

99 


9777 

9323 

9868 

9912 

9956 


9782 

9827 

9872 

9917 

9961 


9786 

9832 

9877 

9921 

9965 


9791 

9836 

9881 

9926 

9969 


9795 
98 n 

9886 

9930 

9974 


9800 

9845 

9890 

9034 

9978 


9805 

9850 

9894 

9939 

9983 


9809 

9854 

9899 

9943 

9987 


9814 

9859 

9903 

9948 

9991 


9818 

9863 

9tX)8 

9952 

9996 



no COLLEGE ALGEBRA [VII, § 60 

60. To Find the Logarithm of a Number of More Than 
Three Significant Figures. Suppose wish to cleteimme 
log 286 7 Here we have four significant figiiies, while our 
tables tell us the mantissas of numbeis having three (or 
less) significant figures (as m § 59 and in the preceding ex- 
ercises) In such cases we proceed as follows. 

Fiom the tables on pp. 108-109 we have 
log 286 = 2.4564 ] 

log 286 7= ? [Difference = 2.4579 -2 4564= 0015 
log 287 = 2.4579 J 

Since 286.7 lies between 286 and 287, its logarithm must 
he between then logarithms Now, an mciease of one unit 
in the number (in going from 286 to 287) produces an increase 
of 0015 in the mantissa. It is theiefore assumed that an 
inciease of .7 in the number (ui going from 286 to 286.7) pio- 
duces an increase of 

.7 of .0015 , 01 .00105, 

in the mantissa. 

Therefore, 

log 286 7 = 2.4564+ .7 of .0015 = 2.4564+ 00105 = 2.45745, 
so that 

log 286.7 = 2 4574 (approximately). Ans. 

In practice the answer is quickly obtained as follows: 

The difference between any mantissa and the next higher 
one in the table (neglecting the decimal point) is called the 
tabular di;fference. The tabular difference in this example is 

4579-4564, or 15. 

Taking .7 of this, we obtain 10.5, which (keeping only the first 
two fignies) we call 10, and adding this to 4564 we find 4574. 
This, therefore, is the required mantissa of log 286.7, so that 

log 286.7 = 2.4574 (approximately). 
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Similarly, in finding log 286 75 the tabular difference (as befoie) 
IS 15 Talang 75 of 15 gives 11 25, winch (keeping only two figuies) 
has the appiOMinate value 11 

Hence the mantissa ot log 286 75 is 456-1+11 = 4575 Therefore 
log 286 75 = 2 4575 A as 

Below are two examples further illustrating how'- the above 
processes aie quickty carried out in practice. The student 
should form the habit of 'writing the -vv^ork m this form 


Example 1 Determine the value of log 48 731 


Solution Mantissa of log 487 = 6875 
Mantissa of log 488 = 6884 


Tabular chffeience = 9 


31X9 = 279 = 3 (appi oximately) . 

Hence 

mantissa of log 48 731 = 687 5 +3 = 6878 
Therefoie 

log 48 731 = 1 6878 Ans 


Example 2 Deteimme the value of log 013-103 

Solution Wontissa on31-1271 J Tabular difference =32 
hlantissa of 135 = 1303 J 

03X32= 96 = 1 (appi oximately) 

Hence 

mantissa of log 013403 = 1271 +1 = 1272 

Therefore 

log 013403= -2+ 1272 = 8 1272-10. Ans. 

Note. The process which we have employed for deteimmmg a 
mantissa when it does not actually occur m the tables is called inter- 
polation. When examined carefully, it will be seen that the process is 
based upon the assumption that if a number is mci eased by any frac- 
tional amount of itself, the logaiithm of the number will likewise be 
increased by the sa?ne fi actional amount of itself Thus, in finding the 
mantissa of log 286 7 at the middle of p 110, we assumed that the 
increase of 7 m going fiom 286 to 286 7 would be accompanied by hke 
increase of 7 in the logaiithm Such an assumption, though not 
exactly correct, is veiy neaily so in most cases ajid is theiefoic suffi- 
ciently accurate for all ordmary purposes, 
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Tables of logarithms much moic c\tensi\e than those on pages 
lOS, 109 have been piepaicd and aic commonly used See, foi example, 
The Maundlan Tables By means ot these, any desned mantissa may 
usually be olitamed as accuiately as is neccssaiy diicctlj', that is, 
mthout mteipolation 

EXERCISES 

Obtain the logaiithm ui each ot the following nuinljci.s 


1 

57S3 

12. 

07235 

2 

332 2 

13 

745 23 

3 

675 3 

14 

132 36 

4 

4S1 6 

16 

51 745 

5 

9.56 7 

16 

430 07 

6 

22 17 

17 

5 2178 

7 

8 467 

18 

4 2316 

8 

3 706 

19 

1 60S6 

9 

2 408 

20 

14653 

10 

2 767 

21 

07456S 

11 

3456 

22. 

0073S 


61. To Find the Number Corresponding to a Given Loga- 
rithm. Thus far we have considered how to determine the 
logarithm of a given numliei, but frequently the piolilcm is 
reversed, that is, it is the logaiithm that is given and wish 
to find the number having that logarithm. The method of 
doing this IS the reverse of the method of §§ 59, 60, and is 
illustrated in the folloivmg examples. 

Example 1 Find the nuinliei whose logaiithm is 1 9547 
Solution Locate 9547 among the mantissas m the table Having 
done so, w'e find m the column H on the line w'lth 9547 the figuies 90 
These foiin the fiist tivo figuies ot the desired numbei 

At the head of the coluiiiii contauiing 9547 is 1, wdnch is theiefoie 
the thud figuie of the desiied number 

Hence the number sought is made up of the chgits 901 
The given chaiacteiistic being 1, the number just loiiiid must be 
pointed off so as to have two figuies to the left of its decimal point 
(Rule II, § 56) Theiefoie the number is 90 1 Ans 
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Example 2 Find the numbei whose logaiithm is 0 6341 
Solution As in Example 1, we look among the mantissas of 
the table to find 6341 In tins case we do not find ciaclly this mantissa, 
but we see that the next less mantissa appealing is 6335, M'hile the one 
next gieatei is 6345 

The nuinlieis coiiesponding to these last two mantissas aie seen 
to be 430 and 431 lespectively Whence, it ^ lepiesents the number 
sought, we have 

Mantissa of log 430 = 6 l)35 \ _0 

Mantissa of log x = 6341 | 

Mantissa of log 431 = 6345 

Since an increase of 10 in the mantissa pioduces an inciease of 1 m 
the numlDei, we assume that an mciease ol 6 in the mantissa will pio- 
duce an mciease of -/q-, or 6, in the numbei 

Hence the numbei sought has the digits 4306 
Since the given chaiacteiistic is 0, it is evident that the numbei 
must be 4 306 (§ 56) Ans 

Note 1. The student will obseive that in Example 1 the given man- 
tissa actually occuis in the tables, wlule in Example 2 it does not, thus 
making it necessaiy in this last case to inteipolate (See the Note 
m § 60 ) 

Note 2 The number whose logaiithm is a given quantity is called 
the antiloganthm of that quantity Thus 100 is the autilogarithm of 
2, 1000 IS the antiloganthm of 3, etc 


^ Tabulai chffeience = 10 


EXERCISES 

Find the numbei s whose loganthms aie given below 


1 2 6656 

2 1 8351 

3 0 2742 

4 2 5855 

6 9 6830-10 
6 8 8028-10 

7 7 6425-10 

8 6 8842-10 

9 12517 
10 2 8583 


11 3 7430 

12 0 5240 
13. 0 6970 

14 9 7400-10 
16 8 3090-10 
16 7 5308-10 

17. 9 0046-10 

18. 8 0012-10 

19. 3 4968-10 

20. 5 9654-10 
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III. The Use of Logarithms in Computation 

62. To Find the Product of Several Numbers. The pio- 
cesses of multiplication, division, raising to ixnvers, and ex- 
traction of loots, as earned out in arithmetic, may be greatly 
shortened by the use of logarithms, as we shall now show 

Let us take any two numbeis, for example 25 and 37, and 
determine their logaiithins "We find that log 25 = 1.3979 
and log 37 = 1.5682 This means (§ 136) that 
25 = 1013379 and 37 = 10i36S2 

Multiplying, we thus have 

25X37 = 101 3979 +1 5682 (§ 8^ Foniiula I) 

The last equality means (§ 51) that 

log (25X37) = 1.3979+1 5682, 
or log (25X37) =log 25+log 37. 

Similarly, if we start T\Tth the three numbers 25, 37, and 18 
we can show that 

log (25X37X18)= log 25+log 37+log 18. 

Thus we airive at the following important rule. 

Rule V. The logarithm of a 'product is equal to the sum of 
the logarithms of iL factors. 

Thus log (13 X 0156X99 8)=log 13+log 0156+log 99 8 

The way in which this rule is used to find the value of the 
product of seveial numbeis is shovm below. 

ExAiiiPLE 1 To find the value of 13X.0156X99S 

Solution log 13 =1 1139 

log 0156 = 8 1931-10 
log 99.8 =1 9991 

Adding, 11 3061-10, or 1 3061 

Hence, by Rule V, the logarithm of the desiied pioduct is 1 3061 
It follows that the product itself is the numbei whose logaiithm is 
1 3061 When we look up this number (as m § 61) we find it to be 
20 23 Hence 13 X 0156X99 8 = 20 23 (approximately). Ans, 
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Example 2 To find the value of 

8 45X 678 X 0015X966X 111 
Solution log 8 45 = 0 9269 

log 678= 9 8312-10 
log 0015= 7 1761-10 
log 956= 2 9805 
log 111= 9 0453-10 

Adding, 29 9600 -30 = 9 9600 - 10 

Hence, by Rule V, the logaiithm of the desiied product is 9 9600 — 10. 
Therefoie the pioduct itself is found (as in § 61) to be ,912 (approxi- 
mately) . A Its 

These examples illustrate the following rule. 

Rule VI. To multiply several numbers: 

1 Add the loganthms of the several factors. 

2. The sum thus obtained is the logarithm of the product. 

3. The product itself can then be determined as in § 61. 

EXERCISES 

Find, by Rule V, § 62, the value of each of the following logarithms. 
1. log (38 2X6 31). 3. log (167X7 31 X 00456) 

2 log (6X4 21X 0015) 4, log (3 81X 00175X187). 

Find, by Rule VI, § 62, the value of the following products Check 

your answer in Ex 5 liy inultipljmg out the long way as in aiithmetic 
Compare the two results and see how great was the erioi committed 
by following the shoit (logaiitlunic) method, Compaie also the time 
required for the two methods 

6 5G8X3 47X.735 8.34 56X18 16X 0157 

6 975X42.8X3 72 [Hint See § 60 ] 

7 896X40 8X3 75X 00489 9 576 8X43 25X3 576X 0576 

10 60 573 X8 087 X 008915 X 1 2387 

11 23X23X23X23X23X23X23, (or 23’) 

12 12X23X34X45X56X67X78 

13 31X5 198X6 831X2 584X 00312X 07568 

14 Since 25 X 15 = 375 we know by Rule V, § 62, that the logarithm 
of 25 added to the logarithm of 15 is equal to the logarithin of 375 
Show that the values given in the tables for log 25, log 15, and log 375 
confirm this result. Invent and try out several other similar problems. 
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63 To Find the Quotient of Two Numbers. Let us take 
any two numbers, for example 41 and 29, and wiite their 
logaiithms. We find 

log 41 = 1 6128 
log 29 = 1 4624 

These mean that 

41 = IQi 

and 29 = lO^ 

Whence, dividing the first of these equalities by the sec- 
ond, we obtam 

]^Q1 G12S 

41 — 29= =10^ (§ 8, Formula Y) 

The last ecjuality means that 

log C41-^29) = 1.6128-1.4624 = log 41-log 29 
This result illustrates the following general rule 
Rule VII The logarithm of a quotient is equal to the 
logarithm of the dividend minus the logarithm of the diviso) . 
Thus log (4G7 3-i- 00149) =log 467 3 -log 00149 
The waj'' in winch this rule is used is shovni below. 

Example 1 To find the value of 236—4 15 
Solution log 236 = 2 3729 

log 4 15 = 0 6180 
Subtracting 1 7549 

Hence the logaiithm of the desiied quotient is 1 7549 (Rule VII ) 
The number whose logaiithm is 1 7549 is found (as in § 61) to lie 
56 875 

Therefore 236— 4 15 = 56 875 (approximately) Ans 

Ex.umple 2 To find the value of 1 46 — 00578 
Solution. log 1 46 = 0 1644 = 10 1644 — 10 (See Note p 117 ) 

log 0057S = 7 7619-10 

Subtracting, 2 4025 

The number whose logarithm is 2 4025 is found to be 252 64 
Therefore 1 46 — 00678 = 252 64 (approximatelj’-) Ans. 
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Thus we have the following lule. 

Rule VUI. To find the quotient of two numheis' 

1 Subtract the loqanthm of the divisor fiom the logarithm 
of the dividend 

2. The difference thus obtained is the loganthm of the quo- 
tient. 

3 The quotient itself can then be dctei mined as in § 61. 

Note. To &ubtiact a negative loganthm fiom a positive one, or to 
snbtiact a gi eater loganthm fiom a less, meieafte the chaiactenstic of 
the minuend by 10, wntmg -10 aftei the mantissa to compensate 
Thus, in Example 2, we wished to sulAiact the negative loganthm 
7 7619 — 10 fiom the positive one 0 1644 Theiefoie 0 1644 was wntten 
m the form 10 1644-10, aftei which the subtiaction was easily per- 
foimed 

EXERCISES 


Find, by Rule VII, § 63, the value of each of the following logarithms. 

1 log (17-8) 3 log (37 5- 0018) 

2 log (218-7 15) 4 log (8 69-113) 

Find, by Rule VIII, § 63, the value ot each of the following quo- 
tients Check youi aiiswei in Ex 5 by divichng out the long way as 
in anthmetic Compaie the tvo lesults and see how gieat was the 
enor committed by following the short (logaiithmic) method 


6 246-15 7 
6 34 7-5 34 
7. 389 7-4 353 
[Hint See § 60 ] 
8 45 67-38 01 


9 3 25 - 00876 

[Hint See Note in § 63 ] 

10 49 6-87 3 
40 3X6 35 

3 72 


[Hint Find the logarithm of the numeiator by Rule V, § 62 


12 


0036X2 36 
0084 


13 


24 3 X 695 X 0831 
8 40X 216 


14 Since 27 — 9 = 3 we know, by Rule VII, § 62, that the logarithm 
of 9 subtiacted from the loganthm of 27 is equal to the loganthm of 3. 
Show that the values given m the tables for log 9, log 27, and log 3 
confirm this lesiilt Invent and tiy out several othei similar problems 
for youiself. 
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64. To Raise a Number to a Power. Let us take any 
number, for example 25, and laise it to any power, say the 
fourth. We then have 25“^, winch means 25X25X25X25. 

Hence, by Rule Y, § 62, vre have 
log 25'‘ = log 254-log 254-log 25H-log 25, oi log 25‘‘ = 4 log 25. 
This illustrates the following rule 

Rule IX. The loganthm of any 'power of a number is 
equal to the logarithm of the nmnbei multiplied by the ex- 
ponent indicating the power. 

Thus log 3 17^° = 10 log 3 17 ; sirmlaily, log 00174® = 6 log 00174 

The way in w’-hich this principle is used to raise a number 
to a power is shown below. 

Example 1 To find the value of 2.37^ 

Solution log 2 37 =0 3747 
4 

Multipljung, 1 4988 

Hence 

log 2 37-* = 14988 (Rule IX) 

The number w^hose logantlim is 1 4988 is found to be 31 535 
Therefore 

2 37'^ =31 535 (approximately) A?is. 

Example 2 To find the value of 856® 

Solution. log 856 = 9 9325 — 10 

5 

Multiplying, 49 6625 — 50 = 9 6625 — 10 

The number wdiose logantlim is 9 6625 — 10 is 4597 
Therefore 

.856®= 4597 (approximately) Ans. 

Thus w''e have the followung rule 
Rule X. To raise a number to a power: 

1. Multiply the logarithm of the number by the exponent 
indicating the power. 

2. The result thus obtained is the logaiithm of the answer. 

3. The answer itself can then be determined as in § 61. 
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EXERCISES 

Find, by Rule IX, § 64, the value of each of the following logarithms. 

1 log 16^ 2 log 3 12=> 3 log 0176- 4 log 36 64-^ 

Find, by Rule X, § 64, the value of each of the following expressions. 

6 8 82^ 

Check youi answei by laising 8 82 to the thud powei as in arith- 
metic Compaie the two lesults and see how gieat was the error 
committed by following the shoit (logaiithmic) method 

6 412^ 7 4 123^ 

8 175® [Hint See Ex 2 in § 64 ] 

9 81® X 015- [Hint Combine the lules of §§ 62 and 64 ] 

10 43X8 9- X 075® 

8 76X53 9X4 5® 

2 3®X3 15X5 14® 

[Hint Use Rules VI, VIII, X ] 

12 Since 9® = 729 we Imow, by Rule IX, § 64, that three times the 
logantlun of 9 is equal to the logaiithm of 729 Show that the values 
given in the tables foi log 9 and log 729 confiim this result Invent 
and try out seveial other similai problems foi yomself. 

66 To Extract Any Root of a Number. Let us take any 
number, for example 36, and consider any root of it, say the 
fifth; that is, let us consider 

Supposing X to be the value of the desired root, we have 
a;® = 36. 

Now the logarithm of the first member of this equality is 
equal to 5 log x by Rule IX. 

Hence 5 log .r=log 36, or log x = ^ log 36. 

This illustrates the following rule. 

Rule XI The logarithm of the root of a number is equal 
to the logarithm of the radicand divided by the index of theioot. 

Thus log ^^273 =d log 2 73, similaib'-, log ■{/ 01685 = 4- kg 01685 

The way m which this principle is used to extiact the roots 
of numbers m aiithmetic will now' be shown. 
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Example 1. To find the value of -^85 2 
Solution. log 85 2 = 1 9304, 
so that ^ of log 85 2 = 0 4826 

Hence log = 0 4826 (Rule XI) 

The niunber whose logaiithm is 0 4826 is 3 038 (§ 61) 

Tlieiefoie -^^85 2 =3 038 (appioximately) Ans 

Ex.utPLE 2. To find the value of 0875 
Solution log 0875=8 9420 — 10, 
so that of log 0875 = (8 9420 - 10) = ^48 9420 - 50) 

= 9 7884 — 10 (See Note below ) 

The number whose logaiithm IS 9 7884 — 10 is 6143 (§61) 
Therefoie 0875= 6143 (appioximately) Ans. 

These examples illustrate the following rule. 

Rule XII. To find any loot of any number. 

1. Divide the logaiithm of the number by the index of the i oot. 

2. The quotient obtained is the logaiithm of the desiied root 

3. The root itself can then be determined as in § 61. 

Note. To divide a negative logaiitlun, wiite it in a foim wheie 

the negative pait of the characteiistic may be divided exactly by the 
divisor giving — 10 as quotient as in Example 2 


EXERCISES 


Find, by Rule XI, § 65, the value of each of the following logarithms 
1 log ->^16. 2 log ^Jl2 3. log 0175 4 log 


Find, by Rule XII, § 65, the value of each of the following expres- 
sions Check yom answer nn Ex .5 bj'" extiacting the squaie loot of 
315 (collect to three decimal places) as in authmetic Compaie the 


two lesults and see how gieat wa 
the short (loganthnuc) method 

6 

6 

7 

8 ^y~09^ 

[Hint See Example 2 in § 65 ] 


the eiior committed by following 

9 -yysiQX 0153 
[Hint Use Rules IX and XI ] 

10 - 1^876 
^576X9 132 

^ 3 8X5 32^ 
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APPLIED PROBLEMS 


Solve the following exercises by logaiithms 

1 How many cubic feet of air are there m a schoolroom whose 
dimensions aie 50 5 ft by 25 3 ft by 10 4 ft “i* 

2 How many gallons will a rectangular tanlc hold wRose dimensions 
are 8 ft 10 m by 9 ft 3 in b^’' 10 ft 1 in “i* 

3 How much wheat will a cylindiical bin hold if the diameter of 
the base is 9 ft 5 m and the height is 40 ft 4 in 

4 How much would a spheie of solid coik weigh if its chameter 
was 4 ft. 3 m , it being known that the specific gia\uty of cork is 24? 

[Hint To say that the specific gra\uty of cork is 24 means that 
any volume of coik weighs 24 times as much as an equal volume of 
water Water weighs 62 5 pounds per cubic foot ] 

B The diameter d in inches oi a wi ought-iron shaft required to 
transmit h horse-power at a speed of n revolutions pei minute is given 

3 i(35/j 

by Ihe formula = F‘tid the diameter reqmred when 135 horse- 

powei IS to be transmitted at a speed of 130 revolutions per minute. 

6 A wiie 135 feet long is suspended fiom two poles of equal height 
placed 130 feet apart Compute the sag, using the formula of Ex 20, 
page 42. 

7 If the three sides of a triangle aie of lengths a, h, c respectively, 
and we place s =^^{a+b+c), then the aiea is expiessed by the formula 

A = '\/s{s—a){s—b){s — c). 

Determine the area of the triangle whose sides are 3 15 inches, 
4.87 inches and 2 68 inches 

8 . The height H of a mountain in feet is given by the formula 


27 = 49,000 



where R, r aie the observed heights of the baiometei in inches at the 
foot and at the summit of the mountain, and where T, t are the observed 
Fahienheit tempeiatures at the foot and summit 

Find the height of a mountain if the height of the barometer at 
the foot IS 29 6 inches and at the summit 25 35 inches, wlule the tem- 
perature at the foot is 67° and at the summit 32°. 
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66. Solution of Exponential Equations. The equation 

( 1 ) 2 '^ = 32 , 

wherein the unknown number, x, appears in the exponent, is 
an example of an exponential equation. In the present 
instance, the equation may be solved immediate^ by inspec- 
tion, X being equal to 5, since 2^ = 32 But if, instead of (1), 
we start with the followung equall}’" simple exiDonential equa- 
tion 

(2) 2" = 48 

the value of x can be obtained onlj'’ approximatively, and 
its determination mvolves the use of logarithms hi the 
maimer shown below'': 


Solution". Talcing the logaiitlim of each meml:)ei‘ in (2), 
.T;log2-Iog4S. (Rule IX) 

Therefore 


log 48 
log 2 


1 6812 
0 3010 


= 558+ Ans. 


EXERCISES 


Solve each of the following exiionential equations, using logarithms 


1 4'' = 10. 

2 2^ = 80 

3 3F = 23 

4 2-' = 3 

6 13-"= 281 


6 3-'-20- 3^+99 = 0 
[Hint. 3-® -20 3-^ 4- 99 = 
(3^-9) (3^-11). 

3- = 2y, 

2 ^ = 2 /. 
f2^+i/ = 6, 

(2-*+^ = 3^/. 


IV. General Logarithms 

67 Logarithms to Any Base. In § 51 we defined the logaiithm 
of a nuinbei as the powei to winch 10 must be laised to obtain that 
numbei Thus, iiom such equalities as 10’= 100, 10^ = 1000, etc, we 
had log 100 = 2, log 1000=3, etc Stiictly spealcing, this defines the 
logarithm of a number to the base 10, or, as it is usually called, a common 
logarithm. 

We may and fiequently do use some other base than 10 For 
example, smce 8- = 9, 3® =27, 3'^ = 81, etc, we can say that the loga- 
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iithm of 9 to the base S is 2, the logaiithm of 27 (n the base 3 is 3, the 
lon-authm of 81 to the ba^c S is 4, etc The usual way of denoting this is 
toVtile log, 9 -2, log,27 =3, log,81 =-i, etc Tlie irambei being used us 
the liase is placed to the light, and just below the syinliol log 
Snnilaih, we have log 2 l 6 = 4, logs64 = 2, logjl25 — 3, etc 
Thus we have the following oeneial definition The loganthm oj 
ang numbu x to a rjinn base a is the powu at a lequued /o ffU’C a It is 
wntten log„a Any positive nuinbei except 1 may be used as the Imse 
Note. When the base a is taken equal to 10 (that is, in the usual 
case) ve write simply log a instead ol logma 

i^EXERCISES 

State fii'ist the meaning and then the value of 
1 log 24 . 2 logoS 3 log^ie 


6 log.)!-. 


6 logiT.V 


7 logr. 2 


4 logs! 

8 log832 


^68 Logarithm of a Product. -We can now show that Rule V, 

§ 62, holds tiue whatevci the base That is, it M and N aie anj x\o 
numbers, and a the base, then 

logniW =logail/4-logftV. 

PROon Leta.=l06,jf nud./-l 0 B,N' Then o'-V and 

(I 67) Hence a' • o»=MW, or a’+n-MN. But the last equality 

mGCinS ijllQ-t ^ 1 nr fx7^ 

loga^^V = .^^-y=logaM+logaV. U 67) 

*69 logarithm of a Quotient. Rule VII, | 63. holds true irtatocr 

the base That is, if M and N aic any two numlieis, then 
loga ( il/ - iV) = logr, M - logn N 

Proof Let .n=log„W and y=log„iV Then = M and a«~N 
(§ 67) Hence, M-N, oi But the last equal, tj 

means that 

logc (ill - A) = ^ -y = logrf M -logaA 

^70 Logarithm of a Power of a Number. Rule IX, § 64, holds 
true xohateuer the base That is, if M is any number and n any (positive 
integral) power, then 

logn M'^=n logail/ 

Proof. Let .T=lognil/ Then a^ = M (§ 67) and hence = 

But the last equality means that 

logaM'' = nA = a logaM. 
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*71 Loganthm of a Root of a Number. Rule XI, § 65, holds true 
whatever the base That is, if M is any number and w anj'’ (positive 
integral) root, then 

loga-^ii7 = ^^ logail/. 

Proof. Let ^^^logaM Then a^ = M (§ 67) and hence = 

or = ■\/ M But the last equahtj'' means that 

loga'C/jR=|=^log«M. 

*72. Summary. From the results estabhshed in §§ 67-71 it appears 
that Rules V-XII, §§ 62-65, aie not only true when the base is 10 (as 
Was there taken) but they aie tiue for any base Tables evist foi vaiious 
bases other than 10, but we shall not consider them. 

Note. The reason why 1 caimot be used as a base is that 1 to any 
power 13 equal to 1, that is, we cannot get different numbers by raising 
1 to different powers. 

*73. Historical Note. Logarithms were fiist intioduced and em- 
ployed for shortemng computation by John Napier (1560-1617), a 
Scotchman. Howevei, he did not use the base 10, tins being first done 
by the Engh.sh mathematician Briggs (1566-1631), who computed 
the first table of common logarithms. 

*74. Calculating Machines. The Slide-Rule. Machines have been 
invented and are now coming into very general use, especially by engi- 
neers, by w'hich the processes of multiphcation, ch\nsion, involution, 
and evolution can be immediately performed. The construction of 



Fig 38. The Slide Rule 


these machines depends upon the pimciples of logarithms, but to 
describe the maclunes and their methods of woilcing would take us 
beyond the scope of this text The simplest machine of this kind is 
the slide rule, the use of which is easdy understood. A simple shde 
rule with directions is inexpensive and may ordinarily be secured from 
booksellers. A full description of the instrument and its use may be 
found m the Alacnnllan Tables (The Macmillan Co , New York). 



CHAPTER VIII 

COMPOUND INTEREST AND ANNUITIES 

Compound Interest. The inteiest which P dollars 
■ing at the end of one year if placed at the rate of interest 
iclently PXi, or Pi. If the interest Pi thus received be 
to the piiiicipal, oi P, the new prmeipal at the end of 
’st j^ear is P^-P^, or 

P(l+^). 

the principal (1) be again allowed to draw inteiest for 
ear at the same rate i, the interest received vnll be 
i)Xi, or P{l-j-i)i, and if this be added (compounded) 

3 former principal (1), the amount of the principal at 
id of the second year becomes P(l+^)^-P(l+'2')b which 
36 wiitten P(14-2')(l+'2^); 01’ 

P(H-i)2. 

milarly, the amount at the end of the third year is 
P(l+^)^ 

11 geneial, we have the follovdng formula for the amount 
lich will be realized from a principal P by compounding 
iterest upon it aimually for n years at the rate 

A„=p(n-ir* 

lAAiPLE 1 What will be the amount of $225 loaned for 5 years 
, compound interest? 

LiJTioN. Here P=225, i = .08 and n = 5. Hence, usmg the 
la, we find A 5 = 225(1+ 08)® = 225 X 1 08®. 

le actual computation of A is now best carried out by logarithms, 
talang the logaiithm of each member of the last equation, we 
by Rules V and IX, §§ 62, 64, 

log A 5 = log 225+5 log 108 = 2.3622 +5 X0 0334 
= 2 3522+0 1670=2 5192 
lerefore, by § 61, A 5 = $330 50 Ans. 
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Example 2 Vliat piincipal will amoimt to -11000 in 10 years at 
)% compound mteiest? 

Solution. Heie Aio = 1000, P = ^, 05, « = 10 so that the foiiniila 
jives 1000 = P(1+ 05)^“ = P(1 05)^'^. The pioblem thus lesolves itself 
nto solving this equation for P, and this is most leadily done by use 
)f logaritluns as follov s 

log 1000= log P + 10 log 1 05 

Hence log P=log 1000-10 log 1 05 = 3-0 2120 = 2 7SS Theiefoie, 
by § 61, P = $613 70 Ans. 

EXERCISES 

1 Fmd the amount of $400 for 10 years at 3% compound inteiest 

2. Fmd the amoimt of -IfelOO foi 20 years at 6% compound inteiest 

3 V+at piincipal loaned at 4% compound inteiest will amount to 
E1500 in 10 3'eais’ 

4 What sum of money invested at 4% compound inteiest from a 
jlnld’s bath until he is 21 years old will jneld $1000? 

6 In whao time will $800 amount to $1834 50 if put at compound 
nterest at 5%“^ 

[Hint Note that the unlcnown time becomes detei mined by an 
jxponential equation which can be solved as in § 66 ] 

6 How long will it take a sum of money to double itself at 5% 
3ompomid inteiest ? 

7 What is the rate pei cent when $300 loaned at compound interest 
'01 6 yeais will jueld $402“^ 

8 Solve the foimula foi ?i in terms of A, P, and ^ 

9. Constiuct a giaph to shoAv the compomid amount of 1 dollai at 
3% as the time vanes 

10 If, instead of the interest being compounded annually as m 
die formula of § 67, it is compounded times a yeai, show that the 
ormula becomes 



11. In how many years will $300 amount to $400 at 6% compound 
nterest, the interest being compounded quarteily? 

12. What sum should be deposited in a banli pajung 4% compounded 
lemi-annually in oider to discharge a debt of $7430 due ten yeais 
ater. 
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76 Annuities. An annuity is a series of equal pa^unents 
made at equal interval dining a fixed peiiod of tune. For 
convenience, the first payment will here lie regaided as made 
at the end of the first year, the second payment at the end of 
the second year, etc. 

Thus, if A has a life in&uiaiice policy in the foim of an annuity in 
case ol death to B of .itlOOO a yeai foi 10 jeais, then at the end of the 
hist yeai aftei A’s death the comiianj issmng the pohcy is to pa}' B 
11000, and a like payment is to be made at the end of the second yeai, 
thud yeai, etc , up to the end ot the tenth yeai Evidently, it inteiest 
be taken into account, such a policy will be woith moie to B than the 
meie total of -1.10,000 thus leceived, since he may dining the 10 yeais 
be leinvestmg the vaiioiis payments so as to leceive additional letuins 

The following fundamental gencial problem thus arises. 
If w^e lepresent the amount of each payment a, the num- 
ber of yeaily payments by n and the interest late bj'- ^, what 
wall be the accumulated value V,, of the annuity at the end 
of the n yeais"^ The answer, expressed as a foi inula for ui 
terms of a, n and ?, is readily obtained as follows. 

Using the foimula of § 75, we see that the accumulated 
values of the first, second, • «th pa 3 unents will be: 


The desiied value, is therefore the sum of these n 
expressions. But thej'' ai’e seen to form a geometric piogies- 
sion wdiose fiist term is a and whose common ratio is (l+i). 
The sum is therefoie leadil^’" expressed b}’’ use of the fiist 
formula in § 39, which gives 

(4) = 

By the present value of an annuity of a dollars per 
annum is meant the amount in cash that one could afford to 
pa}" for the privilege of receiving the pa^unents m then regular 
order. A second fundamental problem thus arises. What 
is the present value P of an annuity of a, paj'^able m n yeaily 
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installments when the interest rate is i? This again may be 
mswered by sunple considerations based on the properties 
a geometric progression Thus, the present value of the 
H,rst payment can be obtamed fiom the formula of § 75 
3y placing m it A = a, n=l and solving for P, thus giving 
z(l +i)~h Smiilarly, the present value of the second payment 
is that of the nth pajunent being The 

iesu’ed value of P is therefore the sum of these, or 


a(H-f)-i+a(l+^:)-“+ . . . +a(l+^)-^ 


This being a sum of terms forming a geometric progression, 
its value can be readily expressed as before by the first 
:ormula of § 39, which gives as the desued formula 


: 5 ) 




EXERCISES 

1 What will be the acciimulated value of an annuity of $100 for 
.0 years at 6% 

Solution. 7 =-[(i+i)n_i]=l^ [(1 06)“-l] 

4 Oo 

By logarithms, (1 06)^° is found to be 17904, hence (1 06)“ -1 = 

I 7904 Therefoie 

log 7io=log 100+log 0 7904— log 06 

=2+(9 8978-10) -(8 7782-10) =3 1196 

Hence Viq =$1317, the accumulated value of the amiiuty Ans 

2 What IS the present value of an anninty of $300 for 10 years 
t 6%? 

3 How much must a man save amxually and deposit in a savings 
nd loan company paying 5%, compounded annually, in order to pay 
ff a mortgage of $2000 after 5 years’ 

4 A man buys a house and lot, pajnng $1500 down and agreeing 
3 pay $1000 annually for the next 4 years What is the eqmvalent 
ash price if money is worth 6% per year’ 

[Hjnt. Note that the $1500 payment is not a part of the cinnuity ] 


f 
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6 It 13 estimated that a certain mine will be exhausted m 10 3mars 
If the mine juelds a net annual income of S10,000, what would be a fair 
purchase price, monej" being woith 5%? 

6 Show that if, instead of the installments being made annuallj", 
thej'- are made m times a 3 ear and the mteiest compounded at each 
pa3™ent, then the two formulas of § 76, remain the same except that 
%im 13 to be substituted for ^ and mn for n 

7 Using the results of Ex 6, answer the following question A 
piano IS sold foi $100 cash and $50 to be paid semi-annuall3^ for 3 3^ears 
What IS the equivalent cash price, if money is woith 6%, compounded 
semi-anmially? 

8 A city IS to issue' 20-year bonds to the amount of $100,000 for 
the erection of public schools and it is desired to establish a “sinlang 
fund” to piovide for the extinction of the debt when due How much 
must be deposited in the sinking fund at the end of each year, money 
being woith 4% and compounded aiinualb'"'^ 

9 A student borrows $500 at the beginning of each of his four col- 
lege 3^ears, agreeing to pay the debt with 6% interest in 4 annual pay- 
ments, the fiist being due 5 yeais after the first $500 was borrowed 
What will be the amount of each payment? 

10 The beneficiary of a $5000 life insurance policy is to receive ten 
equal annual pa3'ments, the fiist to be made when the poliC3' matures. 
Fmd each pa3mient if moiie3’' is woith 4% compounded annuall3'’ 

11 A debt of $5000 with inteicst at 6'^c was contracted on Jan 
1, 1916 On Jan 1, 1917, $1,000 was paid and on Jan 1, 1918, $2,000 
was paid It was then ariaiiged to pay the remainder in 3 annual in- 
stallments, the first of which should be payable Jan 1, 1910. How 
much was each installment‘s 

12 How much should be invested at the end of each 3’-eai to dis- 
charge a non-inteiest bearing debt of $10,000 due in 10 years, interest 
being 4%? 

13 A bank pays $940 for a non-interest bearing note due in 1 year. 
If the face of the note is $1000 what late of interest is involved? 
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77 Mathematical Induction. The three folloAvmg iduh‘ 1 
arithmetic relations aic easily seen to Idg tiue. 

14-2 = 1 ( 2 + 1 ), 

1+2+3 = 4(3+1), 

1+2+3 +4 = 4(4+1) 

We nught at once infer from these that if n be any posit iv 
integer, there exists the algebraic i elation 

Ti 

(1) 1+2+3+4+. +)i = 5(»+l), 

the dots indicating that the addition of the terms on the li‘ 
continues up to and including the numbei n ' 

For example, if ?i = 8, this would mean that 
1+2+3+4+5+6+7+S = 4(8+1) 

Again, if n = 10, it would mean that 
l+24-3+4+5+6+7+8+9 + 10 = V-(10+l) 

That these are indeed tiue lelations is discovered as soon as 
simplify them Let the pupil convince himself on this point 

It IS to be carefully observed, however, that the mferoiK 
just made, namely that (1) is tiue for any n, is not yet jiisf 
fied, for we have only shovm that (1) holds good foi cerlai 
special values of n, and we could never hope to do more l,h:i 
this however long we continued to try out the formula i 
this way. 

Something more than a loiowledge of special cases must always 1 
known before any perfectly certain general inference can be mad 
For example, the fact that Satuiday was cloudy foi 38 weeks in sir 
cession gives no certain information that it will be so on the 39th wocl 

We shall now show how the geneial formula (1) may 1 
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established free from all objection, that is, in a way that 
leaves no possible question as to its tiuth in all cases. 

Let ? lepiesent any one of the special values of ii for which 
we know (1) to be true Then 

(2) 1+2+3+4+.. +r=^V+l). 

Let us add (? +1) to both sides The result is 

H-2+3+4+. •+r+(r+l)=^0+l) + (r+l). 

In the second member of the last equation we may wiite 

^(r+l) + 0'+l) = () +l)(^+l) = =^(' +2) 

while the hist member has the same meaning as 
j 14-2+3+” +(?*+!). 

Thus, (2) being given us, it follows that we may wiite 

(3) 1+2+3+4+- +0-+l)=’-^()-+2). 

But (3) is seen to be precisely the same as (2) except that 
r+lnow leplaces r throughout. This means that if (1) is 
true when ?? = ?’, as we have supposed, then it holds true 
necessarily for the next greater value of n, which is ?’+l. 

The original fact which we wished to establish (namely, 
that (1) IS true for any n) now follows without difficulty. 
In fact, we know (see beginning of this section) that (1) is 
true Avhen ?i = 4, from Avhich it now follows that it must be 

true alhO when n = 5 Being tiue when ?i = 5, the same 

reasoning shows that it must be true also whenn = 6. Thus, 
Ave maj'- reach anj’- giA'-en integer n, liow^eA^er large it may be. 
Hence (1) is true for any such A^alue of ii 

This method of leasoning illustrates what is termed 
mathematical induction. Another example of the process will 
noAA’’ be given, m a more condensed form. 
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Example Prove by mathematical induction that 

(1) 1+3+5+?+ • +( 2/1 — 1) =?r (n = ani/ positive integer) 
Solution When ?i = l, the formula gives 1 = 1‘^, when n = 2, it 

gives 1+3=22, when n = 3, it gives 1+3+5 = 32, aU of which arith- 
metical relations are seen to be coireet. 

Let r represent any value of n for wduch the formula has been 
proved Then 

(2) 1+3+5+7+ +(2r-l)=r2. 

Adding (2r+l) to each membei gives 

(3) 1+3+5+7+- +(2/ +1) =?-+{2/'+l) =r2+2/ +1 = (/ +1)‘2 

But (3) IS the same as (2) except that v has been leplaced thioughout 
by ?’+l Hence, if (1) is tiue for any value of n, such as r, it is neces- 
saiily tiue also foi that value of n incieased by 1 

Now, w'e know (1) to be true when n = 3 (See above ) Hence it 
must be true when ?i = 4 Being true when n =4, it must be tiue when 
n = 5, etc , and m this way we now loiow that (1) is tiue for any value 
(positive integral) of n whatever. 

EXERCISES 

Prove the correctness of each of the following formulas by mathe- 
matical induction, n being undei stood to be any positive integer 

1 2+4+6+ 8+ •• + 2?i = ?i(?i + l) 

[Hint. First tij'' out for 7i = l, n = 2, and n=3 Let ? lepiesent a 
number for which the foimula holds Add 2(r+l) to both membeis 
of the lesultmg equation and compare results ] 

3/1 

2 3+6+9+12-1 — +371 = — (n+1). 

3. 12 + 22 + 32 + 42 + ••+?l2 = ^7/(?l-|-l)(2/l-j-l) 

4 22 + 42 + 62 +... + (2/1)2 + 

6 P+22+3H42+ • +?i 2 = JV(w+l )2 

- I I 1 I 1 , , 1 n 

1 2 2.3 3-4 7!.(/i+l) ?i+l 

7 2 + 22 - 1 - 224 - 2 ^+ • +2”' = 2(2«-l) 

8 Prove that if nis any positive integer, a” — &'» is divisible by a — 6 
[Hint Since a^+^-V+^ = a(a^-bn+b^ (a-b), it follows that 

or +1 _ H-i )jg ch^^slble by a -b whenever o’" - 6’’ is divisible by a - 6 ] 

9. Prove that is divisible by a +6 
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78 The Binomial Theorem. If we raise the binomial 
to the second powei, that is, find the lesult 

is a^-j-2ax-\-x^. Similarly, by lepeated multiplication of 
(a+.a) into itself, we can find the expanded foims for (a+x)®, 
(a+.a;)h {a-\-xY, etc. The lesults which we find in this way 
have been placed foi reference m a table below: 

(a + = a- + '2ax + x^. 

(a + .r) ® = a® + 3a"X + 2ax'^ + x^. 

{a-^xy = cd+4a^r +6a2t-+4aa;^+rr*. 

(a + .r) 5 = _|_ 5ft 10a^^® + 5a.'r* +a:®. 

(a + .r) ® a® + 6a\r + 1 5a^x- + '20aH^ + 1 5a~x^ + 6aa;® + etc. 

Upon comparing these, it appeals that the expansion of 
(a-l-a:)’‘, where n is any positive integer, has the following 
properties: 

1. The exponent of a in the first term is n, and it decreases 
hy 1 in each succeeding term. 

The last teim, oi .-c”, may be regaidecl as a° (See § 8). 

2. The first tei m does not contain x. The exponent of x in 
the second teini is 1 and it increases hy 1 m each succeeding 
term until it becomes n in the last term. 

3. The coefficient of the first term is 1; that of the second 
term is n. 

4. If the coefficient of any term he multiplied hy the exponent 
of a in that term, and the pioduct he divided hy the number of 
the term, the quotient is the coefficient of the next term. 

For example, the term 6a-a:^, which is the third term in the expansion 
of (a+x)‘, has a coefficient, namely 6, winch may be derived by mul- 
tipljnng the coefficient of the preceding term (which is 4) by the exj^ionent 
of a 111 that term (which is 3) and dindmg the product thus obtained 
by the number of that term (which is 2) 

5. The total number of terms in the expansion is 
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The results just observed regai cling the expansion of 
{a+x) , wheie n is any positive integer, may be summarized 
and condensed into a single foimula as follows: 


1-2 


+ 


n{n 


12 3 




the dots indicating that the terms aie to be supplied m the 
manner indicated up to the last one, oi (w+l)st. 

This formula is called the binomial theorem. By means 
0 It, one may write down at once the expansion of any 
binomial laised to any positive integral powei. 

u^Il be proved ,11 detail m § SO We assume its tiuth he,-e fo, those 
small values of n for which its coirectness is easily tested 
Example 1 Expand (a+a,)® 

Solution Heie n = 6, so the formula gives 
(a+r)e = a®+6alr+— ^ ^ 4 , , , 6 • 5 


+ 


5 , .,6 
— a^r-+ 

2 12 


4 3^ , 6 
3 “ +1 


,2,4 


a“^‘ 


4 

3 2 

4 


6 


'54-3-2 5 6.5 

1-2 +1 2 

Simphfjaiig the various coefficients by peifoimmg the possible 
cancelations in each, we obtain 

(a = a6 + Galx + ISa-^ i2+20aV + 

observed that the coefficients of the fiist and 
last terms tuiii out to be the same, likewise the coefficients of the second 
and ne^ to the last terms are the same, and so on symmetrically as 
we read the expansion from its Wo ends 

Example 2 Expand {2—vi)^ 

SoiOTion Herea-2, and,i=6. Tlie formula thus gives 

(2-m)5_2S+5 . 2<(-m)+^ . * 3 2\-,nf 

^ X Ji * o 


,5 4-3-2 
+1.2.3 


,54321 
+1-2 3 4 s'-’")-' 



IX, § 79] 


MATHEMATICAL INDUCTION 


135 


Simplitying the coefficients (as in Example 1), tins becomes 

(2-m)® = 2H5 • 2i(-HO+10 2 =*(-/h)“+10 2\-mf 

+5 • 

Malcing fuithei simphfications, we obtain 

(2 — m y’ = 32 — SO/H +SOwr — 40»i^ + 10m'* — /u® A/is 

Note The lesult foi (2 — t)^ is the same as that ior (2+'^-)^ except 
tliat the 'signs of the teims aic alternately positive and negative instead 
of all jiusifive A similai lemaik applies to the expansion ot evei}' 
Ijinoiuial ol the foiin (a — i)" as compaied to that of (a+r)" 


EXERCISES 


Expand each of the follownng poAveis 

1 

CO 

1 

2 (fl+t/ 

10 (2a+l)^ 

3 (a -2/)^ 

11 (x-3yp 

4 ia-h)\ 

12 (1+a:-)^ 

6 (2+0'^ 

13 (l-'i)S 

6 (a+a)b 

14 (t— 1)^ 

7 (!7-3)= 

16. (Zcr-lf 

+ 

00 

16 (a+a;)io 

79. The General Term of (a+x)", 


17. (Ui)’ 

V® vI 

/a ry 
\a; a/ 


18 
19. 

l\3 


20 . 


(^V2+- 


expansion of (a+.T)", as given by the formula in § 78, is 

— 1 ) 

1-2 


a’'~-x-. {third term). 


Observe that the exponent of x is 1 less than the number 
of the term, the exponent of a is n mmus the ex]3onent 
of X, the last factor of the denommator equals the exponent 
of X, in the numerator there are as many factors as m the 
denominatoi . 

Precisely the same statements can be made as regards 
the fourth term, or 

n(n l)(n (fourth term) . 
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In the same way, it appeals that the above statements can 
be made of any teim, such as the rth, so that the formula for 
the rth term is 


rth term = 


n(n~l)(n—2) -(n — r + 2) 
1-2. 3- (r-1) 


Example Fmd the 7th term of (26— c)^°. 
Solution. Here 


a^-r+^x^-K 


a = 2b, x = (—c), n = 10, and i =7. 
Therefore (using the formula), the desired 7th teim is 


Seventh teim = 


10 

1 


9 - 8 
2 • 3 


7 • 6 
4 - 5 


5 

6 


(26)‘'(-c)8 


= 210(2o)^(-c)® = 33606V Ans 


EXERCISES 

Find each of the following indicated teims 

1 5tli teim of (a+o.)^. 

2 6th teim of (^ — y)® 

3. 7th term of (2+a.)® 

4 10th term of 

5 6th teim of (a-~6®)^°, 

6, 20th term of (1 


7 6th term of 


8 9th teim of 


X 


9. 5th term of { 


r 

y X 

10 4th term of (2-\/2— 


11 ) 


, 2 \ 12 


80. Proof of the Binomial Theorem. The way in which 
the bmomial formula was estabhshed in § 78 is, strictly 
speaking, open to objection because we there made sure of 
its correctness only for certain special values of n, such as 
71 = 2, n = 3, 71 = 4, and n = 5. Though the formula holds 
true, as we saw, in these cases, it does not follow necessarily 
that it IS true in every case, that is, for every positive integral 
value of n. We can now establish this fact, however, by the 
process of mathematical mduction, when n is a positive 
mteger. 

Let 771 represent any special value of n for which the for- 
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miila has been established (as, foi example, 2, 3, 4, oi 5). 
Then we have 


(a + .r) + ma!^ + 




1 -2 


.t 2+. 


(1) (7-’;+2)a»-'+v-+...+x”. 

1 ■ 2 • 3 ••(?—!) 

Let us now miiltiplj" both members of this equation by 
a+a’. On the left we obtain (a+a)"‘'^b On the right we shall 
have the sum of the two i-esults obtained by multiplying the 
right side of (1) first b}'' a and then by x, that is we shall have 
the sum of the two following expressions. 

12 

M(m-l) (;«-.-+2) 

^12 3 -O-l) X + +ax , 

and 

+ • +?ncfa’'*+3i'”'^h 

Adding these, and making the natural simplifications in 
the lesultmg coeflficicnts of a"'x, etc , and equating 

the final result to its equal on the left (namety as 

noted above) gives 


(a -b a’) ^ = a”' ^ + (?? 2 + 1 ) a”*.a + 




1 2 




( 2 ) 


(?«+!);« (m-r+3) + 1 

1.2-3 .(r-l) ‘ -r-'-r- 


But (2) is precisely (1) except foi the substitution of to+ 1 
for m throughout. Hence, if the binomial foimula holds for 
any special value of n, as m, it necessarily holds for the next 
larger value, namely But we have already ol^served 

that it holds when ?i = 5. It must, theiefore, hold when 
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n = 5+l, or 6. But if it holds when n = Q, it must hkewise 
hold when = or 7. Thus we may proceed until we 
airire at any chosen value of n whatever. That is, the for- 
mula must be true for any positive iiitegial value of n. 


"^81 The Binomial Formula for Fractional and Negative Exponents. 
In case the exponent n is not a positive integei but is fiactional or 
negative, we ina 3 ’- still wiite the expansion of (n+a)'‘ bj' the foimula of 
§ 78, but it will now contain indehmtely manj’^ teims instead of coming 
to an end at some definite pointj that is, we meet with an ttijuiiie seties 
(Compaie § 41 ) 

For example, 

(a+T)l . 

12 12-3 


— ~x-\ a 

1-2 


^3 . i(-i)C-t) -q 3^ 
1-2-3 “ 


Here we have wiitten onlj- the fiist four teims of the expansion, but 
we could obtain the 5th teim in the same way and as many otheis in 
then order as might be desiied 


82 Historical Note. The binomial foimula for cases in which 
the exponent n is a positive mtegei was known to the early Gieek and 
Aiabic mathematicians, but its significance when n is fiactional was 
fiist pointed out by Su Isaac Newton (1642-1727). 

83 Application. If m (a-(-T,)'*’ the value of x is small in compaiison 
to that of a (moie exactly, if the numerical value of xja is less than 1) 
then the fiist few teims of the expansion fmiusli a close approximation 
to the value of (n+a)"'. Tins fact is often used to find appioximate 
values foi the roots of nuraliers in the manner illustiated below. 

Example Find the approximate value of y/lO 

Solution Wiite '\/id= 's/9-|-1 = ^/(ds+l) and expand tins last 
foim by the binomial foimula. Thus (using the final lesult m the 
worked example of § SI), we have 

•v/ld=(32-t-l)i = (3=)i+4(32)-^ l-^(32)-f . i 2 +Jl^( 32 )-f 

= L+_L_ 

2-3 8 -3^ 16-3®^ ’ 

= 3+ 166666— 004629 + .000257 = 3 162294 (approximately). 
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Oliseive that the value of \/l0 as given in the tables is 3 1622; 
thus agreeing with that just fomicl so lai as the first foiu places ( 
decimals aie concerned 

Whenevei e\ti acting roots by tlois process we use the follo-unii 
geneial lule 

Scpmate the given numbcj into two parts, the first of which is tl 
nearest petjccl jjowe) of the same degree as the leqiiued loot, and expan 
the lesult bg the binomial (heoiein 


'EXERCISES 

Write the fiist four terms in the expansion of each of the followin 


expressions 
1 (o + 1 ) 




6 i2a+b)^ 

(ci+r)“" 6 

d+o' 7 

8 

Find by the formula rn § 79 the 6th term in the expansion c 


2 

3 

4 
9 

(a+rc) 

Find the 

10 Sthteim of (a+'c)^ 

11 7th term of (a+'t) ® 

12 8th terra of 


13 9th term of (a — 

14 10th term of -s/ (r+y)®. 

16. 


6th term of v -a+h. 

Find the approximate values of the following to six decimal place 
and compare youi results for the first three examples with those give 
m the tables. 

16. y/ff. 17. V 27 . 18 

19. \/Ti 20. 

[Hint Write 14 = 16— 2 = 2’* — 2] 


CHAPTER X 


FUNCTIONS 

84 The Function Idea. In ordinary speech we make 
such statements as the following,: 

1 The aiea of a ciicle depends upon its radius. 

2. The time it takes to go from one place to anothei de- 
pends upon the cbstance between them. 

3. The power which an engine can exeit depends upon the 
pressure per square mch of the steam m the boilei . 

Another way of stating these facts is as follows : 

1. The area of a circle is a. fimclion of its radius. 

2. The time it takes to go fiom one place to another is a 
function of the cbstance between them. 

3. The power which an engine can exert is a function of 
the pressure per scpiare inch of the steam in the boilei. 

The idea thus conveyed by the word function is that we 
have one magnitude whose value is determined as soon as we 
Lnoiu the value of some other one (or more) magnitudes upon 
which the fiist one depends. This idea is at once seen to be 
umversal in evei^xlaj’’ experience and for that reason it be- 
comes of great miportance in mathematics f In the present 
chapter we shall indicate briefly some of its most essential 
features, noting especially the significance of the idea when 
considered graphically. 

86. Types of Algebraic Functions. An expression of the 
form 

(1) ao:>c+«i, 

where the coefficients and Oi have any given values (except 
that fto must not be 0) is called a linear function of x. 

fThe extended formal study of the function idea enters into that 
branch of mathematics Icnown as the Calculus. 
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Observe that every such expression depends for its value 
upon the value assigned to x, and is determined as soon 
as X IS knovTi. Hence it is a function of x in the sense ex- 
plauied in § 84. It is called a hneai function smce it is oi 
the first degiee m re. (Compaie § 6.) 

For example, 2^+3 is a linear function of x. Heie we have the foirr 

(1) in winch ao = 2 and ai = 3 Similaily, 3r— 2, x—i, — n+d and 3i 
aie linear fimctions of x (Why'*’) 

Likewise, 3i+2 is a hneai function of t, wlule -7-1-5 is a hneai 
function of ) , etc. 

As an exainjile of a hneai function in everyday expeiience, suppose 
that m Fig 39 a person starts hom the point P and moves to the iighi 
at the late of 15 miles pei hour, and let Q be the point 10 miles to the 

Q P 

1- — ^10 — H 

Fig 39 

left of P Then we may say that the chstance of the travelei from Q is 
a hneai function of the time he has been tiaveling, for if t repiesen' 
the numbei of hours he has been traveling, his chstance fiom P is 15 
(see § 7, formula 4) and hence his distance fiom Q is 15i-l-10 This ii 
a linear function of t, being of thefoim (1) in winch = and ai = 10 

Ldcewise, the inteiest wluch a given pimcipal, P, will yield in om 
yeai is a hneai tunction of the late, for, il / be the rate, the interest ii 
question is given by the foimula PX?, or Pr, and this is seen to be o 
the form (1) in w'luch a^ = P, and tti = 0, / being here the variable. 

An expression of the foim 

( 2 ) aoX--\-aiX-\-a2, 

wheie ao, Ui, and az have any given values (except that a 
must not be 0) is called a quadratic function of x. 

Foi example, 2x--l-3a; — 1 is a quach-atic function of % because it i 
of the form (2) in which ao = 2, ai = 3, an= —1 Likewise, 

X-+1; —x--{-3x, 5c-, aie quadratic functions of x 

Again, we may say that the aiea of a setuare is a quadratic fuiictio 
of the length of one side, foi if x be the length of side, the aiea is a 
and tins is of the form (2) in vhich Oo^lj ai = a 2 = 0 

Similaily, the area of a circle is a quadratic function of the radius 
smce it IS equal to tt/^. 
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An expression of the form 
(3) aQX^+axX-+a2X-\-a^, 

where ao, ai, and fis have any given values (except that ao 
must not be 0) is called a cubic function of x. 

For example, 3t® — — 1, 4i.® — c®— 2 l^ 4-1, 5^“^, x®, etc. 

Again, we ma}’’ say that the volume of a cube is a cubic fimction of 
the length of one edge Also, the volume of a sphere is a cubic function 
of the radius i, since it is equal to 

It may now'- be observed that the expressions (1), (2), and 

(3) are but special forms of the moie geneial expiession 

(4) +fln_ix+a„, 

where it is understood that n can be any positive integer, 
while the coefficients ao, ai, no, ••• 0 ,^ have any given values 
(except that cio must not be 0). This is called the general 
integral rational function of x, or moie simpty, a polynomial 
m X. It reduces to the hneai function (1) when ?2 = 1, to 
the quadratic function (2) when n = 2, etc. 

In addition to these, expressions such as 

\/x, 3/-' y 

'VX — l 

and others that uivolve powers and roots of x may occur in 
the expression of functions in algebra. 

EXERCISES 

1 Show that the tluckness of a book is a hnear function of the 
numlrer of its pages 

[Hint Let x be tire number of pages, d be the thiclciress of each 
page, and D the thickness of each cover Now bmld up the formula 
foi the thickness of the book and note winch of the functional types 
m § 85 IS present ] 

2 The supply of gasohne in a tanlv was very low, its depth being 
but 1 inch all ovei the bottom, when it was replemshed from a pipe 
winch deliveied 3 gallons per minute Show that the amount in the 
tank at any moment duimg the filling was a hnear function ot the time 
since the filling began. 
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3 Show that the foice which a steam engine has at any moment at 
its cylmdei is a linear function of the area of the piston, also that it is 
a lineal function of the boilei piessuie of the steam pei squaie inch 

4 A ceitain room contains a numbei ot 16-canclle-poi^ ei electiic 
lights and a numbei of Welsbach gas-buiners Show that the amount 
of illumination at any time is a Imeai function ot the numbei of electiic 
hghts turned on Ir this tiue legaidless ot the numbei of gas-buineis 
already lighted*'* 

6 Show that the perimetei of a squaie is a hnear function of the 
length of one side, also that the ciicumfeienco of a circle is a linear 
function of its lachus 

6 Show that if each side of a squaie be mcieased by the coric- 
sponchng inciease in the aica will be a quadiatic tunctioii of i 

[Hint Let a = the length of one side of the oiiginal square Then 
the aiea is a~ and the aiea of the new squaie is (a+^)- Now foimulate 
the expiession ioi the tnoease in aiea] 

7 Show that if the ladius of a cncle be increased liy r, the corie- 
sponding inciease in aiea will be a qiiadiatic function of a 

8 Show that if the edge of a cube be mcieased by v the coiiespondmg 
increase in volume will be a cubic function of a State and prove the 
coriesponding statement for a spheie 

9 Show that if y vaiies diiectly as t {see § 48), then y is a hneai 
function of ^ Is the converse of this statement necessai ily tme, namely, 
if 1 / is a linear function of x, then y vanes chiectly as x‘^ 

10 When y vanes as the square of a, to which one of the functional 
tjqies mentioned in § S5 docs y belong? Answer the same question 
when y varies directly as the sum of a:3, 5c2, and 3a; 

11 A certain hiieai function of x takes the value 5 when x = 1 and 
takes the value 8 when ^ = 2 Deteimine the foini of the function 

Solution Since the function is liiieai, it is of the fonn crn'r+ni. 
Since this expiession must (by hvpothcsis) be equal to 5 when c = l, we 
have Of, • 1 +ai = 5 Likewise, placing ^ =2, gives Oq 2 +ai = 8 Solving 
these two equations toi ciq and cci we obtain ao=3, ai = 2 The desiied 
fimction IS theiefoie 3 l+ 2 Ans 

12 A ceitain lineai function of ^ takes the value 14 when a; = 3, 
and takes the value —6 when x=—l Dcteimme the function 

13 A ceitain quadiatic function takes the value 0 when 'l = 1, and 
the value 1 -when x = 2, and the value 4 when ^ = 3. Determine com* 
pletely the form of the function. 
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86. Functions Considered Graphically. By the graph oj 
a function is meant the line or curve which results when some 


lettei, as y, is placed equal to the func- 
tion and the giaph is dra-vra of the 
equation thus obtained The purpose 
of the graph is to bring out clearly 
and quickly to the eye the relation 
between the given function and the 
quantity (variable) upon which it de- 
pends for its values. 

The method of ch-avdng such graphs 
is precisely the same as that given m 
§ 6 for equations of the first degiee, 
and m § 25, for quachatic equations. 

Thus, in 01 del to obtain the graph of the 
function 3?, we place y = and pioceed to 
assign vaiious values to x and compute (fiom 
tins equation) the coiiesponding values of y, 
then we plot each point thus obtained and 
finally chaw the smooth cui ve passing thiough 
all such points 

Below IS a table of seveial values of x 



Fig 40 


and y thus computed, and the giaph is shown in Fig 40. 


When X = 

-2 

-1 

0 

1 

2 

3 

4 

then y = 


-1 

0 

1 

8 

27 

64 


The poition of the cuive lying to the light of the y-axis extends upward 
indefimtely, while the poition to the left of the same axis extends 
domiwaid mdefimtelj'’ Note that, fiom the way this curve has been 
drawn, it at once bungs out to the eye the value of the given function 
3? for any value of the lettei x upon which this function depends, the 
function values being the oulmales (§ 6) of the points on the cuive 
For example, at x = 2 the coriesponding oidmate measures 8, which 
IS the function value then piesent 

This curve may be used as a giaphical table of cubes of numbers 
Thus, if .X = 1 5, y = 3 4, approximately, etc Likewise, if y is given 
first, the cui've shows the cube root of y , for example, if y = 4, x is about 
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1 6 The figure may be chaAvn by the student on a much laiger scale, 
the values of x and y can be read much moie accuiatel 3 ’' from such a 
figure than from Fig 40 

Anothei means of impioving the ac- 
ciiiac}" of the figure is to take a longer dis- 
tance on the hoiizontal line to repiesent 
one umt than is taken to repiesent one 
unit on the veitical scale 

Considering notv the various types 
of functions described in § 85, it is to 
be noted first that the gi aph of every 
linear function is a straight hne. 

Foi example, in consideiing the graph of 
the lineal function -|'c— 5, we place y = 5 But this is an equation 

of the first degiee between x and y and hence (§ 6) its graph is a 
straight hne Fig 41 shows the result 

Note that the graph cuis the a:-a\is 
rn one point The abscissa of this partic- 
ular point IS 4, wluch inchcates that 4 is 
the root, or solution, of the equation 
5 = 0, for it IS tlus value of a that 
makes ?/=0 

The graph of every quadratic 
function belongs to the class of 
curves laiotvn as paiaholas. A para- 
bola resembles m form an oval, open 
at one end. It never cuts the .r-axis 
in moie than two points. In some 
cases it lies entirely above or be- 
low the .^•-axls, thus not cutting it 
at all. 

Fig 42 shows the graph of the quad- 
ratic function x^+x—2 Note that the 
curve cuts the a;-axis at two points whose abscissas are —2 and 1, 
respectively This indicates that —2 and 1 are the roots of the 
Qiid^di utic GQUfition 

9^-j-x—2 = 0, 
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Tlie general form of the graph of a cuhic function is that 
of an indefinitely long smooth cmve which cuts the r-axis 
in no more than three points. 


Y 

■0 


5 



Fig 43 








5 


X" 


Fig 43 shows the giaph of the cubic 
function 1 ,^— 3^“— 1 . + 3 It cuts the x-a^is 
at thiee points whose abscissas aie le^pec- 
tively —1, 1, and 3 These values, theie- 
foie, aie the loots of the cubic equation 
1? — 3x~— a+3 = 0 

Similaily, the general foim of the 
graph of the lational mtcgial func- 
tion of thejowth degree is that of an 
indefinitely long smooth cuive which 
cuts the .a-axis m no more than Jour 
points. And it may be said likenuse 
that the giaph of the general integral 
function of degree n (see (4), § 85) is 
an indefinitely long smooth cuive 
which cuts the a-axis in no more 
than n points. 


Fig 44 shows, for example, the graph 
of 2x‘^—5x^-\-5x—2, tins being a function 
of the foui'th degiee The foui points 
wheie the curv^ cuts the rr-axi.-? have 
abscissas W'hich are equal respectively to 
— 1, -I, 1, and 2 These v'alues, therefore, 
are the loots of the equation 2x^ — dT?-\- 
5%-2 = 0 

Fiactional exqnessions give use to moic 
complex graphs, which may have moie 
than one piece Fig 45 show's, for ex- 
ample, the graph of 1/x If we let y — l/i, 
y vanes tnveisely as x (§ 45) The cuive 
IS therefore similar to that drawm m § 50, 
Fig 37 The graph consists of two 
branches and belongs to the class of curves 
known as hypeibolas These we have 
already met in § 2§, 
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EXERCISES 

Draw the giaphs of the lollowmg lunctions l)y plotting several 
points on each and diaving the cinve tlnough them Tiy to plot 
enough points so that the foini and location ot the vaiious waves, or 
aiches, of the cuive wall be biought out cleaily, as in the figiues of § 86. 
Note how many times the cuive 
cuts the x-avis and make .such 
infeiences as j'ou can legai cling 
the loots of the conesponding 
equation 

[Hint. When the giaph of a 
quadiatic function fails to cut the 
.a-axis, this mchcates that the 
roots of the coriesponding cpiad- 
latic equation aie imaginaij 
(See §§ 26-27 ) Similaily, A^'hen 
the giaph of a cubic function 
cuts the .T-a\is in but one point, 
this indicates that there is but 
one leal loot to the coiiespond- 
nig eciuation, the othei two loots 
being imagmaiy In geneial, the 
numbei of times the gia])h cuts 
the r-axis indicates the nuinbci 
of teal loots ol the coiiesponding equation, the numbei of imagmaiy 
loots being the degiee of the equation minus the number of real 
roots ] 

1 3r+4 2 % 3 — 4 4 

6 + l 6 7 x^+37r+2x+6. 

8 4'c 9 a:'* — 16 10 3%^—x 11 \/x~ 

87 The Derivative of a Function. An examination of the 
cuives shotvn in Figs 42-45 shows at once that the steepness 
of any one of them changes from point to point. 

Foi example, m Fig 42, which is the gaapli of the function 
y = 'j?-{-x — 2, if WT select a point on the curve near to its lowest point, 
the curve is almost hoiizontal theie At the low'est point itself, wheie 
3'=— 1/2, the curve becomes actually hoiizontal But if we are at 
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the point whose -r is 2 oi 3, the steepness is seen to be decidedly greater. 
In fact, as x increases from the value ^ = —1/^ 'the steepness also is seen 
to increase, the ciuve becoming neaiei and neaier veitical The same 
IS tiue as a, deci eases steadily through negative values below -1/2 

We shall now show how to obtain an expression that will 
measure the steepness of a graph at an^^ given point upon it. 


In Fig. 46, where the curve is the 
same as m Fig. 42, suppose that P 
IS any given point upon the curve. 
Draw the short hne PQ parallel to 
the n’-axis, and at Q eiect a peipen- 
chcular meeting the curve at P'. 
Then the value of the latio 


( 1 ) 


0 ^ 

'PQ 


may be taken as a fairly good 
measure of what we mean by the 
steepness of the curve at P, for it 
measures fairly well the rise QP' in 
the curve at P as compared to the 
small change PQ in the horizontal 
position of the pomt. 



Fig 46 


Thus, the length of QP'., as measured on the scale of the drawing, 
IS seen to be about 5i muts, wlule that of PQ is about Ij umts The 
latio (1) thus becomes 5j — 1^ which reduces to 3§ The steepness at 
P may therefore be taken as about 3^ It P be selected at a some higher 
elevation on the curve and the corresponchng hnes PQ, QP' be 
drawn and measmed, the ratio (1) will be found to be giealei than 
3j, mdicatmg that the curve is steepei at such a pomt than at the 
point P of the drawing 

On the other hand, if P be selected at some elevation lowei than 
the one used in the drawing and the same piocess be cairied out, it 
wdl turn out that (1) has a value less than 3§, indicating less steep- 
ness Evidently, the steepness may be measuied, at least roughly, at 
any point in this mannei It is to be noted, however, that it is 
essential to the method that PQ be taken small. 
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Moreover, the smaller PQ be chosen (thus reducing also 
the length of QP') the closer will the resulting ratio (1) tell 
the exact status of the steepness at P. Hence, the lunit (§ 42) 
of (1) as PQ is taken closei and closer to zero may be regaided 
as the exact measure of the steepness at P. 

Let us now formulate these ideas algebraically. Calling 
X the abscissa of P and letting the small leng-th PQ be repre- 
sented by h, the abscissa of P' will be x-\-h. Since the curve 
of Fig. 46 is the graph of the equation y = x--\-x — 2 (see § 86), 
it follows that the ordinate of P will have the value 

(2) x‘^-{-x-2 

while the ordinate of P' will have the value 

(3) {x+hy+{x-\-}i)-2. 

Hence, the length of QP', which is the difference of the 
ordinates of P' and P, will be 

QP' = (.x+hy+ (x+h) -2- (.^2^-r^; - 2) 

(4) = a.‘i^2hx+h‘^+x+h-2 - x^- -x-\-2 
= 2hx+h^+Ji. 

Theiefoie the ratio (1), in the case before us, is given by 


the foimula 


(5) 

QP' 2/it4-/i-+/i 
PQ~ h 

which reduces to 


(6) 

QP' 


The limit of this ratio as PQ (or h) comes closer and closer 
to zero is evidently 2a’+l. Hence we ariive at the follovnng 
conclusion- If x he the abscissa of a point on the graph of the 
function x'^-\-x—2 (Fig 46), then the steepness of the curve at 
that point is equal to 2x-\-l. 

Thus, at the point for which x = l, the steepness is 2- 1-1-1, or 3; 
at a; = 2, it is 2 24-1, or 5, at 'c = 3, it is 2 -3-1-1, or 7, at a: = 0 it is 1, 
etc. Note the mearnng of these statements m Fig. 46. 
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It is also to be noted that if ^ has a value greater than — 1 /2 
the value of is posiiwe, which indicates that at such a 

point the curve is ascending as a inci eases This is illustiatcd 
at the point P of Fig 46 On the other hand, whenever x 
has a value less than —1/2, 2i,+ l i*? negative, indicating that 
at a point coriespondmg to such a value of x the cuive is 
descending as x increases. That this should lie so appears 
directly upon choosing such a point {i e. one for which x is 
less than —1/2) and carrying thiough the steps of the 
reasoning on page 149, noting that the expression on the right 
in (4) will then be necessarily negative, wheieas m the case 
there chscussed it was necessaiily positive The reasoning 
for the new case should be earned thiough by the student at 
this point. 

Thus, the fact that when %— —3/2 we have 2i.4-l = — 2 indicates 
that at the point vhose x is— 3/2 the steepness is —2 and that the 
curve (Fig 46) is descending as x increases Compare with the situa- 
tion at x = ll2. 

Similarly, if we start with the function x^ — 3x~—x-\-3 and 
considei its graph (Fig 43) we may show bj’’ the same process 
of reasoning that the expression, or foi inula, determining its 
steepness from point to point is 3a- — 6r— 1. 

In general, the same piocess enables us to find for any 
given function a new function w^hich determines for any 
given X the steepnessf of the giaph. This new function is 
called the derived function, oi briefi}'-, the derivative of 
the given function. 

fStudents familiar vath trigonometiy vnll note that what we have 
defined as the steepness of a curve at a point P is equal to the tangent of the 
angle between the tangent line at P and the positive a;-axi 3 In fact, 
the ratio (1) is seen to be equal to the tangent ot the angle between PQ 
and a straight hne joining P to P', and as PQ (and hence QP') become 
smaller, this angle approaches as its limit the angle between the tangent 
line at P and the positive a-axis In higher mathematics the tangent 
of this angle is called the slope of the tangent line at P. 
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EXERCISES 

1 Show (by means of the expiession repiesenting the deiivative) 
that the curve in Fig 46 is twice as steep at the point wheie '(^ = 5^ as 
it IS at the point wheie ^=2■J 

2 Show (using the deiivative expression) that the cmve in Fig 46 
IS thiee times as steep at the point wheie x = —3 as it is at the point 
wheie ^= —1.]- Intel pi et the geometiic meamng of the negative signs 
of the deiivative met with in this example. 

3 . Piove the -itatement (see end of § 87) that the derivative of the 
luirCtion — 3i' — a+3 is 3a- — 6x — 1 

[Hint Take any point P upon the giaph shown in Fig 43 and 
pioceed as m § 87, obtaining an expiession analogous to (6) foi the 
latio (1), and then noting its limit as h appioaches zeio It iviU be 
necessaiy fiist to woik out the value loi QP' analogous to (4) ] 

4. Using the expiession foi deiivative given in Ex 3, compaie the 
steepness ot the cuive in Fig 43 at the points upon it at which .^= — 3, 
— 2, —1, 0, 1, 2, 3 Inteipiet negative results geometi ically 

6. Prove, following the method of ^ 87, that the steepness of the 
giaph of the function — 5 is eveijn'liere the same, and explain how 
this result is illustiated in Fig 41 

6. Find (as in § 87) the deiivative of the function — 2. 
(For the graph, see Fig 44) 

7 Find the cooichnates of the point upon the graph of 

y = T-— 4cd-l 

at w^hich the oidmate is increasing twice as fast as the abscissa as one 
passes along the cuive fioin left to light 

8 Woik Ex 7 in case the oidmate is to be decreasing twice as 
fast as the abscissa. 

9 Find the coordmates of the points upon the graph of 

at winch the steepness is twnce as great as at the oiigin. Draw’- a figure 
to illustrate your results 

10 Determine the quachatic function of x wUose graph passes 
through the oiigin and the point (2, 1) and is twuce as steep at the latter 
point as at the former. 
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88. Derivative of the General Polynomial. The deriva- 
tives thus far considered have been of certain particular 
functions forming special cases of the general polpioinial 
mentioned m § 85, that is, of functions of the type form 

where n is a positive integer and r/o, cii, ao, a„ are given 
coefficients. Instead of working out the deiivative of each 
special function as required, it is preferalile to Avork out once 
for all the expression for the deiivative of this general func- 
tion (1). We shall then be alile to mite down the derivative 
of any special function nnmethately, saAung much lal^or. 

Supposing the graph of (1) to have been drawn, select any 
point P upon it and let its abscissa be x. Then, as m § 87, 
let X increase by a slight amount, h. The ordinate of the first 
point mil have the length (compare (2), § 87) 

( 2 ) 

while the ordinate corresponding to the point x-\-h will have 
the length (compare (3), § 87) 

(3) ao{x-\-hy -{-ai(x-jrhy^ ^+a2(a’+/0” "+ +a„_l(^+/^)+a,l. 

We must now subtract expression (2) from expression (3) 

(compare (4), § 87). In oider to do this, it is desirable fiist 
to expand the teims (a+Zi)", (r-l-/i)'‘“\ {x+hy~\ etc , by the 
binomial theorem (§ 78). After we have done so in (3) and 
have subtracted (2) fiom the result, all the lei ms of (2) 
cancel mth like terms m the expanded form of (3), leaving 
the foUovong expression (compaie (4), § 87). 

h { naox'‘-~^-^ (/i — l)aia;““-+(n— 2)a2ie”“®+ +«„-i } 

/i’ ( ) 

(4) + • . . 

+ 12 3 l|ao. 
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It only remains to divide tins expression by /i and deter- 
mine the limit approached by the quotient as h approaches 
zeio (compare (5) and (6), § 87). Evidently ujpon chvidmg 

(4) by h we obtam 

(5) ?iaox’'~^+ (?i- 

where E contains /i as a factor and therefore approaches zero 
as its hmit; so that we leach the following theorem. 

Theorem. The derivative of the 'polynomial 
aox '" + 
is 

(li— l)airc““-+ (n—2)a2x"~^-i 

An examination of this result shows that the derivative of 
any polynomial (1) may be immediately written down m 
accordance with the following rule. 

Rule for Determining the Derivative of a Poly- 
nomial. Multiply each teimi by the exponent of x in that term 
and diminish the exponent of x by unity. 

^Thus the dciivative of is 2 • . 22i+5, or 

6r-6a-H-5 Smnlaily, the derivative of -x^-\-2x+Z is 

4xH9A“-2a;+2. 


EXERCISES 


Obtain, by use of the Rule in § 88, the derivative of each of 
the following functions 


1. a;2-3r+2. 

2. 5^+1 


6. 'c®+3'c^-2A-®+4a:2-a;-|-3 

6 . 


3. c:?+%^+x-\-l 7. 3'c-"'+2^« + l. 

4. 311^- 4x^+1;. 8. xP/-+3x?’+x^’“i 

9. Piove that if any pob'nomial be multiphed by a constant, ita 
deiivative vnll be multiphed by the same constant. 


10. Piove that the derivative of aiij’- constant is equal to zero. 

11 Show that the graph of is twice as steep 

V hen X = 2 as when x = 1 
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89. Maxima and Minima Points of the Graph of a Func- 
tion. It was shoum iii § 87 that whenever a value of renders 
the derivative positive, the giaph of the coiiesponding func- 
tion, consideied at the point having this value of x as its 
abscissa, vnll be ascending as x inci eases Siinilarlj'’, it was 
shovii that if the deiivative has a negative value, the graph 
at the point m question will be descending as x increases It 
follows that if X be t>o chosen that the derivative is equal to 
zeio, thus being neither positive nor negative, then at the 
coi responchng point on the giapli the curve will be neither 
asceiichng nor descending, that is, 
its du'ection will be horizontal At 
such a point (or points) the graph 
may be either at a highest pomt or 
a lowest pomt of one of its aiches, 
as illustrated at the points A, B, C, 

D, E in Fig. 47. In the foimer 
case, that is, at points such as A, 

C, E, the graph is said to attain a 
maximum, while in the latter case, 
that IS, at such points as B, D the 
giaph IS said to attain a minimum. 

Points such as A, C, E are called 
maximum points of the giaph, while 
points such as B, D are its minimum points. The pomts 
at which the deiivative of a function equals zero are called 
the critical points of its graph. A quadratic function has 
one critical point, a culiic function has two such points, etc 
See Figs 42, 43. 

In suminai}'-, then, we have the follovung result* The 
values of x at which the deiivative of a function vanishes (equals 
zero) are the abscissas of the a'ltical points of its graph, the 
function may he at a maximum or at a minimum at any one 
of these points. 
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The value of this result in the graphical stud}?- of functions 
is illustrated by the following example. 

Example Deteimine the ciitical points ot the giaph of the function 

Solution The denvative of this func- 
tion, as immediately wiitten down by the 
Rule of § 88, IS 

(2) J-«(3V-2+2r-^) 

The values of ^ foi which this expiession 
vamshes aie the loots of the quadiatic 
equation ^ = 0, oi, dealing of 

fi actions, 

(3) 12^2-t-S^-7=0 

Solving the quadiatic equation (3) by 
any one ot the usual methods, its loots aie 
found to be and c= -1-^, 

Theiefoie, accoichng to the lesxilt in 
§ 89, we may say that the abscissas of the ciitical points of the giaph 
of (1) are and a = — 1,] To find the oidinalcs of the same points 
we need only substitute these values ol a in (1) to deteimine the coi- 
lesponding values of y Thus Ave find that when a = -^, ?/ =0 and ivhen 

-lo) y=H 

The desired critical points of the giaph of (1) aie theiefore the tivo 
points whose cooidiiiatcs aie lespectively 0) and ( — l-J, 1-j) Note 
how tins fact is illustiatcd in Fig 48, wlicic the giaph of (1) is shown 

The .student should obseivc tliat as soon as the location 
of the ciitical points of a giaph aic known, the essential char- 
acter of the graph is determined and the curve can be at once 
sketched A\ath good appioximation, thus avoiding the labo- 
iious woik of plotting a large number of points. 

Thus, m the Example above, v'-hen once it was ascertained that the 
critical points weie located at (-j, 0) and ( — l-^, 1|-), the curve m Fig 48 
could be sketched, at least in its essential foim and chaiactei Added 
accuracy in the drawing could then be obtained by plotting (as in § 25) 
a fei\ individual points, such as P, Q, R, S, and shaping the cuiAm so 
as to pass through them also 

In Fig 48 the x-axis is a tangent line to the curve. 
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EXERCISES 


1 Prove (by the result m § 89) that the lowest point of the cuive 
in Fig 42 has its abscissa equal to —1/2 What, theiefoie, is its oich- 
nate? 


2 Prove that the two ciitical points of the cuive in Fig 43 have 
as their abscissas ^ = l±; 3 ’ -y/Sj and find these values appioxiinatcly 
by use of the tables 

3 Sketch the graphs of each of the following functions b^' fiist 
locating the critical points of each (See the Evample w'oiked in § 89 ) 

(fl) a“— ^^-l (c) 3 — 2^ — 

( b ) -2c2-3'C ( J ) ■;lr®+3r“d-Si +1. 

(c) i,'^-Sr+20 (fj) 

(d) r^-Sx+ie. (h) i.^-6aHlla-6 


90 Further Applications of the Derivative. Aside from 
the applications which may be made of the derivative of a 
function m drawing its giaph, as described in § 89, thcic are 
many other applications related at once to geometi}’’, physics, 
engineering, etc. This will be best understood from an 
example. 

Example Of all rectangles hanng a peiimetei of 10 inches, wfinch 
one has the greatest area^ 

Solution Let x lepiesent the lenffih of any 
rectangle having a perimeter of 10 inches Then =< 
the breadth v.'iU. evidently be -^(lO— 2^), or 5 — x, 
and hence the aiea will be the product 
(1) x{5 — x), or 5x—x\ 

As thus formulated, the area is clearly a function of v, and tlie 
problem becomes that of determining the special value of x that wall 
give this function its greatest, oi maximum, value To determine this 
value of X we now' proceed as m § 89 

Finding (by the result in § 88) the derivative of (1) and placing it 
equal to zeio, w^e have the equation 5— 2 t = 0, the solution of 
which IS a: = 2^ 

Therefore, by § 89, the aiea (1) will be a maximum when x = 2\ 
inches, w hich means (see Fig 49) that the rectangle must be a sgaare Ans 
Note. That t = 2-|- gives a ma.\]mum rather than a mi nimum 
appears directly upon drawing the giaph of (1). 


Perimeter =10 
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APPLIED PROBLEMS 

In each of these exeicises fiist foimulate, as a function of some 
smtable variable -r, an expression for that wluch is to be made a maxi- 
mum or a mimmum Pioceed as in the solution ol the Example in 5 90. 

1 Di\ade 15 into tv'o paits such that then product is a maximum. 

2 Divide li into two parts such that the sum ot their squares is a 
minimum 

3 Find the number that exceeds its squaie the greatest possible 
amount 

4 A gaiden plot is to be fenced off alongside of a house, using 32 
feet of wire lence What should be the cbmensions used in order that 
the enclosed aiea shall be the greatest possible 

6 It IS desired to make an open-top box of 
greatest possible volume from a square piece of tin 
whose side is a by cutting equal small squaies out 
of each corner and then foldrng up the tin to 
form the sides What should be the length of a 
side of the squaies cut out? 

Fig 50 

6 A rectangulai piece of ground is to be fenced 

off and divided into thiee equal parts by fences paiallel to one of 
the sides What should the dimensions be m oidei that as much 
gioimd as possible may be enclosed vith 160 rods of fence? 

7 The strength of a beam having a rectangular cross section vanes 
jointly as its breadth and the squaie of its depth What are the dimen- 
sions of the strongest beam that can be sawed out of a round log whose 
diameter is 14 inches? 



8 Show that the altitude of the cone of maximum volume that 
can be insciibed in a sphere of lachus ? is 


[Hint Volume of cone =-3- X aiea oj base X u/ii- 
tude = 2'^AC~i But, DAB being a right angled 
triangle, we have 

AC’~ = BCXCD = z(2, -x) 

Therefore, the volume of the inscribed cone, expressed 
as a function of its altitude a, is 

-.X)] 
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9 Piove that a window of the shape heie shown (Noirnan window) 
and having a given peiimeter, p, will admit the most light vhen the 
height of its lectangulai base equals the ladius of its 
semiciicular top 

10 Piove that the altitude of the cjdmdei of 

B maximum "volume that can be in- 

scribed in a given light cone is 
equal to one-thud the altitude of 
the cone Fig 52 

[Hint Deteimine DG m teims of a, /t and r 
by malang use of the lact that the triangles BQD 
and BCA aie similai Then express the volume of 
the cylindei bj’- foimula 9, § 7, and hnd the value 
of X for "which it is a maximum ^ 



11. A length of wiie is cut into twm portions wduch aie bent into the 
shapes of a ciicle and a squaie lespectiveh Show that if the sum ot 
the aieas obtained in the two figuies istlie least possible, the side ot the 
squaie will be equal to the diaraetei ot the ciicle 


91. The Further Study of Functions. The studies of the 
present chapter have been confined foi the most part to 
functions of the smiplest tji^e, namcb', tlic type of the geneial 
lational integial function (4) of § 85 It should be under- 
stood, howevei, that the method explained in § 87 for finding 
the deiivative may be applied to other ext, ended classes of 
functions also, leading to results which are interesting 
graphicallj'" and of great importance m their a])]ili(;ations. 
Foi example, one may considei in this way such functions as 
the folio-wing: 1/(1 -.a), 10^ log r, or m fact, any 

expression containing the vaiiable x The extended study 
of this subject belongs to the branch of mathematics knowm 
as the Calcvlus. 



CHAPTER XI 
THE THEORY OF EQUATIONS 

92. Introduction. In Chapter IX it was pointed out that 
if one draws the graph of any pol^Tiomial of x, that is, of any 
function of the type foim 

( 1 ) 

where n is a positive integer, the abscissas of the points where 
the graph cuts the rc-axis will be the roots (oi solutions) of 
the corresponding equation, namely of the equation 

(2) Qqx" “H — = 

Foi example. Fig 43 (page 146) wluch is the giaph of the function 
x^—3x^—%+3, bungs out the fact that the loots oi the equation 

3x“ — d+ 3 =0 ate —1, 1 and 3 

This graphical method of determining the loots of an 
equation cannot oidinaiily be lelicd upon, however, when it 
is desired to deteimine the loots accwately, since measuie- 
ments on any drawing, however perfect, are subject to ceitain 
inaccuracies of insti uments and of eyesight If the roots are 
to be determined exactly , or at least to any desned degiee of 
accuracy, it is necessary to employ certain special theorems 
and processes of algebia These vill be considered in the 
piesent chapter, togethei vath ceitam other facts of general 
mteiest regarding equations of higher degree than the second. 

We shall assume thioughout that every equation (2) of 
the ?ith degree has n roots, and no more, as was indicated m 
§ 86t. In saying this, it is to be undei stood that both real 
and imaginary roots are being counted; also that double roots, 
though equal, are counted as two, triple roots as three, etc. 
Compare § 22. 

tThis fact may be actually pioved, but the proof lies beyond the 
scope of the present book 
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I. Preliminary Theorems 


93. The Remainder Theorem. Foi coiivonience, let us 
lepiesent the general polynomial \nth Avhich we aie to deal 
by the symbol /(.r), called “function of x” oi inoie briefly 
“/ of X.” That IS, let us place 

f(x) =aQx”-i-aix” "+ 

We may then state the following theoiem legaiding f(x), 
it being midei stood that the letter r used below lepiesents 
any given number 


Remainder Theorem. If /(.^) is divided by x—r, the 
remainder is f(r), wheie f{r) indicates the value of f(x) when r 
is substituted f or x 

For example, if 2.1^— ^"+2^ — 1 (Avhich is a special f (i)) lie divided 
m the usual mannei by x — 1, the quotient will be found to be 2^®+^-l-3 
with a remamdei of 2, that is, we have 




(2r^+r+3)d 

x — 1 


The above theoiem says that this lemainder, 2, is the same as the 
lesult obtained by placing 'c = l m 2x^ — — that is, the same .i-, 

2 P — T+2 1—1 The coiiectness of the statement maj' be vcrihcd 
immechateb'^ 

The student is advised to check the theoiem at once in several other 
similar instances, such as m dividing 3^^— 2^-4■■r+l by x — 2, or 
— 2x--\-x — l by x-\-2 In the lattei case, ? = —2 


Proof of the Remainder Theorem. We have 

fix) = aoa;''+ai.T"“^+ • -^a„-^x+a^ 

and 

/(?’) = 

Hence 

(1) /C'^;)-/W = aoC^•”-0+«l(a."-'-0+ -+a,,-,ix-r). 

Since each of the expressions (t”— r”), — ••• 

(x—r) IS exactly divisible by (rc-r) (see Ex. 8, page 132), it 
follows that the entii'e rignt hand side of (1) is exactly divis- 
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ible ]:)y (x—r) For bievity, let us indicate the quotient thus 
obtained by Q(x) We then have 


( 2 ) 


f(^') -fO) 


— 7 


= Q(^X 


where (since the division is exact) Q(x) is itself a polynomial, 
but of degree one less than that of f(x), that is, 1. 

But the relation (2) may be wiitten m the foim 




= Q(^)■ 


/fO 


X —r X— r 

which states, as desiied, that/(?) is the lemainder obtained 
when /(a) is chvided by x — r. 


EXERCISES 

In the following exercises, obtain the answer bj' means of the 
lemamder theoiem, checking its coiiectness in the fiist three exercises 
by long division as m elementaiy algebia 

Find the remaiiidei when 

1 + — 4t + l is divided by i—2 

2 + 4^+l IS dmded by 1 : 4-2 

3 2^^4-3 IS divided by r+1 

4 — 3^'42 is divided by 3 

6 ax~+bx-\-c IS divided by z—h 

6 Piove, by the lemaindei theorem, that when 2r‘* — IIx^ + ISt:- — 
3a:— 4 is divided liy 4 the division is exact, that is, the leraamdei is 
zeio 

7 Piove, by the remaindei theorem, that 

(n) x”' — a”' lb exactly dmsible by x—a for any positive, integral 
value of 11 

(b) x"'4a"' i& exactly divisible by x+a m case n is any odd integer. 
Test also the tiuth of the statement in case 7i is any even integer 


94 Synthetic Division. If it is desired m one of the cases 
of division considered m § 93 to find not meiely the value of 
the remainder, but also the foim of the quotient, the labor 
of doing so may be veiy much simplified by followung an 
abridged method loiown as synthetic division. 
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Suppose, for example, that it is desired to divide the 
expression 2r^ — .r^+2*r+l by rc — 1 By the ordinal}^ long 
division method, the process would be as follows . 

2 x^— a;-d-2r+l K — 1 
2^^ - 2a2 2.'c=+a;+3 = Quoiieiit 

x^-\-2x 

X-— X 

3x+l 

3.^--3 

+4 = Remainder. 

As a fii’st step at simphfication, we may evidently concern 
ourselves only with the coefficients, since, if we knew the 
coefficients of the quotient to be 2, +1, 3 we could at once 
supply the needed poweis of x, obtaining 23;2+a;+3. This 
reduces the process to the following form: 

2~l + 2 + l|l-l 
2-2 2 + 1+3 
+ 1 + 2 
1 - 1 
+ 3 + 1 
3-3 

+ 4 = Remainder 

The numbers in bold toTDe are the same as the coefficients 
of the quotient, hence the latter may be dispensed with. 
Moreover, the +2 m the third hne of the process and the +1 
m the fifth hne aie mere repetitions of the numbers directly 
above them in the chvidend, hence they may likewise be 
dispensed with, as also the 2, 1 , 3 which appear directly 
beneath the bold-faced numbers, being mere repetitions of 
the latter. Thus the process in its essentials is as shown below. 
2-l + 2+l|l-l 
- 2 - 1 - 3 
+ 1 + 3+4 
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But, inasmuch as the divisors which we are conside 
(see § 93) are always of the simple foim x—r, the coeffic 
of X in the divisor is alwaj's 1 Hence, m the above pro( 
this 1 may be suppres'^ed, thus replacing | 1 — 1 by | 
and the work maj'’ lie written as follows 
2-l+2+l| -1 
-2-1-3 
d-1+3+4 

Finally, in ordei to i educe the process to the easiest f 
for work, we may leplace the | — 1 by | +1 and add throi 
out the resulting process instead of subti acting, as folk 
2-l+2+l|+l 
_ + 2+l + 3 
2-i-l+3+4 

Thus, the quotient is read oh as 2a-+a;4-3 and the 
mamder as 4. Similaily we have the iollowmg lule. 

Rule foe Synthetic Division. To divide f(x) by i 
arrange j{x) in descending yoweis oj x, siiyylying all mis 
'powers by using zeros as iheir coefficients. 

Detach the coefficients, wilting them horizontally in the o 

fl(j, Cli , fl2) ■ j ^ n — 1 ) 

Bung down the fiist coefficient Oo, multiply it by r and 
the result to ai; multiply this sum by r and add the result it 
Continue this process. The last sum will he the lemcnnder 
the preceding sums in their order fi om left to right will be 
coefficients of the vaiious powers of x, aiianged in descem 
order, of the quotient. 

Thus, m chwding 7^^— 5 by x — 3, we first wrjte x'^—7'ir- 
the form a:'^+0 T^'+O-rc- 5 The work of diwsion is the 
follows 

1+0-7+0- 5[3 
+3+9+6-1-18 
1+3+2+6 + 13 

Hence, the quotient is t®+3x-+2x+ 6, and the remamder is 
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EXERCISES 

In each of the following exeicises, find the value of the quotient and 
remaindei hj' sjoithetic divi&ion 

1 4i“+3i — 1 divided by x—2 

2 — 4i“+3c — 1 ch\aded by a; +2 

3 Sa"* + 1 + 1 divided by ^ + l 

4 t■* + ^^— 3i.“ — 17i— 30 divided by ^+2 

6 aa“+6x+c divided by t — /i 

95 Solutions by Trial, Depressed Equations. The results 
indicated m §§ 93, 94 aftord a lapid wa}'' of detei mining 
whether a given nuinbei is a i oot of any given equation fix) 
= 0 . 

Example 1 Detei mine whethei 6 is a loot ot the equation 
2i-‘-3i3-50i2-27a+10 = 0 

Solution The lesult of placing i =6 in the fii'^t membei i& (Iiy 
§ 93) equal to the lemainclei obtained by dividing it by i— 6, and this 
lemainder, as indicated by the woik below, turns out to be — S 

2- 3-50-27 + l0|_G 
+ 12+54+24-18 
2+ 9+ 4- 3- 8 

Thus, when r=6 the fiist memliei of the given equation is not zero 
(as the equation leqmies), but —8 We theiefoie conclude that G is 
7wi a root 

Example 2 Determine whethei 4 is a loot of the equation 
— — 11t— 4 = 0 

Solution The woik in biief is as lollows 

1-1-11-4|4 
+4 + 12+4 
1+3+ 1+0 

The remainder being zeio, it follows that 4 is a root 
The solution of Examjile 2 indicates not only that 4 is a 
root of the given equation 
(1) x-^—x~ — llx—4 = 0, 

but also that the quotient obtained by dividing the first 
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member bj’' x—4 is a;2-[-3a;+l- Hence, (1) may be wiitten 
m the form 

CT-4)(r=+3n.+ l) = 0, 

from which it follows (§ 16) that, aside from the root 4 
already obtained, the remainmg roots of (1) aie those of the 
simpler equation 

a2+3.TH-l = 0 

Whenever a new equation is thus obtained from an original 
one through a knowledge of one of its roots, the new equation 
(whose degree is one lower than the original) is known as the 
depressed equation coriespondmg to that loot. Evidently, 
whenever a depiessed eciuation can be substituted m this 
way for an oiigmal, the process of detei mining solutions by 
trial liecomes simplified, and m some cases it leads directly 
to a detei mination of all the roots of the oiiginal equation, 
as illustiated iii the following example. 

Example 3 Obtain, by the method of trial and the use of depiessed 
equations, such infoimation as is available coiiceimng the integral 
loots of the equation 

(2) - 2^3 - 20x2 -21r- 18 = 0 

Solution Upon performing the tests such as indicated in Examples 
1 and 2, with x = l, 2, 3, 4, 5, 6, we find that the lemainder in each case 
IS not zero, except foi -c = 6, the woik foi this case appealing below. 
1-2-20-21-18 [6 
+6 +24 +24+18 
Id — 1 + 4 + 3 + 0 

The depiessed equation coiiesponding to the loot 6 is therefore 
x3+4i,2+4c+3 = 0 

Testing this equation for a: = 1, 2, 3, etc , we find that the remainders 
steadily inciease This indicates that the equation has no positive 
integral loot We pioceed, therefore, to test for the negative integers 
— 1, —2, -3, etc It thus appears that —3 gives a zero remainder, 
as shown below 

1+4+4+3 1 — 3 
—3 —3—3 
l+l+l+O 
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The corresponcbng depressed equation is a;^+i:+l=0, and tins, 
being a quadiatic equation, may be solved by foimula (§ 21), Its loots 
are thus found to be They are therefore imaginaiy 

(§ 10) In summaiy, theieloie, equation (.2) has the two real loots 
6, —3 and the two unaginaiy loots -jC — 1 ± \/ — 3) 

EXERCISES 

Obtain, by the methods of § 95, such infoimation as is available 
regarding the inlegial loots of each of the following equations If a 
depiessed equation of the second degree is finally obtained, solve it, as m 
E'cample 3, § 95, thus obtaimng aU the loots of the given equation 

1 2i,H3r-ll2:-6 = 0 4 a■‘+2^''^-3^2-Sr-4 =0 

2 2x^-5%--lU-4: = 0 6 3r'*-2UH22x2+37-c+i5 = o. 

3 J;3-a:^-19^-5 = 0 6 r'‘~4a;^ + ll'c-6 = 0 

7 If r is a loot of the cubic equation aT?-\-hy?-\-cx-\-d = Q, deteimme 
the coiresponchng depiessed equation 

96 Transformations of Equations. The determination of 
the loots of a given equation is fieqiientlj'- facilitated by 
transfeiiing its study to that of a i elated, or transformed 
equation In this connection, the theoiems stated below aie 
especially’’ mipoitaut, as will be seen m §§ 98, 99. 

Theorem 1. Having given an equation of the form 

(1) “-I \-a,i-.iX-\-a,^ = 0, 

one may obtaiii an equation each of whose roots is m times the 
coiiesyonding root of (1) as folloius Multi'ply the successive 
coefficients of (1), beginning with that of by m, m^, ni^, • 
respectively, in other words, build up the following new {trans- 
formed) equation: 

(2) Oo'r”+waiT‘"'^+m^a2a^"~“-i = 0. 

Thus, whatevei the roots of the equation — 27?-\-x-4. = Q may 
be, the loots of the equation 3a:3-2-2a;-+2--c-2®-4 = 0, or 3a?-4:v^+ 
411—32 = 0, are twice as gieat 

The tiansformed equation (2) may be obtained at once 
from (1) by multiplying the respective teniis of (1), beginning 
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term by ??i, m-, ••• It should be noted, 

that m applying this process to a given equation 
issing terms aie to be supplied vuth zeio coefficients. 

n Older to obtain the equation whose loots are llaee times 
of the equation a,’ — 2L“+a, — 1 =0, one pioceeds as follows 
the missing coefficient, w'e may wiite the given equation in 
d-|-0 — — 1 =0 Hence, by Theoiem 1, the desired 

IS r® — 2 3“i“+3'^ •'c— 3^ = 0, wluch leduces to 

27 1 -81 = 0 Ans 

i' OP Theorem 1. Wliat tve are to piove may be 
follows. If r be any loot of (2), then the quantity 
nil be a loot of (1). This, m fact, means that any 
1) is m times a coiiespoiiding loot of (1). 
r IS a loot of (2) we have 

,ing for r its value ms and divichng the resulting 
through by 7n \ (3) becomes 

< • •+a,j_pS+r£,j = 0, 

ites, as desiied, that s is a loot of (1). 
jLary To ohtaiii an equation each of whose roots is 
Helically to a root of a given equation (1), hut opposite 
liange the signs of the coefficients of the terms of odd 

he equation who'^e roots are eciual numerically but opposite 
lieioot'5 of 2d+3L^~T.-— 4x + l =0 is 2i,‘^ — 3'r^— ^-+4a: + l = 0 

REM II. Having given an equation of the form 
• -}-a„_i.r+a„ = 0, 

ibtain an equation each of whose loots is less hy a given 
than the coi responding root of (1) as follows. Divide 
-h and indicate the remainder by R^, then divide the 
>y x — h and indicate the remainder hy Continue 

iss n times, obtaining a^ as the last cquotient and Ri as 
nainder. Then, the desired {transformed) equation is 
oX^-fRiX^’’ ^-\-Rix"' “T" = 0. 
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111 applying this theorem, the vaiious chvisions should be 
performed by the method of sjaithetic division (§ 94). 

Thus the piocess of finding the equation whose loots aie each less 
bj' 2 than the roots of the equation 2x^ — 19^“^-59^ — 60 = 0 is, when 
arianged in condensed foim, as follows 

2-19+59-60 

4-30+5S 

2-15+29 -2 R 3 =- 2 , 

4-22 

2-11 +7 R 2 =+ 7 , 

~h 4 

2 — 7 cfo = 2, Ri = — 7 

The coefficients of the desiied new equation aie theiefoie, in 
accoidance mth the above theoiem, 2, —7, +7 and —2 
Hence, the lequired equation is 2^®— 7x"+7t— 2 = 0 

Proof of Theorem 2. In order to obtain an equation 
whose roots are less by h than the roots of (1), it suffices to 
replace re throughout (1) by rc+Zi, thus giving 

But, the various poweis of (rr+/i) here appearing may be 
expanded by the binomial theorem (§ 78) so that the last 
equation, after collection of terms and rearrangement 
according to descendmg powers of re, may be thiown into 
the form 

(3) ao'e”+Ai.'c” ^d-Aore^* “d |--d-„_ire-f-dL,i = 0, 

where Ai, Ao, ••• A„_i, A^ are certain coefficients whose values 
we shall now determine. 

From the mannei in which we just obtained (3) from (1) 
it follows that, if we replace re in (3) by re— A, we shall leturn 
to (1), that IS, we may say that the following equation: 

(4) «o(a:-A)"d-*4iCrr-/0”~'d-.4o(.e-/0"-'d-- • 

d- A (.r — A) d- A ,, = 0 
is the same as (1). But the form of (4) shows that A,-^ is 
equal to the remamder obtamed by chviding the first member 
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of (4) (or(l)) by a. — /i that is, An = R,^. Similarly, A^--^ is 
evidently the remainder obtained when the quotient of the 
last-named division is divided by x — h Contmumg this 
piocess to n divisions, Ai is the last lemamder and ao the last 
quotient. Hence, m summaiy, we have, as required, 

A,^ Rm -d-zt— 1 ••• = 

EXERCISES 

1 By use of Theoiem 1, obtain the equation whose loots aie 3 times 
the roots of the equation Sc — 10''t-l-3 = 0, and veiifj’' the coiiectness of 
i^our lesiilt by solving both equations and examining the comparative 
sizes of then roots 

2 Obtain equations whose loots are equal to those of the folloiving 
equations multiplied bj' the number opposite 

(a) r,^-6x^-|-^ — 1=0 (3) (c) ^=0 f4) 

4 16 16 ^ 

(.b) 4-1 -1-2 = 0 (-2) (d) 2a^-3a2-|-5 = 0 (-3) 

3 Obtain equations whose roots are equal to those of the following 
equations multiplied by the smallest numbei which will make all the 
coefficients mtegeis and also make the coefficient of the highest power 
equal to unity 

(a) 3^=^-2^2+'c-l = 0 

[Hint As the problem requires that the coefficient of the highest 
power of i be 1, begin by dividing the equation through by 3, thus 
giving it the form j = 0 Now wide the equation whose 

roots are m times the roots of this, and then assign to the least value 
necessary to make the new coefficients all integers ] 

(b) 2a‘‘-5rH3w-2x-4 = 0 (d) 3x-*-l-3x--5 = 0 

(c) =0 (e) 2^4-4^2^-l=0 

4 Obtain the equations whose roots are numei really equal but of 
opposite sign to the roots of the equations in Exs 2-3 

6 Obtain (uhing Theorem 2) equations whose roots are the roots 
of the following equations diminished by the numbei opposite 

(a) a®-12l,2+47^-60 = 0 (3) (d) 2r:'‘-3i--l-4x-5 = 0 (-2) 

(b) 2^■3-19^2-b59r-60 = 0 (2) (e) aH9.x-3-t- IS = 0 (-6) 

(c) 2^'‘-3a;2-l-4^-5=0 (2) (/) a,S-l-3r-M=0 (1) 
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97. Theorem Regarding Rational Roots. Another general 
theoiem which it is desirable to state before attempting to 
solve any equation of higher degiee than the second (as we 
shall show how to do in §§ 98, 99) is as follows. 

Theoeem, An equation of the form 

(1) +p«-ia:+p,i = 0, 

wherein the coefficients pi, pi, , Pn cire all integers, can have no 
rational roots except integeis {positive oi negative). 

Moreover, any integer that is a root will he an exact divisor 
of the last (constant) term, p„. 

Thus, m the equation 

rc3-rc2+2r+4 = 0, 

the coefficient of the highest powei of x is 1, and all the lemaming 
coefficients are integeis Hence, the only possible lational loots aie 
the exact divisois of the last teiin, 4, namely 1, 2, 4, —1, -2, and -4 
Whether any one (or moie) of these is a loot can be dctci mined by the 
methods explained m § 95 It thus appeals that none of the six values 
]ust mentioned is a root except —1 The fact that — 1 a loot appears 
from the "work below 

l-l+2+4|-l 
-1+2-4 
1 -2+4+0 

Note. It will be lecalled that lational numbers comprise all num- 
bers of the foim a/b, wheie a and b aie integers (positive oi negative) 
They theiefore include such fractions as -V, f etc , and all integeis 

This IS in contiast to such numbeis as \/2, a/ 3, -^2 etc , Mhich cannot 
be so expressed, and are therefoie called iriational The loots of an 
equation may be aU lational, all iirational, or partly one and partly 
the other Also, some or all may be imaginary Compare § 22 

Proof of Theorem. Suppose that (1) had a rational loot 
that was not an integer Then this root could be expiessed 
as a fraction in its lowest terms, a /h, where a and h are integers, 
and we would have 
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Multiplj’-iiig (2) through by we obtain 

= 0 , 

or 

~= - (pia^~'-+p2a^~%-{ ]-p„_^ah^-^-}-p,,V~^). 

Since a and h as well as pi, p^, • , Pn are integers, the right 
member of the last equation likewise must be an integer. 
The left side, however, cannot be an integei since, if a/h is a 
fraction in its lowest teims as w^'e have supposed, it folloivs 
from arithmetic that a'Vfe will be again a fraction m its lo-west 
terms. 

Thus, wre leach an absurdity upon the assumption that 
a/b is a root. This leaves only integers as possible rational 
roots, as was to be shown 

To piove the last part of the theorem, suppose that r is a 
root where r is an integei . Then 

" 4 - = 0 . 

Tiansposing p,, and dividing through by r, we obtain 

>-"“'+Pir"-=+7>y--’+ +p„_, = 

r 

The left member of this equation is an integer since each 
term m it is an integer. Hence the quotient p,i/r on the right 
must also be an integer, that is, p^ must be exactly divisible 
by r, as was to be shown. 


EXERCISES 


State all the possible rational roots of each of the following equations, 
and for each possibility determine, by the method of § 95, whether it 
IS a root 


1 4x^ — ^ + 10 = 0 

2 ^•3+5a;2-2r-10 = 0 

3 a:+27 = 0 


4. 'c■‘-15^2-7'c^-12 = 0 
6 — ^ + 18 = 0 
6 a’® — 4r^+a^— 2 = 0. 
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11. Determining the Real Roots of Any Equation 

98 Rational Roots. We have seen how the theorem of 
§ 97 affords a means of deteiinmmg the rational loots of an 
equation prooidecl the equation has the coefficient of its 
highest power of x equal to 1 and the lemaining coefficients 
are integers We shall now illustiate how the rational loots 
of any equation may be obtained, provided only that the 
coefficients aie rational numbers 

Example. Find the lational roots of the equation 

(1) 3a'+16^--3.r-6 = 0. 

Solution. Since the coefficient of the highest powei of x 
is 7iot 1, the theorem of § 97 cannot be applied, hence we 
proceed as follows. Fust make the coefficient of equal to 
1 bj’’ chvidmg through by 3: 

1 A 

^ 3 + ^ 2_^^_2 = 0 . 

O 

Now transfoim this (by Theoiem I, § 96) into an equation 
whose roots are 3 times as laige. 

1 G 

a:3+3-^T-- 3=01-3=' 2 = 0, 

3 

or, reducing, 

(2) .T='+16^=-9.^-54 = 0 

The theoiem of § 97 now applies to (2), indicating that 
its only possible rational roots aie the integers d=l, d=2, ±3, 
±6, ±9, d=18, ±27, ±54. Of these, the method of § 95 
shows that +2 is the only value satisfying (2). The work 
for this case appears below 

1+16- 9-54[2 
+ 2+36+54 
1+18+27+0 
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The corresponding depressed equation is seen to be 
a;2+18.r+27 = 0, 

and, as the roots of this quadratic equation are at once found 
to be iiiational (see § 22), it follows that the only rational 
root of (2) is 2. 

Theiefoie, recalling that each root of (2) is three times 
the corresponding root of (1), it follows that (1) has but one 
rational root, the value of which is one-thud of 2, or 2/3. 

Similaily, the rational roots of any equation 

whose coefficients aie themselves lational numbers maj'' be 
found by the following lule 

Rule eor Determining Rational Roots. Divide both 
members of the equation by the coefficient of the highest power 
of X, thus obtaining 1 as its new coefficient. 

Transform this equation into one whose roots are m times 
as huge, choosing m in such a way that the coefficients of the 
new equation loill all he intcgeis 

Deteunine the integral solutions of the last equation by trial, 
using the theorem of § 97, and divide each root thus obtained by m. 

EXERCISES 

Find the rational loots and if possible all the roots of each of the 
following equations 

1 3i:=^-f-2'c2_4T-l-l=0 

2 - 1-6 = 0 

3 2'c^-3l'*-20l“-l-27^ -1-18 = 0 

4 2i‘-9^®-27.^--l-13•i^-120=0. 

6 24r’-34a.2-5^ 4-3 = 0 

6 1Sc3-1-3^2-7c-2 = 0 

7 9 i :^- 27 ' l -+ 23 x -5 = 0 

8 2a:=^-ll'c24-Sx-l-7 = 0 

9 72/-l-90^’^-5^--40.c~12 = 0 
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99 Irrational Roots. Horner’s Method. Suppose that 
the given equation is 


(1) f(.x)=x^+3x^-10x-6 = 0. 


In this case the only possible rational roots, as indicated by 
§ 97, aie ±1, ±2, ±3 and ±6, but none of these, when 
tested as ui § 95, satisfies the equation Hence, any real 
roots that can be piesent must be irrational If such roots 
are to be determined correct to any given place of decimals, 
it IS best to begin by sketching the graph of the given func- 
tion, 10a 6, thus obtaining an ap'pioxwiaie value 

for each of the roots b;j" inspection, as in § 86 

The graph may be diavai leadily as follows. If we place 
y = x^-\-Zx^-10x-Q), the value of y when a' = 3, for example, 
will be the remainder obtamed by dividing a3-t-3a^-10a-6 
by a— 3 (see § 93). This remainder may be calculated 
rapidly by synthetic division, as below. 

1-1-3-10- 6 [3 
-b3-f 18-1-24 

l-|-6-l- 8“f-18 

Hence, when x = 3, y= +18. Similarly, the value of y corre- 
spondmg to any given value of x may l^e found. The graph 
is as mdicated m Fig 54, where, for the 
convenience of the drawing, each space 
along the y-axis is counted as 5 units. 

Three real roots are thus seen to be 
present. In particular, one root lies be- 
tween 2 and 3 and we shall now proceed 
to determine with accuracy this partic- 
ular root, following the process Imovm as 
Horner’s Method. The other two roots 
could be determmed similarly if desired, as will be shown 
later. 
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Since the root in question lies between 2 and 3, we fiist 
transform the equation into one whose roots are each less 
by 2 than those of the oiigmal equation, using for this pur- 
pose Theorem II of § 96. The woik appears below. 

1+3 -10 -6|^ 

+2 +10 +0 
1+5 + 0-6 
+ 2 +14 
1+7 +14 
+2 
1+9 

Hence the transformed equation is 
(2) .a3+9.a2+14.r-6 = 0. 

Recalling what has been said of the roots of (1) and that the 
roots of (2) aie each less by 2 than those of (1), we see that 
the loot of (2) in which we are inteiested lies between 0 and 1. 
Equation (2) may be called the fii si transformed equation. 

We proceed now to note the changes in value which the 
first member of (2) undei goes as x ranges by successive tenths 
from 0 to 1, that is, we evaluate this member, using the 
abridged method ah eady explained, when x takes successively 
the values 0.0, 0.1, 0.2, 0 3, •■ , 0 9. It is thus found (in 
particular) that when .a = 0.3 this member equals —0.963; 
while if .r = 0.4, it equals +1.104. The woik is shoTvm below. 

1+9 0+14.00-6 000 [O^ 1+9.0+14.00-6 000 [0_4 

+0.3+ 2.79+5.037 +0.4+ 3.76+7 104 

1+9 3 + 16.79-0.963 1+9 4+17.76+1 104 

Noting from this that when r = 0 3 the first member of (2) 
IS negative in value, while for rc = 0 4 it is 'positive, we see that 
this member, when regarded as a function of x, must be equal 
to zero for some value of x lying between 0.3 and 0 4 In 
other words, (2) must have a root between these two values. 
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Recalling that the roots of (1) are 2 greater than those of 

(2) , we see, in turn, that (1) must have a root between 2.3 
and 2 4, so that the root of (1) in which we are interested, 
when computed coriect to one place of decimals, is 2 3 We 
pioceed now to get this root coriect to Iwo places of decimals, 
and finally to three, the inocess admitting of indefinite con- 
tinuation, so that the root in question may be detei mined as 
accurately as one desires. Less laboi, is leqimed to detei- 
mine the digits of the decimal beyond the one m tenth’s place. 

Transforming (2) into an equation whose loots arc .3 less, 
1 -(-9 0 +14 00 -6 000L3_ 

0 3 + 2 79 +5 037 
1 +9.3 +16 79 -0.963 
+0 3 + 2 88 
1 +9 6 +19.67 
+0.3 
1+9 9 

we find the second transfoimed equation to be 

(3) a*+9 9.t2+19.67.r- 0.963 = 0. 

Smee the loot, ^, of (2) in which we are interested lies be- 
tween .3 and 4, and each loot of (3) is 3 less than the coiie- 
sponding root of (2), the root of (3) which we are to determine 
lies between 0 and .1 Hence it is i datively small. In fact, it 
IS so small that we may, vith reasonable safety, diop off the 
terms of (3) which contain higher powers of .^ than the first, 
since they aie very small in compaiison to x itself. The 
equation then reduces (3) to the smiple foim 

(4) 19.67.'i;-0 963 = 0, 

whose solution is evidently 0 963-;- 19 67, or, apirroximately, 
.04"^ Hence, although the loot of (3) which we are seeking is 
not exactly equal to the solution of (4), its value, when com- 
puted merely to the first significant figure, may safely be 
taken as .04 
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Note l. In older to remove all existing doubt at this point, one 
may determine (by the usual synthetic piocess) the values of the fiist 
membei of (3) vhen x= 04 and a= 05 i espectivel}'- If the lesidts aie 
of opposite sign, no mistake has been made in taking .04 as the root 
desiied (coirect to the fiist sigmficant figme) of (3), but if the lesults 
are of the same sign, the loot can evidently not he between 04 and 05 
One should in such cases pioceed to find also the lesults for 03 and 
.06 to asceitain between wdiat two consecutive hundiedths the change 
of sign in the left membei of (3) does occui It is usually desiiable to 
check in this way the value wdiich has been deteimined as a pjobable 
value of the loot, especially if it is gieatei than 05, but it is usually 
7Lot necessary to check the similar tentative loots obtained fiom tune 
to time in continmng the piocess which follows below 

It follows that the root of (2) m which we aie interested, 
collect to iioo decimal places, is 34, hence the desired root of 
(1) to a hiinilar degree of accuracy is .t = 2.34 

In order to deteimine the next figuie of the root, we now 
proceed as before, that is, we first transfoim (3) into an equa- 
tion whose roots aie less by .04 The woik appears below. 

1+ 9 90 +19.6700 -0 963000 |. 04 

+ .04 + .3976 +0 802704 

1+ 9.94 +20.0676 - 0.160296 
+ .04 + 3992 

1+ 9.98 +20 4668 

+ .04 

1+10 02 

Thus the third transformed equation is therefore 

(5) .^3+10 021:5+20.46680; -0 160296 = 0, 

and its root in which w^e aie inteiested must he between 0 
and .01 To obtain it to the fiist significant figuie, we solve 
the equation 

(6) 20.4668.'c-0.160296 = 0 

thus obtainmg a; = .007+ Hence the root of (1), correct to 
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three decimal places, is x = 2 347 Evidently the process maj'- 
now be continued indefinitelj'-, thus determmmo the root m 
question to any desired degiee of accuiacy. It is to be noted 
finaU}’" that the preceding work ma}' be convenientlj'^ and 
compactlj'- arranged as follows 

1+3 -10 -6 [2 
+2 +10 +0 
1+5 +0-6 
+2 +14 
1+7 +14 
+2 

1+9 +14 -6 [3 

+0 3 + 2 79 +5 037 
1+9 3 +16 79 -0 9G3 
+0 3 + 2 88 
1+9 6| + 19 67 
+0 3 1 

1+9 9 +19 67 -0 963 Im 

+ 04 + 3976 +0 802704^ 

1+9 94 +20 0676 -0 160296 
+ 04 + 3992 

1+9 98 +20 466S 
+ 04 

1+10 02+20 4668 -0 160296 | 007 
In summary, then, we have the follovang lule. 

Rule for Determining a Positive Irrational Root. 

1. Sketch the graph and thus locate the root between two 
consecutive integers (subject to the remarks in Note 2 below). 

2. Obtain an equation whose roots are less than those of the 
given equation by the smaller of these two integers. This equation 
will have the root in question lying betioeen 0 and 1. 

3. Locate this root (by tual) betioeen two successive tenths, 
and obtain a new equation whose roots are less than those of the 
last one by the smaller of these tenths. This equation will have 
the root in question lying between 0 and 0.1 
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4. Locate this toot correct to its fitst significant figure i 
JJorners Method of appi oximation (subject to the remarks 
Note 1 above) and obtain a new equation whose roots are le 
than those of the last one by the smaller of the hundiedths th 
determined. This equation loill have the root in question lyit 
hetiveen 0 and 0 01 

5. Continue the process to any tequited number of decwi 
places. 

6. The sum of all the diminutions of the roots gives the vah 
of the 1 equired root correct to the last decimal place appearing ^ 
the process. 

In order to determine a negative ii-rational root of an equi 
tion f(x) =0, we have merelj'' to determine the coirespondu 
positive root of the equation /(—re) =0. See corollary, § 9' 

Note 2. It may happen that two (or moie) loots of a given equ 
tion aie so ncailj’- equal that it is difficult to distinguish between the 
on the giaph and hence difficult to obtain foi each a fiist approximatu 
that will be difl'eient in the two cases Under such ciicuinstances, it 
necessary to begin by deteimining each hy inal cor- 
rect to the first place of decimals i athei than merely 
to the first integei Foi example, the equation 

/(a)=4i3_24a2+44x-23 = 0 

has iivo roots lying between 2 and 3, as appears 
upon sketching its graph, which is shoivn in Fig 55. 

By evaluating jf(^) as x takes on the successive 
values 2, 2 1, 2 2, 2 3, •••, 2 9, 3, we see that fix) 
changes sign between 'i; = 2 2 and ^ = 2 3, and again 
between 2 S and 2 9 One loot, coriect to one decimal place, is ther 
fore 2 3, and another ib 2 8 Either may now be determined accurate 
by the transfoimation process desciibed above, combined wil 
Hornei’s Method 

The cases m winch tw'-o or more roots are actually equal can 1 
treated by introducing the notion of the denvative (§ 87) but tl 
detailed explanation of the method will not be attempted heie. In su( 
cases the rc-axis is a tangent hne to the graph. Wlien two loots thi 
coincide thej'- are said to form a double wot, when three roots coincic 
they form a tr iple root, etc 
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EXERCISES 

Deteimine each of the following loots coiiect to three decimal 
places, accompanying each equation lAith its giaph 

I. The root of 9 = 0 lying between 2 and 3 

2 The root of 3i-“ — 3r —7 = 0 lying between 4 and 5 

3 . The root of 'r^ + 13i“+57rc — 16 = 0 l3'ing between 0 and 1 

4 The root of a,®+6'^'■+9^^-l =0 l3'ing between —3 and —4 

6. The root of x^+4x^—4%-—l2z+Z=0 that lies between 1 and 2 

6 . Determine, collect to Lwo decimal places, the loots ol the equa- 
tion — 6c^+5'c--l-14x— 4 = 0 between 3 and 4 See Note 2, § 99 

7 . Deternrune, b3'' use of Hoinei’s Method, ihe value of the fouith 
root of 473 conect to four places of decimals Note that this is equiva- 
lent to solving the equation ^1 = 473 

8 Deteimine, conect to thiee decimal places, the fifth root of 100 

9 Obtain, conect to two decimal places, tiic positive solutions 
X, y of the following simultaneous qiiadiatic equations (compare 
§§ 29,30) ai/ = l, 7/ = a2-2 

10 The edge of a cube measuies 3 inches B3>- how' much, conect 
to twm decimal places, should each edge be mci eased m oidei that the 
volume may be increased by 50 cubic inches? 

II. The chmensions of a lectangulai liov ate S by 10 by 12 inches. 
By wdiat amount, conect to thiee decimal places, should each be 111- 
ci eased in ordei that the volume may be mci eased by 400 cubic inches? 

12 . How long is the edge of a cube if, after cutting off a shoe 3 
inches tlnck fiom one side, theie lemain 20 cubic inches? 

13 A right ciicular cyhnder has its upper base 
hollowed out into the form of a hemispheie In 
order that the sohd thus foimed may have the 
same volume as a sphere 4 feet m diameter, de- 
teimine, conect to three decimal places, what must 
be the radius of its base if the height is 10 feet 

[Hint See formulas in § 7 ] Fig 56 

14 Answer Ex 13 in case both bases of the C3''hndei aie hollow'ed 
out in the mannei indicated 

15. The depth of flotation in water of a mateiial sphere is the posi- 
tive root of the equation a.’®— 3?.^“-|-4?’®s = 0, where ? is the lachus and 
s is the specific giavit3' of the mateiial Find, coirect to two decimal 
places, the depth at which a cork spheie ol ladius 1 foot will sink, it 
being given that the specific gravity of coik is 0 24 
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100. Algebraic Solutions. It has been sho-\vn in an earher 
chapter that if one considers the general quadratic equation, 
namelj'' 

(1) cn~-\-bx-{-c = 0, 

it IS possible to determine formulas for its two roots, thus 
expressing them in all cases in terms of the coefficients a, b, c. 
In fact, it was showai m § 21 that the loots of (1) are 

(2) — 6db -x/fe- — 4f/C 

2a 

Similarly, one may now mquire whether formulas exist 
M’hich express the thiee roots of the general cubic, namely, 
the three loots of the equation 

(3) ax'^-{-bx^-\-cx-\-d = 0. 


Such foimulas exist, but thej" aie difficult to use, and are 
of theoietic inteiest only. We shall therefore merely state 
the following facts Equation (3) may be transfoimed into 
the more simple foim 

(4) x^-{-gx-{-h = 0 


and the roots of (4) aie given by the formula 





V 


^+-+ 

27 ^ 4 ^ 




IIl 

4* 


Since any given quantity has three cube roots (leal or 
imaginary), this formula determines the three roots of (4), 
just as (2) determines the two roots of (1). 

Similarly, the general equation of the fourth degree (com- 
monlj'" called the general biquadoahc, or the general quartic) 
ina}’- be solved, the formulas foi its roots being, however, 
highly comphcated. As regaids the general equation of the 
fifth degiee {quintic) and all higher degrees, it is not possible 
m general to express their solutions in terms of radicals. 



CHAPTER XII 


PERMUTATIONS AND COMBINATIONS 

101. Introduction. Consider the following question. 
How many signals may be given by hoistmg 2 flags on a polo, 
it being undei stood that there are 10 flags of different colois 
to select from? 

The answer can be reasoned out as follows. The first flag ma^'- 
be chosen in anj'- one of 10 ways and, having chosen it, the sec- 
ond flag maj" be chosen in anj’' one of 9 ways Since to each of 
the 10 choices of the first flag theie thus coiiespond 9 choices 
of the second, the answer must be 10X9, or 90 signals. 

Again, if we ask in how manj" ways 3 letters may be mailed 
on a street where there are 5 letter-boxes, we may reason as 
follows ' The fiist letter may be mailed in any one of 5 wa.ys, 
and, having been mailed, the second lettei may likewise 
be mailed in any one of 5 ways. Hence, as in the example 
above, the fiist two lettei s maj' be mailed m 5X5, or 25 ways. 
But to each of these coiiespond 5 ways also of mailing the 
thud letter, hence the nmnbei of ways in which all three 
letters may be mailed is 25X5, or 125 ways. 

If a man can travel on any one of four routes from New 
York to Buffalo, and thence on any one of thiee routes fiom 
Buffalo to Chicago, he may make the whole tup (via Buffalo) 
in any one of twelve routes. 

Similai leasoning leads to the folloAving general principle. 

Fundamental Principle. If one thing can he done in mi 
different ways, and, having done it, a second thing can he done 
in m. different loays, and having done it, a thud thing can he 
done in different loaijs, and so on, then the number of ways 
in liiiich the various things can he done jointly is the product 

mi ma-Wa---. 
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EXERCISES 

1 How many signals can be given by hoisting 3 flags if there are 
8 diffeient flags to select fiom? 

2. In how many wa^'s can 4 letteis be mailed if there ai e 5 mail boxes? 

3 In how many waj’s can 4 diffeient positions be filled if theie 
aie 3 applicants foi the fiist position, 2 foi the second and 4 foi each of 
the otheis? 

4 Answer Ex 3 in case theie aie 12 applicants in all, each of whom 
IS ehgible to either place. 

6 If a person owns a 5-seated automobile, in how many ways can 
he seat a paity of foui foi a iide? 

6 How many base-ball nines can be foimed out of 9 men, it being 
undei stood that anj'' man can play m any place? 

7 Answ’ei Ex. 6 m case either A or B must pitch, wlule cither B or 
C must catch 

[Hint Solve first on the supposition that A pitches and B catches 
Then consider similaily all possibilities and add ie.sults ] 

8. How many signals can be given with 6 diifeient colored flags 
which may be hoisted eithei &mgl 3 '- oi any number at a time? 

9 How many even numbcis can be foimccl using the digits 1, 2, 3, 
4, 5, 6, 7, it being understood that all of the digits aie to be used and 
each used but once? 

[Hint Deteimiiie fiist how maiij'" waj'^s the last digit of the number 
may be chosen ] 

10 Answer Ex 9 in case an 3 ’- number of the digits ma 3 '- be used, 
but no chgit more than once. 

11 In how man 3 ^ ways can an ace, long, queen and jack be drawn 
fiom a pack of cards in the older named in case 

(a) they may be of chffeient smts, 

(5) the 3 '^ must be of different suits, 

(c) thej'- must be of the same siut? 

12 If a half-dollai, quaitei-dollar, dime and nickel be tossed, m 
how man}'' wa3'3 can the}' come up? 

13 If there aie four convenient loutes flora Chicago to San Fiaii- 
cisco, m how many ways can one convemently make the lound-tnp? 

14 In how man}'' wa 3 'S can one draw a squaie 1 inch on a side if 
he has black, red and green ink at his disposal, using only one color 
on an}^ one side? 
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1 ^ u Consider the three letters a, b, c, and 

let It be asked how many different arrangements, or permu- 
tations, oi these letters among themselves are possible The 
answer IS six, as all such arrangements, or permutations, are 
evidently the follovung. 

abc, act, bac, bca, cab, cba. 

We might have asked a different question as follows 
How many permutations aie possilile vath the foiii letteis 
a, b, c, d in ease only two of them are used at a time The 
answer would now be twelve, such pei mutations being 

ah, ha, ac, ca, ad, da, be, cb, bd, db, cd, dc. 

In several, if we have 7i objects (regarded as diffeient fiom 
each other) theie vail be a certain number of possible ar- 
rangements, or permutations, of them when taken i at a time 
If represent the number of such permutations, as is 
customary by the symbol we may show that is 
deteimmed by the formula 

W nPr=n(n-l)(n-2) 

“ the an-angemeiit may 

( to f 

t, but II- 1 objects remain, so that tlie object to be placed 
.econd may be chosen m any one of ii-l ways; sirralai-ly 
- le h?d object may be chosen in any one of »-2 ways the 
» h object in any one of n-3 ways, and so on, until Mty 
he last or rth object may be chosen in any one of n-r-f-l 
v^ays. ence appljdng the fundamental principle stated in 
101, ve see that the total number of ways of arranging or 
»eimuting the n objects when taken r at a time will be\e 

That is, we a.™ 

hen'toto 3 P™utat,oi,s of the 4 lelteis a, h, c, d 

n 3 at a time is, m accordance with (1), equal to 4 3 2, or 24. 
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Tins may be veiified bj'- actually wilting out all such pei mutations, 
the lesult being as sho\Mi below 

abc hac cab dab 
acb bca cba dba 
acd bed cbd dbc 
adc bde cdb deb 
abd bad cad dac 
adb bda cdci dca 

Similaily, the numbei of pei mutation':, of 5 letlcis when taken all 
at a time would be deteinnncd b}'' foimula (1) bj' placing in it n = 5 
and r = 5, the lesult thus being 5 4 3 2 1, or 120 It, on the 
othei hand, we use onl^ 3 of the Ictteis at a lime, the lesult would be 
5 4 • 3, 01 60. If we use 2 at a time, the result w ould be 5 4 or 20, etc 

103 The Factorial Numbers. If in foimula (1) wc place 
r = n, the last factor becomes « — n+1, or 1, so that the right 
member becomes 

n(n—l)(n — 2) -2 1. 

This expression, which represents the piocluct of all the 
integers from 1 to 7i inclusive, is called factorial n, and is 
commonly designated by the symbol n ' 

Thus, 3' = 1 2 3 = 6, 4' = 1 2 3 4 = 24, 5' = 1 2-3-4 5 = 120, 

6’ = 720, 7' =5040, S' = 40320, 9' =362880, 10' =3628800, etc 

Note Fiom the definition of «' it lollows that, Avhatcvei the value 
of n, we shall have a' = ?t (n — 1)' Placing ?i = l m this lelation gives 
1' = 1 • O', or 1 = O' Hence, the value of O' must be taken as 1 (Compare 
the meaning of as obtained in § 8) 

Inasmuch as ii' is the result of placing r = n ni formula (1), 
it follows that the number of 'permutations of 7 i things taken all 
at a time is 

Expressed as a foimula, tins result becomes 

(2) nPn=n{n—l) • 2-1 = 72 ! 

Thus, the five letters a, b, c, d, e may be pei muted among themselves 
m 5' = 120 ways. 
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EXERCISES 

1 In how many ways can the letteis a, b, c, d, e be aiiangecl it 
taken 3 at a time"? 

2 How many nimibeis can be made out of the chgits 1, 2, 3, 4, 5, G 
usmg four of them at a time, no digit being lepeated? 

3 In how man}'' ways can 10 trees be planted in a row"? 

4 In how many ways can the letteis A, B, C, a, b, c be aiianged 
so that the three capital letteis shall stand fiist, and the thiee small 
letters shall stand last? 

[Hint First find how many wa 3 's the capital letteis can be ai- 
rauged among themselves, then similarly as legaids the small letteis, 
then use the Pimciple of § 101 ] 

6 Woik Ex 4 in ease either the thiee capital letters or the tliiee 
small letteis maj’’ stand fiist 

6 In how many ways can 5 Fiench books, 3 Latin books and 2 
Spanish books be aiianged on a shelf so that the French books shall 
stand together, the Latin books together, and the Spanish books to- 
gether^ 

7 Work Ex 6 when it is required that the Fiench books shall 
stand fiist as a gioup, but the lemaming 5 books maj'' be aiianged m 
any manner thereaftei. 

8 In how many ways can a progiam of 3 speeches and 3 musical 
numbers be arranged so that speeches and music shall alteinate thiough- 
out? 

9 In how manj'' ways can the knives, foiks and spoons be distrib- 
uted at a table where there is to be a chimer paitj" of G people, each 
of whom IS to have a dinner Imife, a biead and buttei knife, a diniUH 
fork, a salad fork, a soup spoon, a teaspoon and a coflee spoon? 

10 In how many ways can the colois red, gieeii, blue, indigo, 
wolet be arianged so that led and gieen do not stand togethei? 

[Hint The answer maj' be legarded as the dilfeicnce between the 
number of aiiangements when no lestiictions whatever aie made and 
the number when led and gieen stand togethei m either order] 

11 In how manj'' waj^s can 4 different coins be stacked one upon 
the other provided that at least one must be left with its face side up? 

12. Show that formula (1) of § 102 may be written in the form 
p _ n\ 

nr r — 

(n-r) I 
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104 Combinations. A set of things legarded without 
refeience to the order in which they are arranged, is called a 
combination of them. 

Thus, ahe, ach, bcic, bca, cab and eba aie the same combination 
liecause each is made out ot the same letteis a, b, c and in this lespect 
theie is no diffeience between them It is only when the aiiangement 
of the letteis is taken into account that aiw such distinctions are 
possible 

Let US ask how many combinations, m the sense defined 
above, are possible out of the four letteis a, b, c, d when taken 
3 at a time The answer is 4, namely, ahe, abd, acd, bed. 
Note that each of these is different from the tliiee others in 
that it IS made up of different letteis Similarly, if we ask 
how many combinations of the letteis r/, b, c, d are possible 
when taken 2 at a time, the answer is 6, namely ab, ac, ad, 
be, bd, cd. Finally, if taken 4 at a time, the answer is 1; 
namely abed. 

If we ask in a more general sense how many combinations 
are possible out of n ditfeient things taken r at a time, we 
may arrive at a formula foi it as follov^s Consider any one 
combination. It contains ? letters, which, if arranged in 
all possible ways would give use to r' per mutations, (See 
formula (2), § 103 ) Since this is tiue of every different com- 
bination, it follows that if we let ,,0, represent the total 
number of such combinations, we shall have the equation 

C ?>= P 

r * a-*- n 

where „P, is the total number of permutations of the n things 
taken r at a time. Fiom this equation we have 


which, when we substitute for its value as given by (1), 
§102, becomes 


( 1 ) 


^ _n(7i-l)-- (w-r+l) 
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This, therefore, is the foimula desiiecl. By multiplying 
both its numeratoi and denominator by (?i — r)f, obscriung 
that the numerator then becomes 

7i(7i—l) • (n — 9'+l) («—?•)’ = 

7i(n—l) (?z — ?+l)(7i— r)(n — r— 1) • l = n\ 

the formula takes the more condensed foim 


( 2 ) 



nl 

(n-r)l 


Note. It maybe noted that formula (1) for ,^C, is tlie same as is 
obtamed if, m the foimula as given m § 79 foi the coefficient ol the if h 
term of the bmomial expansion foi («+!,)“ one uses (i +lj m place of i 
The bmonual theorem foi positne mtegial exponents ma^ theicfoie 
he wiitten in the form 


Ext^MPLE 1 How many committees of 3 men each can be foimed 
from 8 men"? 

Solution Since the personnel of a committee is in nowise changed 
by a different aiiangement of the men m it, the question lesolvcs itself 
mto finding the numbei of combinations of 8 men when taken 3 .it a time 
Hence, using the first of the formulas above, a\ e obtain the answer 


^ 8 - 7 - 6 ^ 

“‘"’T /,3=“ 


Example 2 How many selections each consisting of 3 oiangcs 
and 2 apples may be made fiom a basket containing G oiangcs and 4 
apples'? 


Solution The number of ways m vliich the 3 oranges may be 
selected is 

^ 6^- 5 4 

The number of ways m which the 2 apples m.ay be selected is 


2 


2 


Hence, by the fundamental pimciple of § 101, the 3 manges and 
apples may together be selected in 20 XG = 120 ways Ans 
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EXERCISES 

1 A captain having undei lub command 20 men wishes to form a 
guaid of 3 men In how manj’' ways may the guard be foimed? 

2 How many peals may be rung with 7 dilieient bells by striking 
them 4 at a time? 

3 How many hands of cards, each made up of 5 heaits, are there 
in a pack of caids^ 

[Hint The pack contains 52 caids, theie being 13 'each of heaits, 
diamonds, spades and dubs ] ’ 

4 A chandelier contains 10 lights In how manj'" ways may the 
loom lie lighted if only S lights aie usecH 

6 How many straight lines may be chawn through 8 points no 
thiee of which he in the same straight line*? 

6 Out ol 8 cbtteient English books and 7 difteient Eiench books, 
how many selections of 6 loooks may be made each containing 3 Enghsh 
and 3 French books*^ 

7 M oik Ex 6 in case each selection of 6 books must contain at least 
2 English and 2 Fiench books? 

[Hint Considei separately the vauous possibilities, as in Ex 7, 
page 1S3, and add lesults] 

8 A cancbdate for a cei tain office is to be elected in case he receives 
a majority of the votes cast by 10 people In how many ways could 
the majority be seemed? 

9 Out of 15 men how many selections of 4 men each can be made 
each of which will contain a certain particular man? 

[Hint Take out the paiticular man and then consider the remaining 
14 men ] 

10 A T,vlust-hand contains 13 cauls How many such hands each 
made up of 4 spades, 4 heaits, 4 ebamonds and 1 club is it possible 
to form? 

11 Out of a basket contaimng 6 oranges, 8 apples and 3 peaches, 
how many selections of 5 each may be made that shall contain at least 
one oiaiige? 

[Hint The answer may be regarded as the difference between the 
numl^er of selections of 6 indisciiminately and the number when no 
oianges aie taken ] 

12 Show that the number of combinations of ?i things taken r at 
a time is the same as W'hen taken n— ? at a time 
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•*’106 Distribution into Groups. If it be asked m how many ways 
10 different things may be chstiibuted among 3 persons A, B, C so that 
A shall receive 5, B shall receive 3, and C shall leceive 2, the answer 
may be determined as follows Starting uith A, he may leceive his 
5 things m 

lOf 

10^5=717, (See foimiila (2), § 104) 

5'5' 

B may now be given his 3 things out of the lemaimng 5 thing'? in 

Finally, C maj' be given his 2 things out of the lemaimng 2 things in 
2^2 = ^=^ ways (See Note, § 103) 


Appljnng the Theoiem of § 101, the 10 things may theielore be 
distributed in the mannei specified in 


10’ 5' 2’ 

5'7'^3'T’^^ 


ways 


Noting cancellations, we may leduce this product to the foim 


10’ y- 3'^ 4^-, 5^ V- 7 


8-^9 


10 


5’ 3’ 2’ 2520 w^ays Ans. 

The same method of reasoning when apphed inoie generally loads 
to the foUowmg lesult 

The numher of ways in winch n diffeient Hangs may he chstiibuted into 
a specified numbei of gioups such that the fust gioup shall contain p Hangs, 
the second shall contain q Hangs, the Hard shall contain r Hangs, etc is 
given by the foi mula 


( 1 ) 


N= 


Tl\ 

p\ r! • • •’ 


Example In how many wajs may 14 apples be distributed among 
four children so that the oldest shall receive 5, the next younger 4, the 
next younger 3 and the youngest 2. 

SoLLFTioN. By means of the above general foimula, the answer is 
14' 

5' 4' 3' 
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Note. It is to be obseived that if the number of thmgs to be put 
in each group is the same that is, q} = q = i = • , and if theie is no dis- 
tinction made between the groups (such as fiist, second, etc ), then the 
formula above must be slightly changed, becoming 

(2) iV'= , 

g\ p[ q\ r\ • ‘ • 

wheie g is the numbei of the gioups The reason foi this may be 
immediately implied from the following example 

Ex.urpLE In how many ways may 12 men be divided into thiee 
groups of 4 each? 

Solution Eormula (1) would give 

12 ' 

4' 4' 4'* 


But to take this as the answei implies that anj'' way of chviding the 
men into the three equal gioups gives rise to anothei A\ay by redis- 
liibuting the same three groups among themselves, vhich can be done 
m 3' ways Since the question is meiely as to the numboi of possible 
groups without leference to their older, the lesult above must theiefoie 
be divided by 3', giving as the coiiect answei 
12 ' 


3' 4' 4' 4' 


= 5775 ways 


and thus agieeing with the lesult given hy (3) foi this example 


*106 Permutations of Things not all Different. In the previous 
discussions of this chaptei all the things dealt with have been regarded 
as difteient, or chstingmshable, fiom each othei In distinction fiom 
this, consider the following example 

Example How many pei mutations are possible of the letteis of 
the woid infinite when taken aU togethei? 

Solution Since no new peimutation aiiscs by intei changing the 
three I’s among themselves, or the two n's among themsehms, lei, us 
suppose at fiist that the I’s aie made dissimilar by calling them lespec- 
tively %i, i 2 , i 3 , and likewise the n’s by calling them lespectively ?q, no 
Under such a supposition, the answer, by formula (2) of § 103, would 
be S', since theie would then be a total of 8 dissimilai letteis If the 
three I’s be now- regarded as the same, cac/i of these S' pei mutations 
gives rise (by permuting the 3 I’s among themselves) to 3' peimutations 
that are identically the same Hence, if the I's £ilone be regaided as 
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the same, the answer w'oiild be SV3' But if the two ??’s be now le- 
garcled as the same, each of these 8V3' permutations gives use b}^ similar 
reasomng to 2' peimutations that are the same Hence, the coiiect 
answer is 



The same method of leasomng when aiiplicd moie gencially leads 
to the foUowang lesult 

The aumbei of pomutalioris among thcvisclnei, of ti things of which /ii 
are alike of one Lind, ?i5 aic alike oj anolhci kind, 113 aic alike of anothei 
kind, etc , IS given by the foi niula 

P= ”• 

Hi! 712! ^3! • • • 


MISCELLANEOUS EXERCISES 

Success m working an example in peimutations and combinations 
depends chiefly upon one’s abihty to dctcimme to what extent the 
order of the things consideied must be taken into account Exanpiles 
m the foUoTiang list accompaiued by the stai ( '=) depend upon §§ lOfi-lOG 

1 On a lailroad theie are 20 stations How many tickets aio 
reqiured to connect eveiy station with eveiy otliei one’ 

2 The Greek alphabet contains 24 letteis How many Gicck Icttci 
fratermty names can be foimed, each containing 3 letteis, a lepctition 
of letteis bemg allowed’ 

3. In how many ways can 6 ladies and 6 gentlemen foim couples 
for a dance’ 

*4 Eight persons are to play cai ds In how many ways can paitncis 


6 Show that the numbei of v'ays in which n jieisons may 
buted among themseRes at a lound table is 

6 In how many ways can a selection of at least 4 oranges 
from a basket of 8 oranges’ 


be distii- 
Idg made 


7 A box contains 6 red cards, 5 white cards and 4 blue caids In 
ow many ways can a selection of thiee caicls be made such that 

(а) all three are red? 

(б) none are red ’ 

(c) at least one is red? 



XII, § lOG] PERaiUTATIONS AND COMBINATIONS 193 

*8 How many aiiangcments of the letters of the woid Mississippi 
are possible ^ 

*9 How many signals can be made nith 7 flags, of which 2 aie red, 
1 white, 3 blue and 1 yellowy displaved altogetliei one above the othei ^ 

10 How^ many dominoes ate theie in a set nuinbeied fiom double 
blank to double ten 

^ collection of 12 books is to bo disti ibutcd equally among 4 
people In how maii 3 ’ w'ays can it he done, no legaid being liad for 
the Qidci in wdiich they aie given out'* 

*12 A collection ot 12 books is to be divided into 4 equal piles In 
how many ways can it be done, no legaid being had foi the oic/ei in 
which the}’- appeal m each pile‘s 

13 Ans-wei E\ 12 in case icgard is taken of the order of the books 
in each pile 

14 How many committees, each containing 4 men, can be fotmed 
from 5 Republicans and 6 Demociats, it being understood that at least 
one Republican and one Dcmociat must lie on the committee? 

16 Ftom a basket of (S apples, in how' many ways can a selection 
be made, it being uncleistood that an.y or all of the apples can be taken ? 

16 How many ti tangles can be foiincd by joining the angulai points 
of a decagon, that is, each tiianglc having its thiee veitices at veitices 
of the decagon? 

17 There aie 20 points in a plane, no thicc of which arc in the same 
stiaight line with the exception of 5, which are all in one lino Find 
the number of straight hues that lesult fioin joining them 

18 Find the number of ti tangles wdiich can be formed bj’- joining 
the points mentioned in E\ 17 

19 A boat’s Clew consists of 8 men, 3 of whom can row onlj” on the 
port side and 2 of -whom can low oiil}'- on the stai board side In how 
many -vvays maj’- the ciew be seated? 

20 Out of 6 fiiends, lu how man}" ways can you invite one oi moie 
of them to dinner? 

21 From 3 peaches, 4 apples and 2 oranges, hovi'^ many selections of 
fruit can be made, taking at least one oi each kind ? 
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107. Introduction. If a letter be chosen at random from 
the alphabet the chance, oi piobability, that it mil be a is 
natuially legaided as 1/26 since, out of the 26 Aways in which 
a letter may be draA\m, only 1 gmes a. Similarly, the jiroba- 
bihty, 01 chance, of ch'aAAung any single lettei, as ???, aa^'ociIcI 
be 1/26. HoAA^ever, if we ask the piobability of dia\Aang a 
vowel, the answei would be 5/26, since a A'OAA^el may be clraAAai 
in any one of 5 ways; namely, either a, e, ^, o or u. 

As another example, suppose that a bag contains 4 led 
balls and 5 white balls, and that a ball is clraAim at random. 
The piobabihty that it aauU be ted is then 4/9, since out of the 
total of 9 ways of chaAAing a ball, 4 give led ones Similarly, 
the probabihty of chaAiung a white ball is 5/9. These and 
othei illustrations which may be reachl^^ supplied lead to the 
folloAAing defimtion. 

Definition. The 'probability of an event is the latw of the 
lumber of ways in which it can happen {all leganled as equally 
likely) to the total number of ways in which it can either happen 
or fail. 


probability of draA\'mg an ace fiom a pack of caicls ,s 
4/5. or yi3, since there are 4 ways m which the event can happen out 
of a total of 5. ways in winch it can either happen oi fail, the lattci 
being the total numbei of cards in the pack 

This defimtion, when stated in algebraic language, is as 
follows. Let a be the number of ways in which an event can 
appen, and let 6 be the number of ways in AAdiich it can fail 
(aU ways being regarded as equally hkely). Then the proba- 
bihty, p, that the event mil happen is 


( 1 ) 


a 


a-\-b 
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Corollary 1. If an event is certain to happen, its proha- 
hility IS 1. For m (1) we then have & = 0, giving p = afa = l. 

Corollary 2 The probability that an event will happen 
and the piobahililij that it will fad, when added together, give 1 
Foi, just as the fraction (1) is the piobability that the event 
will happen, so the fi action 

( 2 ) 

a+o 

is the probability that the event a\t11 fail, and it is evident 
that the sum of the expressions (1) and (2) is 1. 

108. Value of an Expectation. If a peison is to leceive 
-1100 in case a ceitain event happens, and the probabilitj' of 
the event is 3/5, then the value of his expectation is naturally 
3/5X100 = 160 This amount, in othei woids, is what he 
should pay for the privilege of being the possible recij^ient 
of the -1)100. In gcnei al, we thus adopt the following definition 

Definition. If a person is to receive the sum of money M 
in case an event occurs 'whose probability is ]), then the value of 
his expectation is pM. 

EXERCISES 

1 A bag contains 6 rod balls, 4 white balls and 3 blue balls If a 

ball be diaAvn at landoin, what is the piobability that it wnll be (a) led 
(6) white, (c) blue? ’ 

2 Fiom a suit of 13 lieaits, 3 caids aie drawn What is the chance 
that they wall be the ace, king and cjueen? 

[Hint Thiee cards may be diaA\Ti in isCs ways ] 

3 The foui capital letteis A, B, C, D and the foui small letters 
a, b, c, d aie shaken logethei in a hat altei which thiee letters are drawn 
out at landom What is the piobability that tiles'- will all be capitals? 

Solution Since theie aie S loiters in all, the total number of ways 
of drawing 3 letteis of any kind is 


rCo — 


8 • 7 ■ G 
1 • 2 • 3 


= 56. 
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Similaily, the number of wajs ol chawing 3 capUal letters is 


1 J 


4^3 


Hence the clesiiecl 23robabihty is — > or — A?t6 

- .efiTc. ‘ 

an/s air»l‘blir“'?jTr i:"' 1”“"',“ »2 b'll-i 

H bills If 4 bill, be taken at landom find tlie ehance that 
(fl) all are 15 bills, 

(b) 3 are $2 bills and 1 i& a S5 bill, 

(c) all aie $1 biU'i' 

6 A history, ol Rome in four volumes is placed on a Iihi irv slinlF n+ 
.andcn What .s the piobabihtj tl.at the vol.i.nes ™ be , « “ 
coriect oidei I, H, III, IV? ” ^ 

bihty that 

(a) they will all lie hearts'^ 

(b) that there will be 1 caid of each smt? 

1 0 3“.‘"°n “ Pfia-age of 20 t.rkcte ma.kea 

odd nmnbms^ ' '■•'“I '>“* be nnuked tvith 

9 If Jhiee coins be tossed, tvhat is tlie piobabdity that 

(a) all Will be heads? 

(b) there wiU be exactly tvo heads? 

(c) there will be at least two heads? 

botfeoi'’:xr° 
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109. Definitions. The preceding discussions and illiis- 
tiations of the theoiy of piobabihty aie the immediate conse- 
quences of the dehmtion of the teim '‘piobabihty, ” as given 
in § 107. If one is to proceed faither into the subject, it is 
desirable to make ceitain fundamental distinctions between 
the possible kinds of events, as indicated below. 

Two or moie events are called dependent or independent 
accoiding as the haiipening of one of them does or does not 
affect the happening of the otheis. 

Thus, it a diawing Idg made at landoin of one lettei flora a box 
containing the lelteis a, b, c, d, c and this lie tollowed liy anothei similar 
draAving, the tiio event-^ would be nalcjicitdcnl m case the lettei fiist 
diawra Avas leplaced in the box betoie the second diaAving, AAdiile the 
events Avould be dcpcndcid m case tlus aa as not done 

110 Theorem Concerning Independent Events. In deter- 
mining the probability that two oi moie independent events 
will all happen, one may employ the following Ihcoiem 
Theorem. The probability that two or moie independent 
events will all happen is equal to the product of their lespectwe 
probabilities 

Thus, suppose that tA\o coins aie tossed The piobabihty that the 
one Avill come up heads i,s evidently 1/2, and the piobabihty that the 
otlier wall come up heads is likewise 1,2 Theietoie, the piobability 
that both AA'ill come up heads is, by the aboA^e Theoiem, 1/2 X 1/2 = 1/4 
This lesult may lie A'eiified Iw noting that the total nunibei of Avays 
111 AAdnch the Iaa-o coins may fall is 2X2 = 4, and ot these only 1 gives 
two head.- Hence, the ansAvei, as bcfoie, is 1/4 

Similaib’', the piobabihty that tliiee coins aauII all come uji heads is 
1/2 X 1/2 X 1/2 = 1/8 

Proof of Theorem. Suppose that the probabilities of 
the separate events aie respectively pi, p^, ps, •• , p,, and let 
be the number of ways in which the event coriesponding 
to Pi can happen and bi the numbei of ways in AAdnch this 
civent can fail, snnilaily let flj be the num.l 3 er of Avaj'-s m 
which the event coiiesiionding to pi can happen, and 62 the 
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of ways m T\'hich this event can fail, etc Then by 
the defimtimi stated m § 107, ™ shall have ’ 


(1) 


Vr 


Ch 


?>2- 


«2 


P,= 


«i+6i a, + b, 

Moreover, by the piinciple of § 101, all the separate events 
can happen together m a, a, ■ a. ,vays out of 

(^i+6i)(a2+6o) . . 

possible ways of either happening or failing. Hence if P be 

*1.: TmuXTm! ™ 

( 2 ) (’idi a, 

(oi-\-bi)(a2-jrbi) ■ (a/pb,) 

thelol'"'™ (2) may be written m 

P = Plp2-'-Pr, 

which was to be proved. 

nei-tams^T”^®”* «« theorem of § lio 

peitams only to mdependent events, it may frequently be 

- - ‘o be 

.b. ,,r:;;;r.72f:;r.L“ 

ev,de“aTlrt cf 0 0.1 the first dramng ,s 

t oa tie-seco„rd,k:.n™f/4“ f 

drawing Theiefore hv +1.! ’tl ^ t f ^ 
b.lrty.s l/Sxl/4 = i/ 2 S S “0. the dosned praba- 

of dm^iTstuahs 5 xT= 20 “wi°"rT 

fiist a and then t Henee .7 ' i°i ,’^^0 theie is but one that gives 
the former rrl ' "'h'oh agrees nilh 
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112 Theorem Concerning Events That Can Happen in 
Several Ways. In deteimmmg the piol^ability that an event 
will hapjDen in case it can happen in any one of two or more 
diffeient ways which aie mutually exclusive, one may 
employ the following theoiem 

Theoeem If an event can happen in any one of two or 
vwie dijjeient umjs which are mutually exclusive, the pioba- 
hihtij that it will happen is the sum of the probabilities of 
'its happening in these different ways. 

1 luis, it it Ije a.'iked what is tlie probability of getting either two 
heads oi two tails when two coins aie tossed, ^^'e may leasoii as folIo^^s 
The pioljability of getting two heads, as sJiown in § 110, is 1/4, and 
.similaily the piolialiility of getting two tails is 1/4. Theiefoie, by the 
theoiem above, the piobabiht 3 ’ of getting eitJiei two heads oi two tails 
IS 1/44-1/4 = 1/2 

This lesult may be veiified by noting that the total number of ways 
m which the two coins may fall is 2X2 = 4, and of these 1 gives both 
heads and 1 gives both tails Hence, the piobabihty of getting either 

both heads or both tails is =2/4 = l/2, thus agreeing \^nth the 
foimer lesult 


Peoof of Theoeem. Suppose that the event can happen 
m two mutually exclusive ways, and let P\ = ai/bi and pi = 
affbi be their respective probabilities. Then, out of a total 
of &i bi possible cases leading to success or failure in either 
of the two ways, there are ai 62 in which the event can happen 
111 the first way and adoi in which it can happen in the second 
way. Hence, out of the cases theie aie ad)i-\-a‘fbi cases 
m which the event can happen in the one or the other of the 
two ways, the probability of which is therefore 


afbi+albi ax 


The theorem thus becomes proved in case there are but 
two ways in which the event can happen. Similar reasoning 
leads du’ectly to the more general case. 
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113 Theorem Concerning Repeated Trials. If the proba- 

3ility of the happening of an event in a single trial is laiovai 
the probabihty that it vail happen exactly i tunes in n trials 
may be detei mined by use of the following theoiein. 

Theoeem. If y 7s the 2J) obabditij that an event ivill hawen 
in any single tnal, then the ]nobabihty that it iviU havmn 
exact yr Umes m n trials is ..C.pir, inhere q is the vrobabihiy 
that the event ivill fail in any one trial 

a Pio’Jiibility of thiovmg exactly 

3 ace^ in o thiows vatli a single die, the answei is ^ 


sC; 


5\ = 


= 10 


1 25 125 


ay 

\(s) \(SJ ” 210 36~3SSS 

Proof OF Theorem. The pioba)>,l,ty tlut the event will 

happen m r specified tiiak and fail m (he lemainmg (n-,) 
IS. by 110, py-'. But the ,■ tnals can be selectil oui 

0 . the theorem of 

§ y It follows thy the piobabihty in question is the result 
0 adchng pq to itself „C, tunes, that is, it is equal to 

nC, p‘cf~^ . 

It IS to be obser\'-ed that if we exiiand (p+g)“ by the 
Bmoinial Theorem (§ 104, Note), we obtain 

V “g'-h . 

Thus the terms of this expansion lepiesent respectively the 
probabilities of the happening of the event exactly n tmi 
(ii-l) times, (n-2) times, m n tiials ’ 

Moreover, by combining this lesult with that of § 112 
we obtain the following corollary. ^ ’ 

Corollary The prohabihly that an event mU havven 

at least r times in nluah IS ^ 

V“+„Civ"--'q+„C.p"-^(f-\ 

whe,-e p and q have the meanings indicated above. In fact, by 
<! U-, this expression comes to repiesent the piobability that 
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the event mil happen either exactly n times, or exactly (n- 
times, or exactlj^ {n~2) times, • or exactly r times, th 
is, that it will happen at least t times. 

Thus the probability of obtaining at least 3 ace^ in 5 thiows w 
a single cLe is 




& 64, 


EXERCISES 

1 Find the probabihty of tin owing an ace in the fiist onh of tr 
successive thiows with a die 

2 If thiee cards be diavn fiom a pack, find the piobabihty tin 
they will be an ace, a king and a queen in the older named 

3 Woik Ex 2 in case no legaid is had foi the o,da in which tl 
thiee desiied caids aie obtained 

possible oidei and apply the them cm ( 
§ 112 to the sepal ate lesults ] 

4 Find, by use of the theoiem of § 112, the piobabihty of thiowin 
doublets in a single thiow vitli a pan of chce 

6 In thiee thiov s with a pan of dice, find the piobabihty of thim 
mg doublets at least once 

6 A bag contains 5 white and 3 black balls, and 4 aie successive! 
diami out and not leplaced What is the piobalnhty that they ai 
alleiiiately of chffeient colois? 

7 A, B, C in the oidei named each diaw a caid fiom an oidinar 
pack, leplacing the di awing each tune If the fiist one to obtain 
spade IS to win a piize, show that then expectations aie in the lati 
16 12 9 

[Hint First find the piobabihty that A obtains a spade, second 
the piobabihty that A fails to obtain a spade, but B obtains one, etc 
It IS uncleistood that a total of onlj" thiee cliaAvings can be made ] 

8 A and B thiow with one die for a stake which 13 to be won Iv 
the player who fiist thiows an ace A has the fiist throw and tin 
till owing IS to continue alteinatelj'- until eithei the one 01 the othei wins 
Show that their lespeetive piobabilities ot winniii" aie 

'' 'and yi + dV+dV+ 




-(5 


+ 


.1 


lb 

V6/ ■ V6/ ■ i 6 ' ■/ 

and hence that their respective exToeetations aie m the ratio of 6 5. 
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114 Probability of Human Life. Mortality Table. If a 

person 19 yeais of age asks Avhat the piobability is tJiat he 
will live to the age of 75, the question may be ansivered wath 
good accuiacy by consulting a so-called Expeneyice Table of 
Moi tality. Such a table is shovai on the opposite page and 
IS leadily understood upon examination It shows in par- 
tieulai that out of 93,362 persons livmg at the age of 19 it 
ina} be exjiected that at the age of 75 there ivill remain 
-6,23 1 . Hence, the answer to the preceding question is 
26,237/93,362, or about 0 28 Otheiwise stated, the chances 
that a person of 19 will live to be 75 are about 28 out of 100. 

The table on page 203 w’-as compiled from the aveiagcd 
observations of thirty Ameiican insurance companies to the 
end of the 3 ’'ear 1874 Such a table is evidently of vital 
impoitance m answering the questions wdiich ordinarily come 
before a life msuiance company, or any person entiusted to 
A^ork out a proper pension system for a group of employees, 

01 the judge who washes to determine w^hat is a proper life 
mteiest of a client in an estate. Such questions depend upon 
the probable extent of life of an individual at a given age 

EXERCISES 

yeai Tiutv? the average Ameuean boy of 10 

iirhetmiterr at^ofC' 

both vtuTve 0 7a 

[Hint Apply the theorem of § lio ] 

bu.ty tta»hr™n 

4 4 anrl R . 0 12 

rbat both of,r” 

b.hty that one. but not LT w "k a®®’ P™ba- 

probab“rof°d 
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American Experience Table of Mortality 


Age 

NnMBCB 
Ll\ ING 

Mombci 
D l INQ 

Agd 

NniroER 

Luing 

NcrMBF 

Dving 

Age 

Nuaiclr 
I r\ JNO 

Ir 

Numb CD 

Dl mo 

X 


V 


X 


10 

100 000 

749 

40 

7.8 106 

765 

70 

38 569 

2,391 

11 

99 251 

746 

41 

77 341 

774 

71 

36 178 

2448 

12 

98 505 

743 

42 

76 567 

785 

72 

33 730 

2487 

13 

97 762 

740 

43 

75 782 

797 

73 

31 243 

2505 

14 

97 022 

737 

44 

74 985 

812 

74 

28 738 

2501 

16 

96 285 

735 

46 

74 173 

828 

76 

26 237 

2476 

16 

95 550 

732 

46 

73 345 

848 

76 

23 761 

2431 

17 

94 SIS 

729 

47 

72 497 

870 

77 

21 3.10 

2369 

18 

94 0S9 

727 

48 

71 627 

896 

78 

IS 961 

2291 

19 

93 362 

725 

49 

70 731 

927 

79 

16 070 

2196 

20 

92 637 

723 

60 

69 S04 

962 

80 

U 474 

2091 

21 

91 914 

722 

61 

68 842 

1001 

81 

12 383 

1964 

22 

91 192 

721 

52 

67 841 

1044 

82 

10 419 

1816 

23 

90 471 

720 

63 

66 797 

1091 

83 

8 603 

1648 

24 

89 751 

719 

54 

66 706 

1143 

84 

6 955 

1470 

25 

89 032 

718 

66 

64 683 

1199 

86 

5 485 

1292 

26 

88 314 

718 

66 

63 364 

1260 

86 

4 103 

1114 

27 

87 596 

718 

67 

62 104 

1325 

87 

3 079 

933 

28 

86 878 

718 

68 

60 779 

1394 

88 

2 146 

744 

29 

86 160 

719 

69 

59 385 

1468 

89 

1 102 

.555 

30 

85 441 

720 

60 

57 917 

1546 

90 

847 

385 

31 

84 721 

721 

61 

56 371 

1628 

91 

462 

246 

32 

84 000 

723 

62 

54 743 

1713 

92 

216 

137 

33 

83 277 

726 

63 

53 030 

1800 

93 

70 

58 

34 

82 551 

729 

64 

51 230 

1889 

94 

21 

18 

36 

81 822 

732 

65 

49 341 

1980 

95 

3 

3 

36 

81 090 

737 

66 

47 361 

2070 




37 

80 353 

742 

67 

45 291 

2158 




38 

79 611 

749 

68 

43 133 

2243 




39 

78 862 

756 

69 

40 890 

2,321 
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115. Definitions. The symbol 
a b 
c d 

is called a determinant of the second order and is defined 
as follows 


Thus 


a 

c 


h 

d 


= ad—bc. 


= 8 4-2 3=32-6-26, 

= 7-4-(-2) 3=28+6 = 34, 


The numbeis a, b, c, and d are called the elements of the 
determinant 


The elements a and d (which he along the diagonal through 
the upiier left-hand corner of the dcteiimnant) fonn the 
principal diagonal. The letters b and c (which he along the 
chagonal thioiigh the iippei right-hand coinei) foim the 

minor diagonal. 

From these definitions, we have the following lule. 

To evaluate any determinant of the second order, subtract 
the pioduct of the elements in the minor diagonal from the 
product of the elements in the pnnciyial diagonal. 


EXERCISES 

Evaluate each of the following dcteiminant.s 

3a 0 I 
Qb 1 I 

cr+6^ 4 
a2-62 4 

204 


8 2 
3 1 


3 3 


-1 -4 

3 -5 


-1 

3 


2a 3b 
4a 5b 


6 i 
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116 Solution of Two Linear Equations. Let us consider 
a system of two linear equations between two unknowm 
letters, x and y Anj” such sj'^stem is of the foim 

( 1 ) 

( 2 ) a2X+b2y = ci, 

where ai, hi, Ci, etc , lepiesent known numbers (coefficients). 

This system maj'' be solved for x and y by elunmation, as 
m § 5. Thus, multiplying (i) by 6> and (2) bj-- 6i, subtract- 
mg the lesulting' equations from each other, and solving for 
X, we find 

/Q\ biCi — 61C2 

(o j X = 

ttiby — aybi 


Likewdse, we may eliminate x by multiplying (1) by 
and (2) by ai. Subtracting the lesulting equations from each 
other and solving foi- y, we find 


( 4 ) 


y= 


O 1 C 2 — fl2Cl 


ttiby — Ctybi 

It is now clear, liy § 115, that the numerators and denomi- 
nators 111 (3) and (4) aie all determinants of the second oider; 
and by the definition of § 115, (3) and (4) maj'’ be WTitten 
lespectively m the foims 


( 5 ) 


x= 


Cl 

61 


Cli 

Cl 

Cl 

hi 


02 

Cl 

Cli 

61 

’ y= 

Cli 

hi 

0,2 

60 


ai 

bo 


These forms are easily remembered Observe that: 

1. The determinant for the denominator is the same for 
both X and y 

2 The deteiminant for the numeratoi of the .a-value is the 
same as that foi the denominator except that the numbers 
Cl and Co replace the ai and Ui which occur m the Jii st column 
of the denominator determinant. 
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3. The deteimmant for the numerator of the y-value is 
the same as that for the denommatoi except that the num- 
bers Cl and Co leplace the bi and 62 which occur m the second 
column of the denominator determmant. 

The usefulness of the foims ( 5 ) lies in the fact that they 
express the solution of a system of two linear equations m 
condensed form, enablmg us to wiite down the desired values 
of X and y immediately, vithout the usual process of elimina- 
tion. This will now be illustrated 

Example Solve by deteiminants the system 

(6) 2i+3y = lS, 

(7) x-7y=-S 

Solution Using the forms (5), ive have at once 
I 18 3 I 


•8 

-7 

_1S C-7)-(-S) 

3 -120-1-24 

-102 

2 

3 

2(-7)-l 3 

-14-3 

-17 

1 

-7| 




2 

IS 




1 

-8 

2 (-8)-l IS 

-IG-IS -34 

= 9 

2 

3 

2(-7)-1 3 

-14-3 ~ -17 


1 

— 7 





The solution desired is theiefoie (t = 6, y = 2) Ans 
Check Substituting 6 foi -rtind 2 foi ij in (C) and (7) gives 12-1-6 
= 18 and 6 — 14= —8, which aie tiue lesults 


EXERCISES 

Solve each of the following pairs of equations by determinants, 
checkmg yom answeis for each of the fiist thiee 


I2r-3i/ = 10, 
\5v+2ij= 6 

i5r+y = 22, 
\x+5y = U 

3 f3x+8^ = 0,’ 
\2x—9y= -11, 


4 

6 

6 


f a,-|-ii/ = ll, 
\iT-|-3i/=21 

fl— x = dy, 
\3-3T=40-y 

iax-\-hy = m, 
\bx—ay=c. 


^ It -«!/=«, 
\bx+y = p 

g ix+y = b—a, 
\bx—ay=—2ab. 

g j3ax+2by = ab, 

1 ax—by — ab 
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117. Determinants of the Third Order. The symbol 

6i Cl 

(I) Cli 62 C2 

Q3 &3 C3 

is called a determinant of the third order. 

Its value is defined as follows: 


(2) O162C3 + hiCia^ + Ciaf)i — a^2C\ — — CsCi^bi. 


This expression, as we shall see presently, is important in 
the study of equations. 

The exjnession (2) is called the expayideclform of the detei- 
ininant (1). It is imiiortant to observe that this ex][Danded 
form may be va-itten dovm at once as follows. 

Write the deteiminant vnth the first tv^o columns re- 


peated at the right and fiist note the three diagonals which 


then lun down fiom left to light 
(marked -f-) The product of the 
elements in the fiist of these diag- 
onals is ni52C3, and this is seen lo 
be the first term of the ex|ianded 
foim (2). Similarly, the pioduct of 


• 4 - + + 



the elements ui the second of these 


Fig 57 


diagonals is feiCaOs, which forms the second term of (2) ; and 
likewise the third diagonal furnishes at once the thud term 
of (2). 

Next consider the three diagonals which run up from left 
to right (marked with dotted lines). The product of the 
elements m the first of these is asboCi, and this is the fourth 
term of (2), provided it be taken negatively, that is, preceded 
by the sign — . Similarly, the other tw^o dotted diagonals of 
(3) furnish the last two terms of (2), provided they be taken 
negatively. 


Note. Every determinant of the third ordei when expanded con- 
tains a total of $ix terms. 
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Example Expand and find tliG value of the deteiminant 

13 7 9 
2 14 
I 6 3 2 

Solution Repeating the fiist and second columns at the light 
v e have ’ 


3 

7 

9 

CO 

7 

2 

1 

4 

2 

1 

6 

3 

2 

6 

3 


The chagonals lunmng down fioin lett to light give the three products 
3 • 1 • 2, 7 - 4 6, 9 2-3, 
wluch foim the fiist thiee teims of the expansion 

The chagonals luninng up fiom left to right give the products 

6-1 9, 3-4 3, 2-2-7, 

which, when taken negatively, foim the thiee leinaimng terms of the 
deteirmnant 

The complete expanded form of (3) is, theietoie, 

3-1-2 + 7- 4 6+9-3-3 — 6-1-9 — 3.4.3_2 2 7, 
wh'oh 1 educes to 

6 + 1684-54-54-36-28 = 110 Ans 


EXERCISES 


Expand and find the value of each of the folloiving determinants. 


12 7 

12 2 6 
3 2-4 

-7 4 2 

2. 3 2 6 

8 -8 -3 

8 2 3 

3. 3 0-2 

3 0 7 

6 9 8 

10 11 12 
14 15 16 


5 


^ 7 8 
2 3-1 
4 2 3 


6 . 


a b 2 
-2 6 3 

2 10 


7. 


8 


a 

d 

X 

1 

0 

0 


6 c 
e / • 
y z 

0 0 
x—y 0 
0 x-\-y 


4 
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118. Solution of Three Linear Equations. Let us con- 
sidei a sj'stem of three linear equations lietween thiec un- 
known letters, such as x, y, and z. Anj^ such sj^stem is of 
the form 

{aiX+hiy-\-CiZ = di, 

(1) j ai't+hiy-\-c>z = cU, 

\azX+hsy-\-C3Z = cU, 

wdiere Oi, &i, Ci, di, cq, h^, etc., represent known numbeis 
(coefficients). 

This sj^stem may be solved for x, y, and 2 Idj'- elunination, 
as in § 5, but the process is long. We shall heie state merely 
the results, winch are as follows (compaie 'WT.th (3) and (4) 
of § 116) : 

“h dd)sCi-\-dshiC2 — dsbiCi — dibiCi — ddbic^ 
aibiC-^ + a2^jCi+a36iC2 ~ — ciih^cz — cqZiiCs 

Uifbcsd” fqdaCi “hu.ifhco — cisd^Ci — ciid^c^ — (t^diC^ 
ciihiCs + — QsbiCi — OyhsCz — fq&iCs 
ci\h 2 d-]-\- cizb^di -^Qabidz — ciabzdi — « 1 bad 2 — a^bida 
aibzCa+azbaCi+aabiCz — ciabzCi — chbaCz — azbiCa 

It IS clear by § 117 that in these values for x, y, and z, each 
numerator and denominatoi is the expanded foini of a deter- 
minant of the thud order. In fact, it appears fiom the defi- 
nition in § 117, that we may now expiess these values of 
X, y, and z m the follomng condensed (deteiminant) forms: 


di 

bx 

Cl 

ay 

dy 

Cl 


Oi 

hi 

di 

do 

bo 

C2 

02 

do 

Ca 


02 

bo 

da 

da 

ha 

II 

>> 

03 

da 

Ca 

? Z =: 

Os 

ba 

da 

«! 

bi 

Oi 

bi 

Cl 


Oi 

bi 

Cl 

ttz 

bo 

Co 

O2 

&2 

Ca 


02 

ba 

Co 

da 

ba 

Ca 

O3 

ba 

Ca 


03 

ba 

Ca 


Note. The importance of these expressions foi x, y, and s lies m 
the fact that they give at once the solution of any system such as ( 1 ) 
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m very compact and easily remembered forms Here we note that: 

1 The denominator deteimmant is the same m aU three cases 
(Compare statement 1 of § 116 ) 

2 The determinant for the numerator of the x-value is the same 
as that for the denominator deteimmant except that the numbers 
di, <k, ds replace the ai. 02, as -winch occur m the Ji)st column of the 
denominatoi determinant 

3 Similarly, the numerator of the //-value is formed from that of 
the denominator deteimmant by leplacmg the second column by the 
el^ements di, d^, ds, -w'hile the numeratoi ot the a-value is foimed'from 
that of the denominator determinant by leplacing the Ihvd column by 
the elements di, d^, ds (Compaie statements 2 and 3 of § 116 ) 

The reachness with which (3) may be used m practice to solve a 
system of thiee linear equations is illustrated below. 

Ex.\mple Solve the S 3 ^stem 


! 2r-// -1-32=35, 
a: +3?/ -15= —22, 

^x+4nj = l 

Solution. Arranging the equations as in (1) of § 118, the given 
system is 


2r -^+32 = 35, 
a;-t-3y-l-2s = 15, 
3ai-f4y-)-02 = l 


Therefore, using (3) of § 118, we have at once 

35 

-1 

3 


15 

3 

2 


1 

4 

0 

1 

0 

1 

0 

00 

(N 

1 

05 

1 

(M 

1 

0 

00 

+ 

0 

II 

2 

-1 

3 

O-f-12-6-27-16-0 - 

1 

3 

2 


3 

4 

0 


2 

35 

3 


1 

15 

2 


3 

1 

0 

_ 0 +3-1-210 -135 -4 - 0 7‘ 


-37 


-37 ^1+ 

2 

'-1 

35 


1 

3 

15 


3 

4 

1 

_6+140-45-315-120+l 


-37 


-37 


(§ 117) 
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The clesned solution is, theiefore, (i = 3, y = — 2, 2 = 9) Aas 

Check With i = 3, i/=—2, z = 9, it is leadily seen that the three 
given equations aie satisfied 


EXERCISES 

Solve each of the following systems by deteimmants 


rra:+27/+32 = 14, 

1 < 2x+ i /+22 = 10, 
(.3a:+4i/ — 3z = 2 

r 2x- y+2z = 12, 

2 j x+3y+ 2 = 41, 
(.2a+ y+4z = 22 

C X- y+2 = 30, 

3 ■< Bij-x— 2 = 12, 

( 7z-y+2x = Ul. 


C 3i-2y+ 2 = 2, 

6 -j 2c+5ij+2z = 27, 
i x+3y+3z = 25. 

C v+y = 9, 

6 j i/+2 = 7, 
iz+x = 5. 

r ^^-y-2=0, 

7 j =2&, 

(.^•+2 =3a-\-b. 


r r+3^+42 = S3, 
4 -j r+ y+ 2 = 29, 
(.6x+8i/+32 = 156 


8 


aL+by+c2 = 3, 
ahx+aby =«+&, 
bcy+bcz —b+c 


119 Determinants of Higher Order. The determinants 
thus far studied have been of eithei the second or third 
orders, the former containing 2-, or 4 elements, and the latter 
3-, or 9 elements. In geneial, a determmant of the nth order 
is a square array of elements such as is typified by the 
expression 



ai 


Cl 

d:- 

-h 


a2 

&2 

C2 

dz •• 

■h 

D = 

Us 

&3 

C3 

ds • 

•k 

1 


bfi 


dn- 



The method for obtammg the expanded form of any 
such determinant (compare (2), § 117) will be explained in 
detail m § 121. 



212 


COLLEGE ALGEBRA 


[XIV, § 120 


120 Inversions of Order Consider the positive integers 

1, 2, 3, 4 As here apirearmg, these are in their natural order, 
each number being less than all those which follow it If 
the same numbers be ai ranged as follows. 4, 2, 3, 1, theie 
are five departures from the natural ordei, namely, 4 befoie 

2, 4 before 3, 4 befoie 1, 2 befoie 1 and 3 befoie 1. Each of 
these is called an inversion of order, Briefly stated, 
saj’’ that 4, 2, 3, 1 contains five inveisions. 

Similaily, smy gh-en airangement of two or more positive 
integeis contauis a certam number of inveisions, this number 
being 0 only in case the numbeis occui in their natural ordci. 

Thub, in 3, 4, 1, 2, theie aie 4 inveisions, namely, 3 befoie 1, 3 before 
2, 4 before 1 and 4 befoie 2 Similaib^, in 1, 3, 4, 5, 2 there aie 3 invei- 
sions, in 1, 3, 2 theie is 1 inveision, etc 


121. The Expanded Form of Any Determinant. An 
examination of the expanded form of the tj'jiical determinant 
of the third older, as given in (2) of § 117, shows that it may 
be vTitten m the form 

ciihc^ + fld 6 iCi + ao&aCi — Ushci — O 163 C 0 — aihiCs. 

It is now to be observed that each of the six terms here 
appearing contains three factois, of which the fiist is an a, 
the second a b and the thud a c, and the subscripts of these 
letters in any one term are all different, as for example in the 
third term anbaCi. hloreover, m the case of the thiee teims 
vhich aie pieceded by the sign -]-, the number of inversions 
m the subscripts is even, while in the case of the thiee terms 
pieceded by the sign — , the number of inversions in the 
subscripts is odd 

Thus, 111 the teiin +asbiC 2 , theie aie two inversions in the sub- 
sciipts, this number being even, vhile m the teim -asb^ci theie are 
Uuee such inversions, this being odd Similaily, the teiin -ha^&sci, is 
seen to be accompanied with an even number of inversions, while 
—Oibics has an odd number of them 
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Taking now the tyjDe determinant of the fourth order, 


namely 

Ol 

h 

Cl 

di 

(1) 

C2 

h 

Cl 

di 


«3 


Cs 

ds 




Cl 

di 


the observations made above suggest that its expanded form 
consists of all the teims that can be made, each consisting 
of four factors of which the first is an a, the second a h, the 
third a c and the fourth a d and m which no tv''o subscripts 
are alike, and with the furthei imdei standing that the sign 
to be prefixed to any one term as thus foimed is to be + 
or - according as the number of inversions in its subscripts 
is even or odd. This, in fact, is what the meaning of (1) is 
taken to be, and we shall so miderstand hereafter. 

Foi example, +ait 2 C 3 ff|, — ojiiaCicii, -{-chb^cidi aie thiee particular 
terms in the expansion of (1) 

It may be observed that the total number of terms as thus 
described belonging to the expanded form of (1) is 24, or 4!, 
since the a to be used m forming a teim may first be chosen 
in any one of 4 ways, then the h may be chosen in anj'" one 
of 3 ways (its subset ipl being neccbsarily chfferent fiom that 
of the a chosen), then the c may be chosen m any one of 2 
ways (its subscript lieiiig neilhei of those aheadj'' used), and 
finally the d may be chosen in but 1 way and therefore, by 
§ 101, the four elements for any one teim may be selected m 

4 3-2-l=24 = 4> ways. The student is advised to ^nite 
out all of the 24 terms, piefixing the proper sign to each. 

Similarly, the expanded form for the tj^iical fifth order 
determinant may now be supplied. In this case there are 

5 ^ = 120 teims each of the form c, c„, where no two of 
the subsciipts r, s, t, u, v are alike and where the sign of any 
one term is taken + or — accoidmg as the number of inver- 
sions among these subscripts is even or odd. 
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Likewise, for anj^ given value of n, the determinant D of 
§ 119 may be expanded, this expansion containing in all n ! 
terms, each the product of n elements properly chosen. 

Note Foi convemenee, the deteiminant of the tliiid order, 

namely (1) of § 117, is fiequently written in the condensed foim |aib2C3|. 
Likewise, the tj^iical fourth oidei determinant may be repiesented by 
\o■lb 2 Czd^\, and similarly for determinants of higher orders. 

EXERCISES 

1 Write, with their proper signs, all the terms of the deteiminant 
|ai62C3d4e5| that contam both ai and 6,, also all the terms that contain 
both hz and e^. 

2 By expanding the following determinant, show that its value 
is 19 

3 2 2 0 

5 3 10 

6 6-10 

0 2 11 

[Hint Note that m the notation of § 119, the fiist column contains 
the a’s, the second column the 6’s etc , so that we here have ai = 3, 
02 = 5 03 = 6, 04=0, hi-2, 62=3, etc] 

3 Find, by expanding, the value of the determinant 

0 8 2 2 

13 2 1 

0-5-11 

0 9 6 1 

122 Useful Properties of Determinants. The following 
theorems are useful m the study of determinants. 

Theorem I. Two determi7iants are equal in case the 
elements of the first column of the one are equal respectively to 
the elements of the first row of the other, the elements of the second 
column of the one are equal respectively to the elements of the 
second row of the other, and so on 


1 -1 2 

1 

12 3 

2 3 0 

= 

-1 3 1 

3 13 


2 0 3 


Thus 
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Proof. Let us consider the theoiem first for deter- 
minants of the third order. What we are then to prove is that 

^1 Cl Qi Qz as 

<^2 60 C2 = 61 b2 bs 

ct3 bs Cs Cl Cz Cs 

The deteiminant on the left side of (1) when expanded 
by the method of § 121, is equal to 

(2) aibzcs -f azbsCi -h asbiCz — aibsCz — a^hiCs — asboCu 

As to the determinant on the right side of (1), if we place 

A, = a,, Az = bi, As = ci, Bi = az, Bz^bo, Bs=^C2, Ci = as, Cz^bs, 
ti = cs, it becomes 

Ai Bi Cl 
A‘z Bz Cz 
-Ag Bs Cs 

and this, when expanded by the method of § 121, becomes 

(3) ^1^203+ AzBsCi-hAsBiCz-AiBsCz-AzBiCs-AsBzCi 

If we leplace Ai, A 2 , As, 5i ... by their values as defined 
above, (3) becomes 

(4) QibzCs -j- &iC2a3 + Ciazbs — aiCzbs — 6ia2C3 — Cibzas 

which is seen to be the same in value as (1), thus pro\dng 
the theorem. Similarly, the proof may be given for deter- 
minants of an 3 ’' order. 

Theorem II IJ two rows (or columns) of a determinant 
are interchanged, the value of the new determinant thus obtained 
is the same as the original except that its sign is changed. 


2 

3 

1 3 

0 

2 

-1 

2 

1 =- -1 

2 

1 

3 

0 

2 2 

3 

1 


Heie the first and last rows of the ouginal determinant have been 
intei changed in obtaining the new determinant 

Proof. Consider first that we merely interchange two 
adjacent rows of any determinant. This will merely int^.^- 
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change two adjacent subsciipts m each leim of its expansion. 
This will change the sign of every term in the expansion, by 
§ 121, and hence will change the sign of the whole detei- 
mmant 

If, more generally, the two rows to be interchanged are 
separated by m mtermechate rows, we first note that the 
lower row may be bi ought just below the upper one by m 
successive interchanges of adjacent rows. To bring the 
upper row into the original position of the lower one then 
requires wi+1 furthei successive in tei changes. It follows 
that mterchanging the two rows in question is equivalent 
to introducing 

m-\- (??i+ 1) = 2m + 1 

interchanges of adjacent rows and therefore, from what is 
said above, is equivalent to multiplying the oiigmal deter- 
minant 2m+l times by -1; that is, by (-1)="‘+^ But 
2m-\-l is necessaiily an odd numbei whate^nr the (positive, 
integral) value of m. Hence (-1)-'"+' is equal m all cases 
to —1, so that the theorem becomes proved foi the case of 
the interchange of any two rows To prove it also for the 
case of the interchange of any two columns, it suffices to 
write the oiigmal determinant, as we may do by Theoiem 
I, in a form wheie its successive rows and columns become 
interchanged and then apply to the result the reasoning 
all eady given conceimng the interchange of two rows. 

Theorem III If a determinant D has two of its rows {or 
columns) identical, its value is zero 

Foi example, without expanding the deteimmant, we maj’’ wiite 
at once 

1-13 4 
2 5 3 1 
1-13 4 
5 6 8 7 

the first rnd tlurd lows being heie identical 


= 0 , 
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Proof. By interchanging the two identical rows 
obtain, by Theorem II, the value —D But, interchangin 
two identical rows does not alter the foim of the origim 
deteiminant Hence, we have D = ~D, or 2Z) = 0, or Z) = ( 
Similarly, the jiroof for the case of the intei change of tw 
identical columns follows directly from Theorem II. 

Theorem IV. If eveiy element of a row (or column) of 
deteiminant is muluplied by any given numbei m, the detei 
minant is multiplied by m. 


2 3 4 


2 3 4 

-112 


-1 1 2 

3 2 2 2 4 


3 2 4 


liere tlie elements ol the last io\\, legnidecl ns 3, 2 4 me eacl 
multiplied 1 ) 3 ' 2 > > > 


Proof The theorem is an immediate consequence o 
the fact that one and onl^'' one of the elements tliat have 
been multiplied by m enters into each term of the expansion 
thus multiplying the tvhole expansion by m. 


Theorem V If each of the elements in a row (or column] 
IS expressed as the sum of two numheis, the determinant may 
be expressed as the sum of two determinants. That is, (m the 
case of the thud order determinant) 


Oi+a/ 

ao-\-a2 

I 03+a./ 



«i 

h 

Cl 


af 

hi 

Cl 

= 

CLo 

hi 

C2 


af 

hi 

C2 


az 

bz 

C3 


a/ 

hz 

C3 


Proof Consider any term of the expansion of the gu'en 
deteiminant, as (ai-\-ai)b 2 C 2 . This may be wiilten OihaCj-f 
ai%Ci LikoAvisc, every teim m the expanded form of the 
fiist deteiminant consists of the sum of a term of the second 
deteiminant and a teim of the thud determinant. Hence, 
the hist deteiminant is the sum of the other two determinants. 

Similarly, the proof can be supplied whatever the older 
of the given determinant. 
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^ of a determina7it is 7iot cha7iged 

ij the ele77ie7its in a7iy row (or column) are 7nultiphed by any 
number m, and added to, or subt7'acted /; om, the coi responding 
elements in any other row (or column) Thus, for example, 

o-i+mbi bi Cl ai bi a 

CEo+Wiio 60 Co = Uo 62 Co • 

03+ mbs bs C 3 Ui bs Cz 

Proof. By Theorem V, the first determinant here ap- 
pearing may be expressed as follows 


Oi 

bi 

Cl 

mbi 

bi 

Cl 

ao 

bo 

C2 + 

mbo 

bo_ 

Co 

03 

bs 

C3 

77 lb 3 

bz 

Cz 


But, the last determinant, by Theorem IV, ma3^ be written 
as 

bi bi Cl 

( 2 ) 7n bo bo Co . 

bs 63 C3 

and, applying Theorem III, this has the value m 0 = 0 
with which the proof is complete for the third order deter- 
mmant above consideied. 

Similarly, the proof may be supplied in all other cases. 

. Simplification of Determinants. The theorems 

of § 122, especially Theorem VI, are of great value in reducing 
given determinants to sunpler forms. The manner m which 
this Ls done mil be clear from an examination of the folloAvane 
examples. _ ^ 

Example 1 

17 19 23 I 17 2 6 17 1 2 

13 15 16 = 13 2 3 =2-3 13 1 1 

11 13 17 I 11 2 6 11 1 2 


6 12 


3 12 3 1 0 

2 1 1 

= 6 2 

111 =12 11-1 

0 12 


0 12 0 1 0 
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Explanation First we subtracted the first column from the 
second and third columns Tins is equivalent to malcing two appli- 
cations of Theoiem \ I, using ??i=— -1 in each Next, we have taken 
the factoi 2 out of the second column of the resulting determinant, 
and the factor 3 out of its third column fTheorem IV) Next, we have 
subtiacted 11 times the second column from the first column, and then 
taken out a factoi 2 fiom the first column Finally, we have subtiacted 
2 times the seco^id column from the third Note that the last deter- 
minant obtained has three zeio elements, thus making its expansion 
relatively easy to calculate, giving 3 In general, the theorems of § 122 
are to be thus employed to obtain one oi more zero elements and corre- 
spondingly reduce the laboi incident to the final expansion of a detei- 
minant It is not to be expected, of course, that all the elements can 
be reduced to zeio, oi even all those in any one low or column, for this 
would imply that the deteiminant had the value zero, which in general 
would not be the case 

Example 2 

1 a b-\-c 1 a 

1 b c-t-oi = 16 c-{-a-\~b 

1 c a+h 1 c cf-|-6-i-c 

1 a 1 

= (a-|-6-|-c) 1 6 1 =(a-l-6-fc) ‘0 = 0. 

1 c 1 

Note the application of Theoiem III in the last step 
EXERCISES 

Evaluate the following determinants, employing as may be desired 
the theoiems of § 122 


8 

4 

6 

20 

15 

26 


5 

2 

7 

5 

2 

-2 

4 

2 17 

12 

22 

3 

6 

3 

1 

4 

2 

3 

4 

19 

20 

16 


4 

2 

1 

3 








6 

3 

2 

5 


124. Minors. If one row and one column of a deteiminant 
be erased, a new determinant of order one lower than the 
given detenninant is obtained. This determinant is called 
a first minor of the given determinant. Similarly, by 
erasing two rows and two columns, we obtam a second 
minor; and so on. 
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Thus, m the deteimmant 


( 1 ) 

by eiasiDg 


ffi hi Cl 
ao hi C) ’ 

«3 hs cs I 

the second low and thud column, we obtain the fin^t 


minor 


«i hi 

as h 

This minor is said to conespond to the element C), since tlie low and 
column erased both contain tins element. We may lepicscnt it, Iheio- 
foie, by 

In general, to each element of (1) corrcsponcls, a fiist 
minor obtained by erasing the row and column m winch 
that element stands The minor of «i is reiirescntcd by 
Dfl,, the minor of no by Z)^,, etc. 

Smiilar lemaiks evidently apply to a dciermiiumt of 
any ordei. 


125 Development According to Minors. An cxammatinn 
of the expanded foiiii of the tjpical determinant of iho 
thud oidei (see (2) of § 117), shows that it maj'" be written 
if desired in the form 


or 


OiCh’Ca 63C0) 0 ,iQ}iCs — hiCi)-\-ai{biC 2 , — h'iC\), 


«i 


60 Co 

I bs Cs 


— 0.2, 


bi Cl 
&3 Cs 


+ fl3 


hi Ci 

60 Co 


v'hich, by § 124, may be mitten in the form 


Thus, we have the relation 

61 Cl 

62 C2 ~^iDai'~0.zDa^-\-aiDay 


nr w the determinant is said to be developed 

according to the minors of its first column. 
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In a snnilai way, we may show that the same determinant 
maj" be developed accoiding to the minois of an}" given low 
or column, piovided only that in foimmg the vaiious pioducis 
thus called for of elements into their mmois, the following 
geneial rule be observed. 

Rule. The 'pioduct of the element lying in the ith column 
and sth row multiplied by its minor is to he taken positively 
or negatively according as (r+s) is even or odd. 

Thus, the deteiminant (1), when developed accoiding to the ele- 
ments of its second column, liecomes 

Othei illustiative foims of development foi the same deteiminant 
are 

Passing now to the tyiiical determinant of the fourth 
order (see (1), § 121) it vnll be found, upon examining tlie 
terms of its expansion, that it may be developed accoiding 
to the minois of an}’ one of its lows oi columns in the manner 
just desciibed, and in fact a like statement may be verifietl 
foi a deteiminant of anv order whatever. For brevit}'", the 
details of the proof will be omitted. 

Thus, the deteiminant (1) of § 121, when deA^elopcd by mmuis 
according to the elements of its fiist column, Ijccomes 
®iDaj —aoDa^-ha^Da^ — a ^Du ^ 

Heie, of course, each of the minois, Da^, Da,, Da^ Da^, is a deteiminant 
of the //it; d Older 

Other illustiative foims of development foi the same determinant aie 
~ biDij^ -{-biDb, -bsDb^-jrhiDt,^, 

— ^fDa^ “h h^Db, — ciDc , + d^Dii, , 

It is frequently advantageous to develop a determinant 
according to its minois, especially in case several of the 
elements in some column (or low) are equal to zero. 
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Example Find the value of the deteimmant 


4 2 12 

2 3 2 5 

3 2 1 2 ■ 

5 6 4 9 

Solution First subtract the thud row fiom the first (Theoiem 
VI, § 122), thus obtaining as an equivalent deteimmant, and one 
havmg a numbei of zeios m its first row, the following 

10 0 0 

2 3 2 5 

3 2 12 
5 6 4 9 


Now develop by minors aecoidmg to the elements of the first row. 


00 


1 2 2 5 


1 2 3 5 


1 2 3 2 

2 12 

6 4 9 1 

-0 j 

3 12 

5 4 9 

1 +0 j 

13 2 2 1 
5 6 9 1 

-0 

13 2 1 

5 6 4 


Of these four terms the last thiee vanish because of the faetoi 0 m 
each, so the result reduces to the deteimmant appealing in the first 
term We may evaluate tins third ordei deteimmant, as follows 

Multipljnng the second column by 2 and subtracting it from both 
the first and last columns, this deteimmant takes the foim 


-1 2 1 
0 1 0 
-2 4 1 


Developing this accordmg to the elements of the second row, we have 


-0 


2 1 
4 1 


+1 


M- 0 . 2 

-2 1 I ^ -2 4 

Thus the value of the original deternunant is 1 


-1 1 
-2 1 


= - 1+2 = 1 


EXERCISES 


Evaluate each of the following determinants 
of development by minors 


by using the method 


10 0 0 
2 3 7 9 
12 14 
5 6 3 2 


2 13 7 
2 12 4 6 

‘10 2 0 
2 3 5-4 


15 2 7 5 
36314 

‘4213 

16 3 2 5 


1 
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126. Cofactors. If the mmor of an element of a deter- 
minant be taken with its pioper sign, as determined by the 
Rule of § 125, the result is called the cofactor of that element. 

Thus, m 

ai hi Cl 
02 &2 ^ 

03 63 C3 


the cofactor of by is 

do 

C2 


03 

03 ■ 

that of bo IS 

Ol 

Cl 


03 

C3 


It IS customary to represent the cofactor of ai by Ai, the 
cofactor of a^, by A 2 , that of 03 by ^ 4 . 3 , that of hi by By, etc. 
By use of these cofactors the development of any given 
determinant is readily expressible ui various forms, in 
accordance vdth the results of § 125. 

Thus 

01 by Cl 

02 62 C2 

03 bs C3 

may be expressed m any of the following foims. 

aiA.i-l-O'2‘12+03-^3) biBi-{-h2B2-{-hsB3, 

Cl2-‘l2"l~^2-®2d~C2C2, ClCi~t“C2C2“|“C3C3, etC. 

In connection mth cofactors, the following theorem is 
important. 

Theorem. If the elements in any column he multiplied 
respectively hy the cofactors of the coii esponding elements in 
another column, the sum of the products is equal to zero. 

Thus, in the typical deteiminant of the third older (see above) 
we have 

dylBi d-QsBs = 0, 

OiCi d-ojC? + 03(73 = 0 , 


biAi+b2A2+h3d.3 = 0, 
CiRj+C 3B2+C3-B3 = 0, etc, 
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Proof. Consider the thiid oidcr determinant (see aliove). 
Foi this we maj'- wiite, as shown above, 

fli bi Cl 

(Ij On bo Ci —biBi-\-b 2 B 2 .-\-biB 3 

CI3 63 C3 

Now^ no one of the cofactors Bi, Bo, B3 contains any of 
the elements 61, 61, 63 Hence, these cofactors are unaffected 
if m (1) w'e change bi, bo, 63 to cn, cio, Aj. This gives 

Al Ai Cl 

AiHi“f-A2Bo-j-A3H3= Ao Clo Co 
CI3 0.3 C3 

But this deteimmant is equal to zero liy Theorem III, 

§ 122, thus estabhshmg as desiied that aiBi-\-aoB,-\-a3B3 = {) 

The proof may evident^” be extended to cover any case 
in any deteimmant 

127. Simultaneous Equations. It ivas sliown m § IIG 
that a sj^stem of turn simultaneous equations of tlie first 
degiee betw'een two unknown letters %, y can lie readily 
soh'ed by means of detei mmants, and m § 118 a like fact 
was shown legarclmg the value of the thiee unknown letters 
•L y, 2 pertammg to a snnilar system of three equations. The 
geneial foimulas for such solutions aie to be seen in (5) of 
§ 116 and (3) of § 118, wdnch should now'- be examined. We 
pioceed to show'- that smnlar foimulas exist also for the four 
values .r, y, z, w pertaining to a system of fow equations 
of the fiist degree betwneii these unknmvns, and similarly 
for a system of five equations, etc. Suppose, then, that the 
system is one of four unknowns, nainelj’-, 

0‘i^-\-biy-\-ciZ-\-diiD = hi, 
o.2X-\-hoy-{-coz-\-diW = /co, 

0-iX+b3y-{-C3Z+d3W = ks, 

O-iX + b^y + dz + d^w = 
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Consider the detenninant 

0.1 hi C\ cli 
flo bo Co do 
Oi bs Cz dz 

0i 6i Cl di 

and let Ai, 2I2, • , Bi, Bi, • •, etc , be its cofactors. 

Miiltiplying the fiist equation by Ai, the second by Aj, 
the third by As and the fourth l^y A 1 and adding, we liave 

{oiAiA'OiAiA'OzAzA'O.iA i)r-j- 

(1) A'5iAi)2/-}- 
(ciAiA" C’Ao-l-csAad- CaAi)^^- 

(di A 1 -f dj A o + ds A s + d 1 A i) 10 = /i, i^4 1 + /i*2 A 2 + bzA j + b 1 A i . 

Heie the coefficients of y, z and lo each vanish by the 
theorem of § 126, so that (1) reduces to 

(2 ) (qi A 1 -|- do A o -f- cEs A 3 “I- cf iA i).!! = LiA 1 Z.* 2 A 2 "f* Z 3 A a Z 1 A 1 . 



The coefficient of x in (2) is D; theiiglit side is wlial, D 
becomes when the elements fq, Oo, Oz, Oi are icspeetn'cly 1 re- 
placed by Z’l, Jco, I'z, Zj. Solving (2) for 1, we thus have 


(3) 


Zi 

bi 

Cl 

d, 

h 

bo 

Cl 

d: 

Z’3 

bz 

Cz 

da 

z. 

6r 

Cl 

d, 


D 


In hke manner, by multiplying the first of the given 
equations by 5i, the second by Bo, etc., and adding and apply- 
ing the theorem of § 126, we obtain 


Oi 

h 

Cl 

di 

Oo 

h 

Cl 

di 

Oz 

Z^3 

Cz 

dz 

Oi 

/c, 

Cl 

di 
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Likewise, the values of z and w aie each expressible as 
the quotient of two deteiminants, the denominator in each 
instance being D and the numerators being the determmants 
obtained from D by leplacmg the elements of its third column 
and fourth column respectively by h, k., ks, h. 

Using for brevity the condensed form of notation ex- 
plained in the Note at the close of § 121, the formulas for 
X, y, z, w thus become resiDectively 


^_\kihiC 3 di\ IciikiCsdil 1^162/^3^4 [ _[al62C3^’4| 

|«i62C3d4|’ |ai62C3d4|’^ |ai62C3d4f ~ |ai 62 C 3 d 4 | ' 

These four formulas are seen to be analogous in formation 
to the three formulas obtained in § 118 where only three 
equations were under consideration. 

Similai statements and results evidently apply to any set 
of simultaneous equations of the first degree containing as 
mans^ unknown letters as equations. 


OTE. It IS to be obseived that m case the determinant D which 
appears above has the value zero, the formulas (3), (4), etc can no 
longer be used, since cUvision by zero is not a permissible operation in 
mathematics Such cases lequire special investigation and are con- 
sidered m detail in iughei algebra, 

remarks apply m general, and m particular to the systems 
already considered m§§116, 118 ^ 


128 . Elimination. In aU the systems of simultaneous 
equations thus far considered it was essential that the num- 
ber of equations be the same as the number of unknown let- 
teis present. Wlien this condition is not fulfilled, various 
possibihties may arise and, while space does not peimit of 
their detailed study here, the single case m which the number 
of equations is one greatei than the number of unknowns is 

particularly important and will therefore be briefly considered 
below. 

Suppose, then, that three unknowns, x, y, z are present 
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and that these are to satisfy four equations of the first degii 
which we shall wiite in the form 

aiX+hyy-\-CiZ = di, 
ct2X-{-h2i/-\-C‘2Z = cli, 

QiX + h^y + Cj2 = ds, 
atx+hyj-j-ciz==di.. 

Moreover, let us suppose that a certain three of tJicse equ 
tions, say the first three, when treated as in § 127, may 
solved foi y, z We liave left to detiamino ivlien the 
values of x, y, z will satisfy also the foiiilh ecpiatioii 
Now, noting the foim of the solutions foi %, y, z m the fir 
thiee equations (see (3), § 118) and placing lliein m tl 
fouith equation, then cleaimg the latter of fractions it L 
comes (using the condensed notation explainetl in the No 
at the close of § 121) 

atldiZijCa] "i'&i I Oidogj I ■i"Ci|ai. 62 d,t| =di |ui?mc,'!| . 
Transposing all terms to the left, side and noting that,, 1 
Theorem II, § 122, we may wiite |di/ioe,;| = |/;ie‘.('/)|, jaidiCal 
— |«iC2d3|, the last relation beconu's (afU'r inultiijlyn 
through by —1) 

cii I ZiiCodj I -J- hj [uiCada | — Ci | cifond^ |“bdi | ufozOi | = 0. 

But this relation is the same as 


ttl 

hi 

Cl 

di 

a2 

^2 

C2 

di 

as 

hs 

Cs 

ds 

tti 

hi 

Cl 

di 


as appears by expanding this determinant by minors a 
cording to the elements of its last row. 

Theorem. In order that the system (1) may have a set 
values X, y, z that will satisfy it, it is necessary that conditu 
(2), winch relates only to the sixteen coefficients of the sysle?. 
shall he satisfied. 
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The determinant appealing in (2) is called the eliminant 
of the sj^stem (1) Thus, the theorem above may I^e stated 
biiefl}" as follows In oide) that the sudeni (1) mcuj have a 
solution X, y, z it is necessary that the chniinant of the system 
shall he equal to zero. 

A similar theoiem may now be supjDlied foi any system of 
hneai equations contaimiig one more equation than unknown 
quantities The student is advised to do this foi such a 
s} stem of five equations. 


EXERCISES 

Soh''e bj' cleterrmnauts each ot the folIoAving S3"stems of equations 


2r+3i/— -ai = G, 
x+ z — 2w = 4:, 

3r+2iy — 3c+ w=—l, 
X — y— 2 +o 2 a~ —1 


[2 l +3 i / — 4^+ iL' 
i— i/-{- z— w 
7i-j-2// — «) = (), 
5i TSv — 10:+3a) = 3 


0, 


(2i+3// = 9, 

( 'iT v=4. 

1 

0^ 

T 

II 

O) 

4 •j2c- ?j = 5, 

6. ] 

( - 1 + y = G 

(3a -2// = 7 

[ 


Form the elinunant foi each ot tlie foIloAvmg systems of equations 
and use it to tell (by the theoiem ol § 128) wholhei the sj^slem may 
have a solution In cases vheie theio may be a solution, puxeed lo 
determine it qf possible) by the methods of § 127 

f3i +2^/+3^ = 17, 
“*■+ iy+2c = ll), 

5 1+5//+ z = 2\), 

1'+ y+ £ = 7 

6 Find the value (oi values) of h foi 'udiicli the following s^'stem 
maj' luA'e a solution 

( ^11+3// = IS, 

•) i--7//=-8, 

( x-ky=2 

7 Eliminate m from the system 

///“i.— »n,-= 1, 
m+2a=2 

Solution First Method Solve (2) for m, giving m =2-2%, and 
place this value of m in (1), giving as the desired result 

(2-2x}h-(2-2x)x^==l, 
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which upon i educing, becomes 

=0 

This equation in ^ alone i-^, then, the lesiilt of eliminating m fio 
(1) and (2j It is an equation wdiose roots satisty (1) and (,2) whala 
the value of m 

Second Method. Multiplj-' (2) thiough l^y m, giving 

(3) i)P'-\-2mh = 2in 

Now, aiiangc (1), (2) and (3) in the foims 

( 1 ) X nr — r III — 1 , 

(2) 0 m-+ 1 m = (2-2A, 

(3) 1 iir-\- {2i —2)m =0 

Regaiding thi.s sv.stem as one of thice Iincai equations between tl 
two quantities iii- and in, and applying the icsults ol § 12S, we obta 
as the desiied equation 

B 1 

0 1 ( 2-20 =0 
1 (2-11-2) 0 

Upon expanding tins deleiminant it leadily i educes to 
6'0-10i.-+4^-l = 0 

and this is seen to be the same lesiiIt as obtained above liy the fin 
method 

In contiasting the two methods, it will lie seen that the second doi 
not depend upon solving eithci ot the given equations foi in, as did tl 
fiist method Foi this leason, the second method has a much widi 
lange of applicability, as will be illustiated in the examples whic 
follow The second method illustiates what is known as Sylvcsiei 
laeihod of cliininaLioiL\ 

8 Eliminate m fiom the following system, using botli the met hoc 
illustrated in Ex 7 and noting that the icsulL for eithei method is tl 
same 

vrx — 2/» %- + 1 = 0, 

fFoi details, see foi exam])le Burnside \nd Panton’s Theoi ij i 
Equations (Longmans, Gieen and Co ), Chaptei on Elimination. 
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9. Write as a determinant the resiilt of eliminating k from the system 

2k-x^+k^-k =2 

[Hint Multiply each equation thiough by k and consider the 
resulting equations combined with the original ones ] 

10 Find the condition (in the foim ot a deterimnant) that the two 
equations 

ai'r+6ii:+ci = 0, 

a2't-+hx-\-C2 — G, 

may have a common root 

[Hint. The result of ehmmatmg a, wheie x is regarded as the com- 
mon root, wall express the desiied condition ] 

11. Find the condition (in the foim of a determinant) that the two 
equations 

ax^-\-hx-\-c = Q 

= 0 , 

may have a common root. 

12. Determine the value (or values) of k for which the following 
two equations may have a common root 

2*2 -7a, +3=0, 

O/’^+Aiai+lS =0. 
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COMPLEX NUMBERS 

129 . Introduction. In § 10 it was pointed out that every 

complex number is of the tj'-pe form w’-here a and h 

are real numbers and wheie ^ represents the quantity V" — 1 
If in particular b = 0, the complex number reduces to an ordi- 
nary real number, a, while if a = 0 (b being diffeient from 0), 
the complex number takes the form hi, which is known as a 
pure imaginary. Complex numbers commonlj'^ entei into 
the roots of quadratic equations and other equations of 
higher degree than the fiist, as shovm in earlier chapters. 
They have also many other important applications. For this 
reason we shall now consider their properties in somewhat 
further detail. 

130 . Complex Numbers Considered Graphically. For 

convenience, let us for the moment repiesent the typical 
complex number by x-\-yi, where x and y are any leal 
numbeis and where i = V'— 1 If, then, the values of x and 
y aie given, they may be regarded lespectively as the abscissa 
and the oidmate of a ceitain point P m the manner described 
in § 6, in which case P may be taken as the geometrical 
representation of the complex number x-\-yi. Converseljq 
to every point P m the plane there evidently coriesponds a 
definite complex number x-\-yi. 

231 
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"W^ienevei complex niunbeis 
aie thus lepiesented, the axis 
XLY IS kno^m as the axis of 
reals, while the axis I 1 is 
called the axis of pure imagi- 
nanes, the appropriateness of 
these names being at once ap- ^ 
patent The axis Y'Y is thus -i 
legarded as a line along which 
all puie imagmar 3 ’' nuinbeis 
may be lepiesented, the units 
along this axis being therefore taken as 2/, 3//, A}, etc tis lu 
Fig *58 The X'X axis, on the othci hand, furnislns a 
lepiesentation of all leal niimbeis 

It maybe remaiked also that the plane deteimincHl by the 
axis of reals and the axis of pure imagmai le.s is fi('(iii('iitl\^ lo- 
feiied to in higher mathematics as the complex plane As 
thus defined, the complex plane evidently pi’e, seats a geo- 
metric pictuie of all the numbeis that enter inl.o algi'bra 

131 . Definitions. Two complex numbers a and c+di 
are said to be equal if, and only if, a = c and d, that is, 
if the real parts a and c are equal to each other, and the 
imaginary paits, h and d, are likewise equal (,o each ollu'i 
Twm complex numbers which diffei’ only m the signs of 
their imagmaiy parts are called conjugate complex numbers. 
Thus, 2 +3i, 2— are conjugate numbeis, likewise ~]i 
It Will be observed that the type form of every jiair of 
conjugate numbers is aArhi, a — hi and that two such num- 
beis, when intei preted geometrically b}'- the method of § 130, 
give rise to two points Pi and P 2 , which are ,s 3 ''minot.rica!ly 
situated with respect to the axis of reals , that is, the one lies 
above this axis the same distance that the other lies below it, 
while the hne joimng the two is perpendicular to this same axis. 
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132. Addition and Subtraction of Two Complex Numbers 

Two complex numbers a+hi and c-\-di are added or sub 
tracted in accordance with, following formulas 

(a+&z) + (c+di) = (a+c) + (b+tf)z, 

(a+b2)-(c+dz) = (a— c) + (b-d)z. 

These formulas, when expressed m wmrds, may be stated as 
follows . 

To add (or subtract) two complex numbers, add (or subtract) 
the real parts separatehj and likewise add (or subtract) the 
imaQuiai y parts separately The resulting complex number 
is the sum (or diffeience) desired. 

It IS now to be observed that anj'" two complex numbeis 
may be readil}’- added graphically. 

Thus, in Fig 59 let the two num- 
bers, which we will call a-\-bi and 
c-\-di, be represented respectively 
by the points Pi and P 2 Connect 
Pi and P 2 each with the oiigin 0 
and then complete the paiallelo- 
gram which has OPi and OP 2 as 
two of its adjacent sides. The 
vertex P thus determined repre- 
sents the sum of the given numbers a+bi and c+di, for we 
may evidently write 

OC =OB+BC = OB-\-OA=a+c, 

CP =CD+PP = PPi+AP2 = 6+d, 

so that P corresponds to the complex number (a-|-c)-t- 
(h+d)i, and this, by the formulas above, is the sum of a-\-bi 
and c+di f 

t It should be noted that this figure is the same as that used to rep- 
resent the composition of forces in physics 
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To subtract one complex number fiom another graphically, 
as c-\-di from a+&^, we have but to represent the points 
corresponding to the numbers -c-di, a+bi and proceed 
as in addition. 

Note The processes discussed in this section illustiate what is 
known in mathematics as the addition and subtraction of vectois, 
a vector being defined as any magnitude which depends foi its meaning 
upon its diiection as well as its length, as is the case with OPi oi OP 2 
m Fig 59 The geneial study of vectois and the opeiations that can 
be perfoimed upon them is known as vector analysis The subject is 
of especial impoitance m the geneial applications of mathematics to 
physics and electiical engineering 


EXERCISES 


Repiesent by a drawing on cooidmate paper each of the following 
numbers 


1. l+3i. 

2. -2+2i 

3. l-^ 

4. 5 


6 5i 

6 -4+0i 

7 l^-|^ 

8 -7-13i 


9 - 5^1 

10 V2+P 

11 

12 IS-VSi 


State which of the 

13 /3+24, 

14-22 


followung are pairs 


14. 


2 - 1 , 

2+2 


of conjugate numbers 

{-3:' 


^2 


By use of the defimtion of equal complex numbers, find what must 
be the value of x and y in each of the following equations 

17 x+y-(x-y )2 = 3+i 19 x^+ 2 j 2 +(x- 3 y) 2 + 2 y 2 = 2+22 

18. 3x+5y+(2x-ij)2=2-32 20 2 x- 2 y- 2 x 2 +y+xi+xy 2 = 5 - 4 i. 


calfv*^^^'"’^ following operations both algebi aically and geometri- 


21 ( 2 + 2 ) +( 3 - 22 ) 

22 (3+22) + (—2+82) 

23 ( 5 — 2.) + ( — 2 + 42 ) 

24 (1+22) + (— 2— 2) + (3 — 4i) 


26 ( 3 + 22 ) — ( 2 + 82 ) 

26 (-4 + 52) -(3 - 2). 

27 (5 + 2 ) -(3 -52) 

28 (3— 4i) +( 2 + 2 ) — ( 5 — 62 ). 
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133. Complex Numbers in Polar Form. Let the point 
P corresponding to the complex number x-{-yi be joined to 
the origin 0 by the line OP. Then the 
length of OP, which is generally denoted 
by r, IS called the absolute value, or the 
modulus, of the complex number , 
also, the angle made by OP with the 
positive direction of the X-axis is called 
the angle, or the argument, of the 0 
complex number x-[-yi, and is com- 
monly represented by the letter d. 
h'loreover, bj’’ elementary trigonometry, we evidently have 

(1) a. = r cos 0, y = r sin 6. 

Hence we may wiite 

x+yi = x-{-iy-r cos d-\-ir sin e, 
or 

x+yi = r(cos 0+z sin 0). 

As thus written, the complex number x+yi is said to be 
expressed in polar form. Moreover, the line-segment OP, 
when legal ded both as to its length and its direction, may be 
taken as the geometric representation of the same number, 
namely, of the number x-\-yi We shall make frequent use of 
these conceptions in what follows. 

Note It is to be observed that as diffeient complex numbers x-\-y% 
are selected m the plane, the conesponding values of the modulus i will 
range fiom 0 to indefinitely large values, while the values of the argu- 
ment B will lange from 0° to 360° (or 0 to 2tt radians) 

Bj' meaiib of relations (1) the value of t and of d belonging 
to any given complex number x-j-yi may be readily deter- 
mined, as illustrated in the following example. 
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Example Determine the absolute value and the angle of the com- 
plex number 2—2i 

Solution From equations (1) we have 

x'^+y" = i- cos2 sin* e = i" (sin* e-\- cos* 6) =r~. 

Hence, in the present instance 

22 + (-2;* = j2 

Therefore, 

7- = V2 2 + ( - 2 j 2 = Vs = 2 Vi 
Using this value of r in (1), we now obtain 


cos 6=-- = = JL 

and ^ 

sjn = . = — A_, 

^ 2V2 V2 

Therefore, by elementary trigonometiy, 0 = 315° 

The desired values of the absolute value and of the angle of 2 -2i arc 
therefore 

r = 2V2, 0 = 315“ 

The student should now represent this number giaphically. 


134. The Multiplication of Complex Numbers Aii}^ two 
complex numbeis a+hi and c+di may be multiplied together, 
giving another complex number as the product. Thus by 
ordinary multiplication we have 


(a+hi)(c-\-di)=ac-i-ibc-\-iad-\-i^bcJ 
But i — (^~ 1) 1, so that this equation becomes 

(a+bi)(c+d'i) = (ac-bd) + (bc+ad)i. 

Thus the product is the complex number whose real part Is 
(ac bd) and whose pure imaginary part is (bc-\-ad)i. 

IS important to note the nature of the product of two 
coinp ex numbers when each is given in polar form. Thus, 

r n(cosd,+^sln0O and 

alter relatog that Z multipUcat.on, 



XV, § 134] 


COMPLEX NUMBERS 


237 


riCcos di+i sin Oi) • r2(cos e^+i sin 62) 

= )'i?'2[cos di cos 02-sin di sin 02+i(sin cos 02+cos 0 i sin 62)]. 

But by familiar formulas in elementary trigonometry we 
have 

and sm ^2 = cos (^1+^2) 

sm 01 cos 02-l-cos 01 sm 02 = sin(0i+02). 

Thus, the result at the top of this page may be wiitten 
in the foirn 

ri(cos 01+f sin 0 i) • ?'2(cos 02+2 sin @2) 

= riro[cos(0i+02)+2 sin (0i+02)]. 

Expiessed in words, this formula may be summarized as 
follows : 

The absolute value of the 'product of 
two complex numbers 'is equal to the 
pioduct of their absolute values and the 
angle is equal to the simi of their angles. 

This result leads at once to the fol- 
lowing geometiic method for multi- 
pl3’'mg an}'' two complex numbers. 

Draw through the origin 0 the straight 
line which makes the angle 0i+02 
with the positive direction of the real 
axis, and lay off on this line from 0 
a segment of length rir^ The directed line-segment OP 
thus detei mined corresponds to the product desired. 

Foi example, 

5(cos 10°-l-i sm 10°) 3(cos 20°+-t sin 20°) 

= 15[cos (10°-l-20°)-(-^ sm (10° +20°)] 

= 15[cos 30 ° +1 sm 30°] = 15r^+i+l =J-5.(-v/3^^} 




238 


COLLEGE ALGEBRA 


[XV. § 135 


135 The Division of Complex Numbers. Any complex 
number a-\-hi may be divided b}^ an}^ othei complex number 
c-\-di (it being assumed that not both c and d are equal to 
zero), the quotient being another complex number. Thus, 
we may wuite (by multiplying both numerator and denom- 
inator by c — di and simphf3''ing the result) 

a+hi _ a+hi _ c-di _(ac+hd) -%(ad-hc) 
c+di c+di c—di c--\-d- 

_ ac-{-hd , be— ad 

The quotient is therefore the complex number whose real part 
IS (ac-{-bd)/ (c^+d-) and whose pure imaginary part is 
i(bc — ad)/(c--\~d-) 

It is important to note the nature of the quotient of two 
complex numbers when each is given in polar form Thus, if 
the two numbers are ? i(cos di-j-i sm 0 i) and ?’2(cos 02+1 sm On), 
we may write " ’ 

ri(cos 9 , + sin ^O^nraCcos 0 ,+^ sm 0 ,)(cos 02 +i sm 02 ) 
r2(cos 02+z sm 62) 7 2-(cos 02+^ sm 02) (cos 02 -z sm 62) 

_?’ir2[cos(0i — 02)+i sm (0i~02)] 

J2“(cos^ 02+sin- 02) ’ 

as appeals by first multiplying both numerator and denomi- 
nator by ?2(cos 02-1 sm 0 ,) and then simplifying the result 
by means of the familiar ti igonometric formulas 

sin (01 -02) =sin 0 i cos 02 -cos 0 i sin 02, 
cos( 0 i— 02) = cos 01 cos 02+sin 61 sin 02. 

Thus we arrive at the formula 
ri(cos 01-j-i sin 0 i) ru 

r2(cos 02+2 sin 02) sin(0i-02)]. 
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Expiessed in words, this formula maj’' be summarized as 
follows : 

The absolute value of the quotient of two co 7 tiplex numbers is 
equal to the quotient of their absolute values and the angle is 
equal to the difference of their angles 

This result leads at once to the 
following geometiic method for di- 
viding one complex numbei, as 
ri(cos sm d^) by any other, as 

? 2 (cos 02 sin 02) Diaw thiough 
the origin 0 the straight line which 
makes the angle 0=01 — 0, AAuth the 
positive direction of the leal axis, 
and lay off on this line from 0 a seg- 
ment of length r = rj /?2 The di- 
rected line-segment OP thus detei- 
mined corresponds to the quotient desiied. 

For example, 

10 (cos 45°+i sm 45°) e, n 
2 (cos 30°+t sin 30°) (^5° 

= 5[cos 15°-l-i sm 15°] 



Fia 62 


-30°)] 


EXERCISES 

In each of the following exercises determine the indicated product 
both analytically and graplucally, 

1 (l+i)(-l-f-2i). 

Solution Considered analytically, the product is found by direct 
multiplication as follows . ^ 

(l-hi)(-l+2i) = -1+21-1-1-212= -3+^_ 

To work the problem graphically, we use the result stated in § 134 
Thuj,, we first draw the line-segments OP^, OP, corresponding respec- 
tively to the numbers l+^, -1+2, We then chaw a line through 
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0 making an angle with the positive real axis v hich is equal to the sum 
of the angles XOPi, XOPi Upon this line we lay off a distance OP 



equal to the product of the two lengths OPi, OPn f The directed line- 
segment OP thus obtained represents the product desiied 


2 (3+i)(2-z). 

3. (l-h2i)(l-3i) 

4 (-2-}-3i)(3-2i) 
6 (4-2t)(f-f-3i) 

6 


7 (2-j-3i)- 

8 (0-1-21) (1-30 

9 (0-h20(0-20 

10 (H-^) (1+20(1 4-31) 

11 (3+20(2-20(1+31) 


In each of the foUovnng exercises deternune the indicated quotient 
both analytically and giaphically 

12 (-l-f-3^)-(l-^-^) 

Solution Considered analytically, the quotient is found by multi- 
plying both the numerator and the denominator of the given fraction 
byl-i. Thus 

-l+3t^(-l+30(l— i) ^-l+i+3i+3_2+4i 1 

1+i (l+i)(l— r) l-)-l 2 


t The manner m which a line-segment OP may be obtained by con- 
struction whose length shall be equal to the pioduct of two given line- 
segments is shown m elementary geometry, and should be here em- 
ployed See, for example, Foid and Aramerman’s Plane and Sohd 
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To solve the problem giaplucally, we use 
the result stated ui § 135 First draw OP^, 
OPn conespondmg respectively to — l+3i 
and 1 + j Then diaw OP so that the angle 
XOP shall be equal to the angle XOPi minus 
the angle XOPn, and lay off OP equal to the 
quotient of the length of OPi divided by 
the length of OP^ f The lesulting directed 
line-segment OP represents the quotient 
desired. 
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13 (2-3i)-(l-2i). 

14 (3-b0-(2-?,). 

16 (-24-32)- (3 -2^) 
16 (4-22) -(2-1-32). 
17. (l-b22)-(l-32) 


18 (1+22) -(1-22). 
19. (0+22) -(1-30 
20 ( 0 + 20 -( 0 - 20 . 

21 (-1+2) -t- (2 -00. 

22 (2 + i)(3+2) 

1+22 


In each of the following quotients determine fiist the value of the 
numerator and denominator sepaiately, doing the woik both analyti- 
cally and graphically, then determine both analytically and graphically 
the value of the quotient itself 


23. (2+3 0(1-0 
(3 — 2) (2+0 


24 (2-t)(3+20(-14-2) 
(3-0(2+0(l+0 


136. De Moivre’s Theorem. Letting rCcos e+^ sin 6) be 
any complex number expressed m polar form, we have 

[r(cos e+i sin ^)]2 = r2(cos 0+t sm e)^ 

= ?“[(cos= 0— sin2 2 cos d sin 6] 

But by trigonometry we have cos- ^-sm^ 0 = cos 20, and also 
2 cos 6 sm 0 = sin 20 Hence we may wiite 

[r(cos 0-f t sm 0)p=r"(cos 20-1-t sm 20). 


t For the method of geometric division by construction, see for ex- 
ample Ford and Ammerman’s Plane and Solid Geometry (Revised 
Edition), E.xample 19, page 175, 
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If we now multiply each membei of this equation by 
r(cos d-^i sin 6), we obtain 

[r(cos d-\-i sin 0)]^ 

= ?’®[(cos 2(9 cos ^-sin 26 sin ^)+z(cos 26 sin (9+sin 26 cos 0)] 

and this, by tiigonometiy, reduces to the form 

[r(cos l9+^ sin (9)]^ = ! 2,d-\-i sin 3^). 

Similaity, from this equation we may now derive the relation 

[?’(cos 6+1 sin 0)]'' = r^(cos 4 , 6+1 sm 46'). 

Proceeding in this manner, w^e may easily establish by mathe- 
matical induction (Chapter IX) the general formula 

[7-(cos e+f sin e)]»‘ = r"(cos ne+i sin n0), 

n being any positive integei This formula is known as 
De Moivre’s Theorem. It may be shown that it holds tiiie 
not only wdien n is a positive integer, but -when it is any leal 
number w^hatever. Howevei, foi simplicity we shall here 
omit the proof of the theorem for these moie complicated 
cases. 


For example, we may ^\aite 

[S(cos 30°+z sm 30 °)]t =sHcos | 30°H-i sm | 30°) 

=4(cos 20° sm 20°). 

137. The Roots of Complex Numbers. By trigonometry 
we may write 


r(cos 6+1 sm ^) = ?1cos(0+w 360°)-t-i sm(0+m 360°)|, 

where m is any positive integer. If we raise each member of 
this equation to the power 1/n, where 7 i is any positive integer 
and subsequently rewi-ite the second member of the result 
in the form furnished for it by De hloivre's theorem, we 
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obtain the following formula for obtaining the nth root of any 
complex number ‘ 


1 1 

[r(cos 0+z sin 6)]" = r”j^cos' 


e+m 360" 


+z sin 


04-m 360" 


m being, as stated before, any positive integer (0 included). 
If in this formula we allow m to take on in succession the 
values 0, 1, 2, 3, 4, , 1, we thereby obtain n distinct 

numbers each being an nth root of the given complex number 
r(cos 0+1 sin 6). If m proceeds to take still larger values, 
however, no new roots are obtained, since the complex num- 
bers thus lesultmg readily reduce by trigonometry to those 
already obtained. We maj’’ then state the following result . 

Any number (real or complex) has n distinct nth roots, and 
no more. 

EXERCISES 

By means of De Moivre’s theorem, find each of the following indicated 
powers and check your result by actual multiplication 

1. (2-2i)8 

Solution. Writing (2— 2i.)8 m polar form (see example in § 133), 
we have 

2-24 = 2V2(cos 315°+i sin 315°) 


Hence, appljnng De Moivre’s theorem, 


(2-2i)8 = (2+2)8(003 3 315°+isin3 315°) 

= 16+2(cos 945°+i sin 945°) 

= 16+2(003 225° +i sin 225°) 

Check 

{ 2 ~ 2 ^) 8 = (2 - 2i) 2(2 - 2i) = ( -8i) (2 - 2i) = - 16i - 16 = - 16 (1 +i) . 


2 (2-2i)2. 

3 (2~2i)4. 

4. (3++3i)2 
6. (3 + +3z)8. 


6 (-^-|+3i)8. 

7 (3 + +3i)4. 

8 ( 2 + 21)8 
9 (l+i)io. 
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By means of the formula of § 137, find the \ alues pertaining to each 
ol the following indicated roots Show also the geometric significance 
ol your results 

10. -^2-21. 


Solution Using the polar form for 2 —2i as given in Ex 1, the for- 
mula of § 137 becomes in the present instance 

360°J 

By allowing m to take in succession the values 0, 1, 2 we thus obtain the 
following three roots 


(2-2i)^ = (2V2)^|^cos 315°-M«360°_|_^ 




(2V2)i 

(2V2)h 

(2V2)^|^, 


cos^^Vzsin^Sn 

3 3 

675° , 675°“’ 

cos d-i sin 

3 3 

1035° , „ 1035°“' 

cos — - — ]-i sin — — 


= \/2(cos 105°+i sin 105°), 
= V2(cos 225°-f-i sin 225°), 
= V2(cos 345° -l-i sin 345°) 


It is to be observed that these three roots, considered geometiically, 
give rise to three points Pi, P 2 , P 3 , which he at equal distances apart 
upon a ciicle of radius V2 whose center is at the origin A similar 
symmetric property is characteristic of the location of the n distmct 
nth roots of any given number 


11 -^ 2-21 

12 -^2+2i 

13 -^2+21 

14 V3 + V3I 

19 [Hint Write in the 

20 21 VlG. 22 


16 V64(cosl20°-l-isuil20°) 

16 "^SCcos 60°-t-i sm 60°) 

17 -^64 (cos 100° -hi sml^). 

18 '^_^_^V 3 i 

form ] 

Vi 23 Vi 24 ViQt. 


Find all the roots of each of the following equations and represent 
them graphically. 


26 a: 8 _i=o 


[Hint The given equation is equivalent to a; = V^ +0 • i ] 
26 a: 8 -hl =0 28 a:fi- 32 - 0 , 30 a;i-hl= 0 . 

27 . a:*— 16 = 0 . 29 . a:® — 1 = 0 . 31 . a:®-hl= 0 . 
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A LIST OF EXERCISES FOR REVIEW OF HIGH 
SCHOOL ALGEBRA 

I Addition and Subtraction 

1. Add 7a+66— 3c and 4a— 76+4c 

2. Add 2x+3y—2xij, Ixy—Ax — Qy, and 7x — bxij—A:y 

3 Add -c— 8— 7x“ + 15a:®, 4+14c^ — llx — x-,and 5x^—9 x^+lOx — 12 
4. Add 4(m+n) — 3(g— r) and 4(m+7i)+6(g — r) 

6. Add 10(a+&) — ll(6+<2)( 3(a+fe) — 5(c+cZ), and 3(&+c) — 4(c+d) 

6. Add 2?ax+3ax — 4gx, nx-\-2qx — )y, and py — qz-\-3w 

7. Subtract 3x — 2y-{-z fiom &x—y-\-z 

8. Subtiact 4x8— 8 — 13x^+15x from Gc^+lOx®— 4+12x. 

9 From 13a +66— 4c subtract 8a +96+ 10c. 

10 From 2a+3c+d subtract a — 6+c. 

11 From 3x2+7x+10 subtract — x"— x — 6 

12 Subtract 1— a+a^— a® from 1— a® 

13 From the sum of x-'— 4 x 7/+?/2 and 6x-— 2xy+3^^ subtracl 
3x2 — 5 x(/+ 7 y 2 . Do it all in one opeiation if you can 

14. From the sum of 2s+8f— 4ic and 3s— 6Z+2!c take the sum oJ 
8s+9Z+6ix and 4s — 7Z — 4aj 

Remove the parentheses and combine terms in each of the following 
expressions 

16 a-(2a+4)-(5a+10). 

16 6x+(5x — {2x + l}) 

[Hint Remove the innermost group sign first.] 

17. X— {x — (x— 3x)} 

18. 20z-[(2z+7a;)-(3x+5ia)] 
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II. Multiplication 

19. Multiply x-l~Zx^+2x^ by 2-\-x 

[Hint. Fust arrange the polynomials in ascending powers of x] 

Carry out each of the following indicated multiplications, first re- 
arranging wheie desirable. 

20. (3a2-2a-l)(a-l) 24 (2+3x^~-x+xS)(r2-2-c+i) 

21. (a: -3 +3,2) (2 +a;) 26 ix-+2zy+y^)(%+y), 

22 (3a2+2a-4)(5-a) 26 (a^-ab+b")(a+b) 

23. (5ii~4-l-6?i2)(8-bn2-4n) 27 (7n‘^-mn+n^)(jn^+nm+n'i) 

28 (Si2— 2 s2+4?-s)(2/s+3s2+4?2). 

29 (A^+B2-2AB)(A^+B‘^+2AB) 

30 {x-y^+xy+l)(l—xy+x-y-) 


III. Division 

Perform each of the following divisions, and check your answer 
31 a8-a2 32 (3^)9 -(3^)2 33 {Zab)^-(3ah)^ 

34. 37 4^,8_2^, 

36. -16x2yh^~ixij!iz 38 3a6(a-|-&)2-[_2(o+&)] 

36 AaW-20a'%^c 39 {dm^np + lSinn^p) ^3mn 

40 (6a:2^3+i2-c!/2-- 2411^22) _ ( 

In each of the following divisions, find the quotient, also the lemamder 
It there is one Check your answei foi each 

41 (3a:2-2T-l)-(x-l) 42 (15r2+T;-2) -(3a:-l) 

43 (4y8+2;/2-l)_(22/_l) 44 {QxS-Jx^+l) -(2x-l) 

46 (a,8+a2-x-|-2)-(a:2_x-bl) 46 (2c2+3a:+l) -(^+2) 

47 (x'^ 3 x8+x2+2i; — 1) — (c2 — — 2) 

48 ia^-2a^b+2ab^-b3) -{a-b) 49 (ri-yi) _ (j;+^) 


IV. Factoring 

Factor each of the following expressions 

60. (a) x2-|-2a; (b) x^y+xif. (c) 8a2+24a. (rf) ab^+h^-b^-c. 

(e) 25c^dx^+35cMHi-55cM"-xS. (f) m(3a:-l) -n(3x-l). 

(gr) m(a+b-c)+n(a+b-c)-q{a+b-c) 

(h) pq—px—rq+rx 

(i) y^—4y+xy—4x. 


0) 3a:8-15x+102/-2x2y 
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61. (a) 81-3:2. 

(e) 

962-(a-a;)2 

(b) a- — b^c~ 

(/) 

49a2-(5a_4?,)2 

(c) 144^2-4 

(ff) 

(2x+5)2-(5t-3)2 

(d) ■i-3:2y2_3e 

(h) 

(x-hx2)2-(2x4-2)2 

62 (a) x 2 _|_ 0 a.^g 

ie) 

x 2 -l-xy — 562/2 

(b) 3:2 — 63,4-8 

(/) 

12-h7a-fa2 

(c) y- + ij-42 

(g) 

tj^—3ny—28n-. 

(d) 3:2_i3^_4g_ 

(h) 

a^x^-^ax — 12. 

63 Test each of the follovrmg expiessions to see whether it is a 

trinomial squaie, and if so, 

factor it 


(a) 'C 2 _g 2._|_]^0 

(/) 

16y2-24y4-9 

(b) a,^-123:-h36 

(g) 

4x2y2_20xy-f-25 

(c) 4x2 4- 6 a; 4-1 

ih) 

x24-2x(x-y)-f (i;-y )2 

(d) 81x2-1-18x4-1 

(i) 

16-24(a-5)-l-9(a-6)2 

(e) 81-72r4-16;2 

(3) 

(a 4- 6 ) 2 — 2 (c -f fa) (6 4- c) -f - (6 4- c) * 

Factor completely each of the following expressions 

64 X® — x2— x4-l. 


67 l~a%^-x^-y^+2abxy 

[Hint. Write in the 

form 

68 (x^—y^)- — {x'^ — xy)K 

x 2 (i,-l)-(x-l)] 


69 x 84 -y 8 -}-x 2 — y 2 

66 2 x^— 8 x 2 ^-|- 8 r 2/2 


70 (x-t-l) 8 -x« 

[Hint. Wiite in the 

foim 

71 (1-2x)2-x4. 

2x(x2-4x^-1-4?/2) ] 


72 6x2-4-7t-3 

66 x2_j_3fla;_3Q_,p^ 


73 20x2 - 6 x- 2 

67 a84_2a2-4a-8. 


74 8x2-18xy-5y2. 

68 x‘~13.x2-f-36. 


76 x«-16 

69 x*-\-y^ — 2x^y~ 


76 llx2-j-34a:-f.3 

60 x^-(2x-1)2 


77 25s-‘-25s2i2 -1-4/4 

61 l-a^-b^-+2ab. 


78 9x^-30x2a -4-2502. 

[Hint l—a^—b-+2ab 


79 a24-524-c2_2a6-l-2ac-?^/c. 

S' 

1 

.e. 

T 

11 


80 (a-j; 2 ) 2 _(/,_ 2 ^ 2 ) 2 . 

62 ??i 2 — 4/j2,n-)-4n2 — 16 


81. x® 4 -y®-|-x-|- 7 /. 

63 2xy — x 2 — y 2 -|-i 


82. x^—Qy-+x+By 

64 14-9c2-|-6c 


83. a® -2a25 4-401)2-86® 

66 (x2-l)2-i-(2x-h3)(x- 

-m 

84. 16x^— 2/2 — 6x2]/ 

66 3x® — 3x‘-l“4x^ — 4x2, 


36. x^-47x2y2-|-902/4. 
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V. Fractions 


86 

a2-2a-15 

gg 2:® — 3a:2— 4a: 


a2+2a-35 

a:3-8a2 + 16a: 

87 

4a:2 — 9 

R9 rs+?^ — is — tiy 


4a,2-12a:+9 

cs+cy — Ls—Ly 

90 

a(a +25)'‘(a3+2a26+a62) 
b(a^-4b-)^a^ -2a%^+ab*} 


Reduce each of the following expiessions to a single fraction 


91 92 93 

^ 1 +?/i 

Peifoim the indicated additions and subti actions in the followine 
exercises “ 


94 I ^ 

4a, +24 6a;+36 

96 y -j L. 

%-y 

98 — I ~ 4a 

a 1 a + 1 (i^ — 2a +1 

99 2a +3 a-4_3a2-8o-27 

a+3 a— 5 a^— 2a — 15 

100 1 + ^^ I— i-. 

l+ai^l-a: 

101 -i 1+-1-. 

l-:c 1+x 


a-h a 

a~+ay a^-y-' 

2 2a 2ah 
b a—b (a -6)^’ 


1 I j a_ 

a+b'^a^-h^ a^+h^° 

-1 ?-+-i_. 

a+5 a—b b 

a— — 
a 


Perform the multiplication indicated m each of the following exercises. 

104 (.-|)(.+f). 105 


104 

("-!)("+!)• 


106 

cfi — b^ 0,2 — ;y2 

c2 


x+iy a+b 

x-y 

107 

x^-5x—24 x^ 

CO 

1 

(M 

1 


x^—5x+G x^- 

1 

108. 

1-i — Si 7—S 

7’2 


(?-s 32 7-2+S^' 

109 — x(x+y ) 

z^-i^2xy-j-y^ x^-2xy+y^' 
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VI. Radicals 
Combine the following i adicals 

122 Vs + Vis 32 _Checl^3^our answer by use of the table; 
that 13, show that V84- ViS-f V32, as computed bj-^ the table, has the 
same value as j'^oiu’ answei , similailj'^ computed 

123 V1OS + V27 — V75^ Check youi answer as in Ex 122. 

124 yys+yi6 — ys-i. check as in Exs 122 and 123. 

126 V72 + V^-V5^ 128 V^2_Vs^+vT8^. 

126 129 

127 'y244-y'81-l-'yi92 130 — VSa-l-VI^. 

131 V2(^-^/)2+V8(x-^/)2^-VlS(a:-^/)2 

132 V2('k — 4-Vs(t — y)+Vl8(a— y) 

133 -yj+Vi^+Vl + VlJ 134 2V3-i-v/l2+3-v/^. 
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F ind 

the following products, siniphf-\ 

'ing I 

esults 

as fai as 

possible. 

136 

Vs 

V27. 

141 

V 7 

Vl 

7 


136 

Vs 

Vl2 

142 

vi 

Vol 


137 

-v^6 

VI 

143 

(^^S- 

-vO|(V3 + V2) 

138 

v? 

v^ 

144 

(2 Vs 

-V2)(2V3 + V2) 

139 

Vio 

Vs V 2 

145 

(Vo- 

-Vsi- 


140 


V4 

146 

(V 7 - 

-D- 


147 

(3 Vs +2 V 5) ( Vs - 3 Vf)) 





148 

(V2. 

4-V3 + V5)(V2-V3) 





149 

v+ 

VI5. 

162 

(Vi + V//j(V‘ 

r-Vy) 

160 

V ah 

V 

163 

(v4; - 

-Vbi^ 


151 

V a-i 

y Vaiy 

164 

(vTi 




Express each of the following quoLents as a fi action undei one 
radical sign, and reduce youi answci tu •simplest loim 


156 


Vl5 

Vs 


Solution 



A ns 


166 

168 

163 

164 
166 
166 
167 


Vso 

V5 


v2 

v"6 


169 


Vs 


167 



160 -2Li^ 161 
Vl3 


Va+b 


Vx-+x—20 — ^x+5 
VSl+Qa^+a-i- Va^-3w+9 


Vj,B — yfa — Vj,® + 1/3 

Va^ +2a.c -2x-‘ +2x^ - 1 - Va H- 1. 


V/ 4- 11, n +30 - V, '■ +6o 


162 


vr2(i+i/)3 



ANSWERS 


Page 1. 1 X y-j-z, 2. x-J-y-j-z 3 2—a — b. 4 ?n—n-j-2a 
6 0 7 zy+4i/2~x2. 8 5r/i—2ti 9. 5a2&4-62c— 4a2c2-Sa262+3a2c. 


10 

7. 

14 

19 

7 

12 

16. 


-^+2y 
— a+c 


11. 4a6 12 


— a-—b- 

2 xy-iji 


13. 2ab—2ac. 


Page 3. 1^2— 

21 125 42 20 ; 

8. 2 

a—b a by- 
(i~b 3 

ft+t ab — b^ 

1 — -- 1 — ^)2 


10 . 


16 


l^-^2 


20 


Page 5. 1 
4a6 


1 — Ai 

29 c ^ 


20 
^1/2 

8 

y-% 


21 

2.5c -61 
56 
6c- 


2 

a—d 

m 


20^3 

IW-C! 
3 


_ a:2— 4i;+3 3a+a2 

(j:-lj 2 9 _a 2 


12 


13 


2 /<l 2 

5 a 2 /i ^2 IW-t! ~~ ij>“ ““ a+h 

3«+35 a2c-{,2c fl(fi+2b)2 

• 2 2 


3 — 4 


a2 


a 2-52 

5«2+26a-91 
(a-f-3)(ci — 3)(t(+5) 


13 


c 2_4 
2//2 


OC f2 — I, 

a: +2 
24 

6« — 7 


10 


11 


14 


a 2-4 


4 fl 35 

a^ — b^ 


17 


1±}Z 

't+c 2 


_ 2 a- b— a 

0 r 6 p-. 

a —b ah 

%‘^—a'i -\-hx — ab 

l2 

a 2 + 4 ab+Z )2 

a^-b^ 


15. 


Page 6. 1 


4:CIJ 


2 . 


-5bn 


4my 


7^8 y Q t'"~l~ 4 c 4-4 
a 2 ' ^ i 2 + 5 c +4 


10 


„ 5ab 
m+2 


14 

20 

25 


(»Z — ?/')2 

J/f/'i+i') 

1 

1-c’ 

'c--y~ 


15 10a. 16 


21 . 


T-y 


22 


T+j/ 

c^- 4 y -2 

c 2+2 


!. 4 

Sax 

6 

■ 6 ^ 

4c 


W 

° a^-m 

11 

72a2bc 

25c 

12 — 

bd2^ 

13. 

6l/5 

17 

C+.5 
c— 3 

18 — • 

xy 

19 — . 

52 


x+y (c-l)(x+ 2 ) 

26 c — 1 27. x-{-y 


23. ^-«+\ 24. -2-. 

y^ x—y 


Page 8. 1 3 2 5 3 2 4 -7 6 7 6 1 7 14 and 24 

8 52 and 44 9 .15 m the first bank, |40 in the second 10 10 miles 

11. 15 miles and 21 miles 12 6 horns 13 12 houis 14 7^ hours 
16 120 miles per houi 16 3 gallons 17 16H pounds 18 12K miles. 

251 
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COLLEGE ALGEBRA 


10 x = 3, ij = 2 
14 ^ = 5, ?/ = l 


3 ^ = 3, y=8. 
7 1=12. y = 14 
11 1 =4, y = 5 

16 40 and 35. 


Page 11. 1. i; = 10, 7/ = <3 2 ^=6, i/=-2 

4 2,= _2, y = 3 6 l=- 11,2/-4 6 t = 9, y = 6 

8 x = 16, y = 9 ^ = 1S, i/=6 

12 ^=3-Z/=i6 ^ = 

16 IS and 12 17 Fathei ’s 60, son’s 40 18 *1000 at 6%, .HOOO at 5% 
19 1 IS days; B, 36 days 20 26 *1 bills, 12 *2 bdls 21 162;^ pounds 
ot the’26-cent giade, 33>i pounds of the 35-ccnt giade 22 15 gallons 
liom fiist cask, 6 gallons liom second 23 Autoinolnie, 20 nules pei 
houi, bicycle 14 nules pei hour 24 Length 5 leet, breadth 3 feet. 


'Page 19. 1. a,= 


6 a = 
10 
13 a: = 


6 x = 


5+1 . 

a 

25 -3c 


1 — 5— c 


ac 
c — 1 
nc 

a — b 10 

dm— bn ar—on 

> y= 


2 T = 
-12 


6a+205 
11 ^ = — ttt- ’ 2/ = 


a +5 

7 a5+7. 
4rt-125 
19 


3 r = —25 4. a = —ah 


8 «+35 9 — 

a+5 

_ 2d +35 2a -2c 

12 ■ ■ . ■■ ij = - 


ad—bc 
2 / = a+5 16 Oncpait = 


ad — be 
aui 


... _35 _ 2a 

14 a y g 


olhc) pa)t = 


ca/+5c ^ ad-\-bc 
16 -1;=— (a+5), 
ah 


vt 


1 +/H 


17 18 20 feet 

a+b 


miles pel houi 22 4 feet 


1+Ht 

19 3.74 inches 20 11 minutes 21 
23 160 (appioMmately) 24 (a) 1139 02 feet poi second, (5) 58 3° ^ 
26 (a) iV= (5) N = 10»i+2^n+^q, (c) lOOc + 105+a 
26 (a) 2 pounds, 13 ounces, (5) 12 pounds, 13 ounces, (cjStl pei sec 


Page 23. 1 256. 2 -1 3 ^ 4. ai2 6 6 2 ='- 7 S 

8 ^ 9 aS 10 n. gS 12 64 13. 64. 14. -124 16 efijp 


16 xiyi 17. vi^m^w^. 18 (a+5)8(c+d)i2 19 20 

7/9 


21 

r-^n 1 

'• ySkm 9 

=’4 

24 

1 

27 

26 

1 

2 

26 i 27. - 

a2 n 

28 

ab^ +a'J5 29 c- 

30 a-2 

31 

b" 

33 

2 

34 3 35 -2 

36 

9. 37 27. 38 2 

39 a2 

40 

y^- 

41 


42 


44 (a) 4, (5) 9, (c) -32, (d) (e) -8, (f) 46 2i/^-a+9. 

47 6a2-7a^-19a^+5a+9a^— 2aL 48 2-4a-|a'3+2a-8a3 
49 51^-3+ + 1 60 x-i-2x-&-{-3x-i-l 

61. a’‘'z/“i-3a^T/~J+2— 4a“3ya. 
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Page, 25. 1 3V^ 2 2-y/K 3 6V^ 4. 5v^ 6 SVlT 

6 2-^ 7 8 3^ 9 2^yT. 10 11 

1 ^ 53/3 3 1 ' 5 

12 Qa^b‘f\Aih 13 14 2(u+b)^/a+b 16 Zry\/^. 


2 h^/nK 


((i+b)cVSd 
2-\/n- — h- 


2^/7+^/35 

14 


2-\/j -\,/2 22 6\/2 OQ 6fl+\/fl6 — 126 >'c + \/'i + 1 — 5 


14a -9 


Pa|e 27. 3 1. 

a2_h2+2a6-v/^ 

a2+6^ 


7 4a — 96 

26 s/ab 

h 

4. 4V^ 6 

11 

10. No. 


l-4\/=3 


Page 33. 1. -1±V^ 2. 2, -8. 3 -2, 10 4. 1, 5 2 

13 44 . 1 ^ 

® 2, — -g-* 7. — 3’ g ® 3* ® g( 5 ±\/l 3 ) 10 g( 3 ±-\/^. 


3’ 6 5* 2, —5. 

16 |(_5±V^). 17. 1(7 =kV'^) 18. -1, -3 19 ±v^ 


12. 3,-H. 


13. 3, -1. 14. 1, 


4V 

20. -t-1 


Page 35. 1. 2a, -6a. 2. 36, -76 3. -y 4 36, -76. 

_ 5cd ojrtl 6., /— 

6 — 3ca. 6. — > — - 7 ?»( — ld=\/2) 8 —7)i±-\/vfi+)n 9 a, 1. 


10 a, — 
a 


11. a, — 


13. a-j- 1, a — 1 


6-2 6+2 

fl+6 c 
c a +6 


15. a+6, 

19. a, -|- 


16. —a, —6. 


ab~ d2b 


20. a+6, 


Page 37. 1. -2, -3 2 9, -3. 3. J, 4 -2. 6 -- 

.24 ^ 224 -43 

® 7 ±2\/^l 8 3, |(-l±v^) 9 ±1, ±2 


3a a 

10 |(-2±Vi9) 

13 -1, ±lV2 


11 -l.|- 


12 1,1(-2±3\/-2) 


14 a, 6. 
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Page 39. 1 ±1, ±2 2 ±2, ±V3. 3. ±1, ±- 

4 l,|i(-l±V^). ' 3,-1 6 ± 2 , ±V^ 

1_ 8 9 9. 12 10 2, — ^>4{3±V^) 11 I,t(1±V-15) 


7 16, 

12 25 13 2 


14 27, -■ 


15 1, 


49 


Page 40. 1—1 2 8 

8. a, h. 


3 4 4, 


16 

4 


3 17 ±( 

2 6 


5 2n‘i 6 0, 5 


2 

7 2- 


Pflfre 40. 1 8, 12 2 5, 6 3 20 locis by S lodt. 4 2m 5 12 
fi n 41 in 7 30 mi per In 8 5 mi pei hi 9 15 10 30 min , 
4<5min 11 20 m 12 5 828 sq ft 13 5 in , 12 in 14 1 OS 3 yds , 
517 yds 16 2 89 hrs aftei noon, 2 53 Ins beloic noon 17 7 sec 

18. 7 sec 19 About 238 ft. 20 L=i(3.s±V0.s--0Gd2j 

21. r ("’'■^*'4' 

2t 

Page 43. 2 a = 2, 6= -5, c=l. 


4 a = 2,5 = 2,c=-l 


3 0 = 3, 5 = 0, c = l 

6 0 =2, 5= — (m-b/i'l, c = “ 

7 0 = 1 h = q--V,c=-V(l 8 a = m^ + l, h = 2hm, c = bi-i^- 

9 a = ib-ll 5=-(S/942Z^),c=4/.2-i3 

1 2 1 3 ' 5 

Page 45. 1. -^^and -2 2 -^aiid -3 3 jjand^* 4 

6 5 and 6 -|±iv’l7 7 -^±i\/l3 8 1±^VJ 

9 3±V^ 10 

13 — 4?« and -3o 14 0(1 zhV^) 


16 -.^and|- 


16. i(-p±Vp--4g). 


Page 48. 1 Real and unequal, lational 2 Real and unequal, 

rational 3 Imaginary 4 Real and unequal, niational 6 Real and 

unequal, rational 6 Real and unequal, in ational 7 Real and unequal, 
irrational 8 Imagmar5^ 9 Real and equal 10 Real and unequal, 

rational 11. Real and unequal, rational 12. Real and unequal, 

rational 13. Real and unequal, rational 14 Real and equal 

16. (a) I 16 (6) -2 and 16.(c) 1 16 (cl) 4 and -| 

17. 
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Page 49. 1. —2, — ^ 


f. 1 1 „ Vs 

® “ 2’ 7 ^ 

10 (c) 10, 13. 

1 Vs 


3_ 

V 5 

2 


2 ^ 
^'2 2 


A 4 2 

^ 5’ 5' 


lO.(d) 1. 1. 


3. 2, 1. 

8. -p, -q. 10 (a) 4, 3; 10.(6) 
10 (e) v^, Vs. 


6. -7. 


■ 1 , - 1 . 


10,(0 1 1 


1C {g) 


9 


Page 50. 1 j,2_3t,+ 2 = 0_ 2 x^+3i+2 = 0 3 3^2_l0l+3 = 0 

4 6i2+5'i+l=0 6 i 2_(.^/2 + V3)i. + Vu=0 6 i2_.^2l-4 = 0. 

7 2i,2-(1-1-2V5)j.+ V5 = 0 8 4i2_2( V5-1 )l- VS =0 

9 x^ — }m — Q>m- = 0. 10 %^—2at-\-a- — b'^ = 0 11 'i2_4j,_[-2 =0. 

12 ^2-4^,^-l=0 13 4 (,^+121 +3 = 0. 14 4^.2+4^-l=0. 


Page 62. 1 (v = 7, y = 2) and (x = —2, ij= —7) 2. (i = 2, v = 4) 

and “g’ 2/"=!)* 3. (x=3, ?/ = l) and (x= — 2, y= -4). 

4 (^ = l±iV46, //=-i±iV46). 6 (r= -3± Vsi, y= -3± JV^) 


6 (r=4, 2/=3) and 

(•r=96, 1/= — 29) 8 (^=2, y = l) and 

/ 4 20\ 

9 ('c = 3, y = 2) and ^""93/ 


7. (a;=3, 7/=2) and 





Page 65, 1 (a; = 3,y = l); (^=-3, y = l); {x = 3, y=-l), 

(i=-3, 7/=-l) 2 (x=4, ?/=l); (1 = 4,//=-!), (a:= -4, i/= 1) , 

(^ = -4, 2/= — 1) 3 (i.= ±3, 2/=±5, 2;=±5, y=±3) 

4 (x=-2,y = 5)- (x = 2, y=-5). 6 (x = 9, 7/ = 5), (r = 5, 

V = 9), (r=-5, z/ = -9), (i.= -9, y=-5) 6 (x=7, y = d); 

(^ = -3, 2/=-7); (^ = 3, y=7), (x=-7) y=-3) 7 (^=3, 

y = 2), (a, = -2, y=-'S), {x=2, y = 3), (n=-3, y = -2) 

8 (i = 7, 7/ = 4), ('.= -7, 2 /= -4); (^=YV2, 2/=|V2), (r = 

2/=-|V2) 9. (s=4, f = ±l); (s=~^i i=±^V^). 

10 (r=2,y = 3); (x = Z/= -f) ; y = 

-^-^V^l^); (^=l|-3|v'^^, 
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Page 68. 1 (a.- = 4, y = 3), (r = 3, y = -i) 2 (^ = 7, y-1); 

(t = 1, y = 7), (x=-l, y=-7), (^=-7, y=-l) 3 (j =5, y=2); 

(x=-4:,y=-^- 4 ^a:=| ^^ = l, y = 3^ 6(r=2,2/=3); 

(x = 54:,y = '^- 6 (a, = 3 v = l), (a:=-3,2/=-l) 7 (i = 5,y=±4), 

(a: = -5, 2/=±4) 8. i;=S); (a;=8, y=Q), (^=-6, y=-8), 

(x = - 8 , 2 /=- 6 ). 9 (a: = 12, ?y-3),((x=-7,z/=-^); (^ = |^-|v^ 
(»=|-|V29, 10 (rc='v/n, y = 0); 


(a:=-VTr,2/ = 0);(a; = l,2/=2), (^=-l,7/=-2) 11. (a. = l, y=_l), 
(x=-|2/=l), 

-l-VS). 12 (x = 3, ij=2), (^=2, 2/=-3); (^ = 16, 7/=-24); 

2/=-f)- 13 

14. (.t = 6, 2/ = 2), (^=-6, 2/=-2); (t; = S-v/=:I, 2/ = 6V^^; 
(x=-8-s/^ 2/=-6V^) 15 ('c=2a, 7/= -6, r= 0-1-36,7/=^^ 

Page 68 1 4 and S 2 81 and 1 3 12 in and 16 ni 4 16 rods 
long, 10 rods wide 5 2 ft and 1 ft 6 6 ft and 1 ft 7 AlUtude= 
25 29 in, Base=12 64in 8 Length=96 883 ft, Width = 24 772 ft 

9 Eithci inci6£iSG tliG iGngth by 7 38 ft Lind diuniush tliG width by 
^ it j 01 diminish the length by 3 38 ft nnd lnclc^l::^c the width by 

10 38 ft 10 15 days for the one man and 10 days foi the olhoi 

11 Circumfeienceofforewheel=10ft , ciicumloience of leai wheel 

12 ft 12 Piincipal=$125, rate = 6% 13 Tirac = 3 liouis, iate = 

10 miles pel houi 


Page 73 1 36 2 -.36 3 lU-lly 4 165 6 208 

2318 4 ft 8 $2 60,3568 90 9 2500 

11 336 12 43 tt 13 246 in 14 10 15 55 16 

20 (a) 20 m , (6) 31^ in 21 a=-13, 1=27 


6 82 V 
10 72 
267 m 


Page 78 1 512 

7 3906 8 — ^ 
1024 

14 (a) 128, (h) 1024 

18. 4 sec. 19. 256 


2 32 3 4 Q^^ll 5 ±V2 6 510 

® 705 11 ^ 12 2046 13 3279 

15 ^=1333333ibu 16 1364 17. 

198 

26 12 7279. 
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Page 82. 1. 8. 2, I 3 I 4 ^ 6. jjj- G f 7 |(V3+1). 

20-y/3— 5* 16 tV nuu. after 3 o'clock. 


Page 85. 1 


17 


^34- 


181 


>99 9 ' 


9 6t 


111 ■ 37 “ 333 

b- 10. 34fH- 


4. 


169 

495 


* m ® ‘A- 3AV- 


Page 92. 2 300 ft 3 7^ sq yd. 4 8 6 6750. 6. ,^876 56 

7 In, ohms 8 12 m 9 11 mi 10 302 (appioximatel30 

13 (2 — -v/2) ft , 01 appioxunatelyO 586 ft. 16 2 17 IMft. 18 33’'‘?> 
20. About 12% - o /c 


Page 115. 1 2 3821 2 8 5786-10 

5 144 83+ 6 155 214+ 7 670 33 

10 5 41 11 3403077000 (appioxmiatcly) 

13 0.006805 


3 0 7456 4 8 0957-10 

8. 9 8.54 9 5137 8. 

12 12 36 (appiuxiraately). 


Page 117 1 0 3273 2 1.4842 3 4 3187 4 8 8859-10. 

15 607+ 6 6 50 7 89 52+ 8 1 201+ 9.371 10. 0 56825 

68 8 12 1 0114. 13 


Page 119. 1 6 0205 2 14826 3 6 4910-10 4 6 2560 

6 686 29 6 288 1 7 28S 9 8 0 0001641 9 119 59 

10 1 437 11 19 009 


Page 120 1 0 2408 2 0 1(547 3 9 5607-10 4 0 3172. 
5 17 716 6 1 628 7 1 629 8 0 6254 9 0 605 10 14 312 
11 9 10 


Page 131 1 13285 2 6162 85 3 2258 4 603 5 4 072 

6 15 61 ft 7 3 88 sq in 8 4207 27 It 


Page 123 1 t=166+ 2 t;= 6 323+ 3 0 913+ 4 't:=-0 682+ 

6 -0 494+ 6 'c = 2or2lS+ 7 2 := 1 709+, ?; = 3 270+ 

8 x=l 19S+, ?/=l 3868 

Page 126 1 ,*537 10 2 $320 70 3 $1014 4 .$439 50. 

5 17 yeans. 6. 14 2yeais. 7 5% 11 4 83 yeans 12 $5000 

Page 128 2 $2206 3 $362 4 $4965 5 $77,260 7 $370, 

8 ,$3,367. 9 $669. 10. $593 11. $955 12 $835. 13 6 384%. 
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„ I 2 a-i+4aSb+Ga2b2+4ah^+hi 

on 9_L " rt-^-4ri36+6a-’6^--W;3-)_ft4 5 32+8O/ + 

80,-j-40/-3+10/~i+,6 6 r?7+7aC^+21a6t2+35„4t3+35„3t-4-|_2ia2x5t 

( n ^ 4 lAl ~ ~ 8 aio + 5 aS i + lOab ( 2 + 

® «®--ln'>i-+(iftJci— 4 « 2 ib _|_^8 10 16 « 4 + 3 >a 3 _|- 

24a-+8a+l 11 (5_i5i4^-(_90t3»2_ -> 7 - ^ -, ^ 

12 l^- 6 ^ 2 ^- 15 ^l^- 20 ^, 6 ^- 15 l 8 -{- 6 i.I 0^-^^‘2 I 3 ^ 

/Ot'I — 5643 -|- 2 Si ,6 — S 2 . 7 -[-xS 14 '(, 5 _-i^ 4 _|_^^ 3 _! 2 , 2 -(_R., L 

2 2 4 ^16 32 

9?n «“+ lOfl'’ I +45rt8 i,2^120«723 _L. 

210aGx-i+2o2cfbit6-j-2i0fci(6+l20rt3(7-f45fl2iS_j_i0at,!)4- >10 ^ 

17 , 21 ^ 7 ,1 

^7 ^ tby ^ (, V- 3,y4 + i2yy6 l//i+y/7 

18 ! 2 - 6 l+lO^- 10 i+ 5 l^-l‘ 

a:5 a3 ' ^ ^,3 


19 a2H-3av'fl-v/63+3//V^«-iV'^^ + 


bH'^b 20 2 V' 2 +-+ 3 ™ + i- 

L® 


Page 136 1 TOa-iO 2 — 56i-3/yr> 3 072 |fi 4 _9nr)9,,,6,,o 

5. -252r?ioj)W 6 42504619 7 462t 8 12S70(/8 9 4'g5,P 

10 - 960^2 


Page 139. 1 a45«“U-Ia'H2+i.a~®'i3_ 
■j y bi 


2 a ^-2a \-t~8a ■^v2-4a~hs^ 


5 i 2 


15^3 


\V '2 "^S-v^ '*'l 2 S v" 2 '^ 1024\/2 + 


77 -i5. 


6 (2a)'-i-~(2arh- 

„ _b , 3 — b L 21 -Ti 

6 a ‘+-n ‘ i2+~a i j,i_|_ 


1 o-^. 2 -s ^ , 6 .,-'.-1 

— y ‘» > J 


8 ‘i “i!+j 5 ^a ■“‘la 


’ -'+6 36 


‘^+125 2 '‘‘ ‘“- 

9 . 4 a*'' 


10 - a -v-i 
27 

.. 143 -Ln - 

' //9 


261S -5" „ 
11 - a 9 ^6 

16 


12 — :c 7 

39 4 : 


13 45a-Ui8 


36 


16 4+ 125- 00194+ 00006- 

i8^:>VosVll nnqj.'-o. Anmf7 5+ 2- 004+ 00016- =5 19616+ 

Uoooo 0034/ -f“ 000241 * — =2 OSODR'*' iq o nr*')r 

■SlS-. 0 / 744^7 


Page 142. 12 5a: -L 


13 ^2-2x+l. 
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Page 151. 7. (3,-2) 8. (1,-2^ 9. (l, 

10 . 

Page 157. 1 7^, 7^ 2 3 . ^ 3 i 4 16 by S. 6 - 

6 20 b 3 ’’ 40 7 Depth = l3ietidth = ^'\/3 

O O 

Page 161. 1 21 2 -11 3 1 4 56 6 fl/i^+fc/j+c 

Page 164. 1 i2-2l- 1, --3 2 i 2 _ 6 ;,_|_i 5 ^ _31 

3 3l3— 3!,2-|_3j,_2j 3 4 Q 5 

(cf/i^+b/f+c) 

Page 166. 1 2, -3, 2 4, - 1 , -1 3 5, -2±\/3] 

4 2, -1, -1, -2 6 3, 5,g(-3dzv^) 6 2,3, 1(-1±V5) 

7 rt r2-(“ (fl'/ “|"5) "i-b (c(/ --t-6?’-)-c) = 0 


Page 169. 1 a2_i0(,+9 = 0 2(a) 13 - 18124 . 9^-27 = 0 

2(b) -i“i-12i2_S£,+32 = 0 2 (a) ^ 3 - 124.^-4 = 0 

2 (d) 2iri-27t2+405 = 0 3 («) i3_2r24-3i;-9=0 3 (b) ri-5a:3 + 

6i2-8c-32 = 0 3 (c) i3-3i24-72=0 3 (r/) ^•^+9t2-l36 = o 

3(e) 13-4^2+4 = 0 6(a) 73-3i2+22 =0 6(b) 2i3-7i2+7i-2 = 0 

6 (c) 2c‘f+16r3+45i2+56i+23=0 6 (d) 2i-i - 16 1,3 +45^2-48^+7 = 0 

5 (e) i 4-1H3+15++175^_4S2=0 6 (/) .e5+5iri+10i3 + 

10i2+S-i;+5 = 0. 


Page 173. 1 
4 2, 5, I -4 

8. S+V^ 


|-i(i±v?) 2 1, -2 , 1 



3 

1 

'2 


+2, 3, -3, - 

7. 1 1, 


Page 180. 1 2 154 2 4 134 3 0 264 4 -3 532 5 1 733 

6 323 and 3 73 7 4 6035 8 2 511 9 a: = l 618, !/ = 0 618 

10 1 25 inches 11 1 199 inches 12 4 1572 inches 13 1 071 leet. 
14 1 119 feet 15 0 63 feet, 


Page 183. 1 336 2 625 3 96 4 11880 5 24 6 362,880 
7 15,120 8 1956 9 2160 10 5871 11 256, 24, 4. 12. 16 
13. 16 14. 81 


Page 186. 1 60 2 ,360 3 3,628,800 4. 36 6 72 6 8,640, 

7 14,400. 8 72 9. (0')7 10 72 11 ,360. 


'-I lO loo 
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Page 189. 1 1,140 2 35 3 1,2S7 4 45 6 2S 6 1960 

7 4,410 8 3S6 9 364 10 4,751,836,375 11 5726 

Page 192. 1 380 2 13,824 3 720 4 105 6 163. 

7 20, 84 371 8 34650 9 420 10 66 11 369,600 12 15,400 
13 19,958,400 14 200 15 255 16 120 17 181 18 1130. 
19 1728 20 63 21 315 


Page 195. 1 (a) (b) (c) ^ 


1 


286 

6 oi ^ 4165’ 20825 

(b) I (0 10 ^ 11 SI 25 12 S4 


4 - 1 ' ^ 


38 


5 («) ^ 
1 
8 


Page 201. 1 ^ 


8 


16575 
45,957 7,2.37 


16 

5525 






Page 202- 1 ^q qqq- ^^j^qqq 
P age 204. 1 2 2 22 3 51 


4. —2ab 5 2a 6 65- 

Page206. 1 2, -2 2 4, 2 3 -2 t%, - f;} 4 9, 6 6 -1], 4 

^±hc^ bm-ac ap+n p-hn _ , . ;;5 2a 

a’-j-5- a“-\-b- ab-i-1 aft + l ’ 5*5* 

Page 208. 1 IS 2 -146 3 - 54 4 1 0 6 11a:- 131 

6 66 — 3a — 2S 7 acz+hJ%+cdi/—cex—aljj — b(lz 8 a 2^ 7/2 


Page 211. 1 1, 2, 3 2 16, 10, -5 3 39, 21, 12 4 8 9 r> 

S 5’ 5- 7 a+6, «-6, 2a 8 I 1 

^ a h o. 


6 1, 3, 5 


Page 214- 3 70 

Page 219- 1 —100 2 30 3 0 

Page 222. 1 110 2 -68 3 0 

Page 228. 1 a. = l, y=2, a = 3, aa = l 2 a: = l, y = 2, a = 3, a/; = 4. 
4 a; = 3, 7/ = l. 6 ^=4^ ^^3 

8 5c5-2a4-9a:2-{-6a:-l=0. 12 A, = -8or-~- 

2 


6 k = 2 01 —6. 
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Page 234 17 (1,2) 18 (- 1 , 1 ) 19 (1,-1) 20 (2, -1) oi 

(1, —3) 21 5—1 22 l+5i 23 — 7-f3i 24 2 — 3i 26 1 — i 
26 -7-4i 27 2H-6i 28. 3? 

Page 240. 2 7-i 3 7-i 4 13i 6 8 f- 10 ^i 6 2i 7 -5 + 122 


8 G+2i. 9 4 10 

16 16 
-i+h 20 -1 


10 -10 11 16+2Si 

16 0 k^i 1 7 

-1 21 - 4 +li 2 


t 5V(l+57i) ■ “ 

Page 243. 2 -Si 3 -64 4 6 + 6 \/ 3 i 

-72+72V3i 8 -12S-12Si 9 32i 


;i 13 
22 S-i 23 


2i 7 -5 + 12i 
14 1+i. 
18 -l+A, 
23 1 (18 + i). 


5 24V3( 


11 V_8 (cos A+i sin A), wheie A =63°, 135°, 207°, 279°, oi 351° 

12 V2 (coa A+i sin .1), wlipie A =15°, 135°, oi 255° 

13 Y§_(co 3 A + i sin A), wheie A =0°, 81°, 153°, 225°, oi 297° 

14 -\/l2 (cos A +i sin A), wheie A = 15° oi 195° 

16 S(co3 A +i sin A), w+eic A =60° oi 240° 

16 2(cos A +i sin A), w'heie A =20°, 140°, oi 260° 

17 2^2 (cos A+i sin A), w+eie A =20°, 92°, 164°, 236°, or 30S°. 

18 cos A+i sm A, w'heie A =S0°, 200°, or 320° 

19 cos A+i sm A, wheie A =30°, 150°, or 270° 

20 cos A+i sin A, where A =1S°, 90°, 162°, 234°, oi 306° 

21 4(cos A+i sm A), wheie A =0, oi 180° 

22 cos A+i sm A, w+eie A =0, 120°, oi 240° 

23 cos A+i sin A, wlieic A =0, 90°, 180°, or 270°. 

24 2(co3 A+i_sin A), w'heie A =224°, 112-’°, 2024° oi 292-4° 

26 7, -l+4\ 26 

27 2, 2i, -2, -2i 

28 2(cos A+i sin A), wheie .1 =0, 72°, 144°, 216°, or 288°. 

29 1, 1 + ^i, _i+:^i _1 1 

31. cos A+i sin A, wheie A =36°, 108°, 180°, 252°, or 324°. 

I Addition and Subtraction 


Page 345. 1 11a — &+c 2 5c — lly 3 20c3 — 3r’ — 16. 

4. 8(m+ii)+3(i/-/) 6 l3a+55-17t;-9cZ 

6 2(?/i+2?i-5)x + (?> — r)g — 55:+3ii> 7 21;+^. 

8 15x3+19a,- — 3^+4 9 5a — 45 — 14c 10 a+5+2c+(Z 

11 4 a, 2 + 82 : + 16 12 a-a^ 13 4 ^ 2 -ry- 3//2 14 - 7 s- 4 iy. 

16 -6a -14. 16 9x-l. 17 -2a,. 18 2l2-2u;. 
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II Multiplication 

19 -2+'!;+a:2-6a,®+i4-|-2i6 20 3a3-5fl2-fa + l, 

21 x^+Sv^-x-Q 22 -3a8+13a^+14a-20. 

23 Q>i^ — 19n^+24.u-+56n—22 24 1-* — 3i8 + 16j,-— S i+S 

26 x8+3a.^^+3iy^+y« 26 a^+bs 27 

28 32/'*H-32/3s+24/262_^§,^3_6^-i 29 ,1 ' — 2.-1-R-+B-1 

30 ^V + 


Ill Division 



31 «-i 

32 33 (iitb) 

^ 34 

Mp-ri)^ 36 -4tijz 36 

37 


38 —■^-nb(a-{-b) 

39 Sm-p+Gn-p 40 —2r;—4.i/+Sz 

41 

3i -|- 1 

42 5t’+2 43 2y 

'“+2l/ + l 44 3i“— 2i — 1 46 x+2. 

46 

2a-l 

+ ~ 47 i2_ 

1+2 

■2x + l 

/ 48 a^-ab+b'^ 

49 

a. 

'y+iy-~y^ 





IV 

Factoring 


60 («) 

r(i+2) 

61 

(a) (9-^)(9+r) 


(h) 



(b) {a—bc)ia+bc) 


(c) 

Sa(a+3) 


(c) (12 a-2)(12'c+4) 


UD 

h+a+h-c) 


(d) (4u/-6)(-}i(/+G) 


(e) 

5c-d i‘'^(5 +7Ldx — 11(1 1 

2) 

(c) i3b — a+x){Sb+a — x) 


CO 

(3^ — !)(/« — /() 


(J) {2a+4b)il2ci-4b) 


(ff) 

{a—b — c){rn+n—(j) 


(g) (7c+2)(-3j,+SL 


(fi) 

iq-x)[p-)) 


(/i) ('t:2-x-2)(u.24-3c+2). 


(i) 

(y~i){y+'0 



0) 

( + -5){3x-2y). 



62 (a) 

(c+4)(a+2) 

63 

(a) (^-4)2 


(b) 

(6-4)(6-2) 


(b) (c-6j2 


(c) 

('/+7)(^-6) 


(c) NoL a square. 


(d) 

(c-16)(i+3) 


(d) (9^+l)2 


(e) 

(x+Sy){x-7y) 


Ce) (9-4/j2 


(/) 

f4+a)(3+a) 


(/) (4y-3)2 


(g) 

0j-7n)(y++L) 


ig) (2i!/-5)2 


(h) 

(,av+i){ax-3) 


C/i) (2i-ij)^ 





(i) (4-3a+3b)2 





0) (a -6)2 
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54 (r-l)(a;-l)('c + l) 66 2^{^ — 2l|)^ 66 (r+3fl)fa — l) 

67 (0+2) (a +2) (a -2) 58 (6-3)(^+3j(^-2)(r+2) 

69 + — ?/)( i+y) 60 (.r-l'l(t,-l)(^2+2J, — 1). 

61 (l-„+ 6 ,m-„_j;j Q 2 ^/«-2H+4)(m-2;i-4). 

63 (I - 64 (l+3c)2 65 (i -l}2( i,-|-2j2 

66 i(i.-l;(j:+l)(3+46) 67 (1 -o/) — +«6 + i^). 

68 fi-y)(2't+//)( r-yw/ 69 {i+u)iT:^---iy + iJ-+x-ij) 

70 (r+1 - L2jU^+i3+2i.-+2a + l) 71 ( 1 _ 2 ( -^ 2 , 

72 (3i-l)(2i+3i 73 2(5i + l)(2i — 1 ) 74 (2j — 5(/)(4t + ;/) 

76 (l- 2 )( 2 + 2 )(i 2 + 4 ) 76 (lu + ]J^^+ 3 ) 77 (5s-40(5.-0 
78 (3i^-5o)(3i2-5a) 79 (a-h+cMa-h+c). 

80 [a - -b }f~) {a if-) 81 + 

82 ^^+3y)(t+3y + l) 83 (a — 2b)(u--{--ib-) 84 (2i- — (8j,3+y) 

86 (i-* — 45y-)(i- — 2y2) 


V. Fractions 


86 


0+3 
tt +7 

91 2n-b 


87 ?idl5 
2x-3 


88 

%—4 


92 


95 

98 

(o + l)(a-l)^ 

103 104 

a — b- 

108 r 109 — 


X -- IJ - 


(/'! — O +('+,S^ gg 

96 _( y ) 4rOij - bii ^ 

. 99 0 100 101 

1 - + 

106 fb'^—^~~. 

(a-b)^ 

( a + 2r - 


I go 0(0+26)- 

c — A h(a—2b)-(a — b)-' 

l+2o?+2o(2^ 3 

l+//i ^ + 6 

9.7 2o2-4o6 +262-20^6 


1 + + 


102 


bia - b )^ 

2af- 


110 


1 t" (ci“ 6-)(^((“+6") 

• 106 +(«-6) 107 

x—3 
cih + 1 


^ ' ' -m f i7\ uu - f-L 

(o + l)(o+4)' 0(0+6) 112 


113 — . 114 116 ''^+2)(i-n) jjg 1 117 Sf+2y 

2 a (^-3)(^-l) 1-y (l-y)-’ 

118 2(o+0“ ij^g _jT — ^20 'I'-'i + l. 

5(f/-;)3 b ^- a ^ + 


121 

a — b 


VI. Radicals 

122 Q\/2 123 4y3 124 3-^'2 126 5\/2 126 |4->/3. 

127 9-V/3 128 5aV'2 129 5ah-^2 130_ 5\/2a 131 6(^-y)^/2 

132 gV2(t— y) 133 4+2 _134 I0V3 136 9 136 4V6 
137 2Vg 138 3V7 139 2+15 140 ^+2 141 1. 142 01+10. 
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143 1 144_10 146 9-GV2 146 8-2^7 147 -7^15-21 

148 — l+VlO — Vl5 149 a- 1^ a-b- 161 iz/Vj, 162 x — )/ 
153 a-2V^b+b _164 2i+&y/2xjj+9ij 166 V5 166 Vg 
157 4 158 169 V2 160 't 161 Va-b' 

162 163 Vx-4 164 \/9+3a+a- 166 V'JsITrj 

2 ( 1 +;/) 

166 — .1'^ — i,^+(/“ + 1 — 1 167 "v 1 "+5 



APPENDIX 

TABLE OF POWERS AND ROOTS 
Explanation 

1. Square Roots. The way to find square roots from the 
Table is best unde rstoo d fiom an example Thus, suppose 
"we wish to find Vl 48 To do this w^e fiist locate 1.48 in 
the column headed by the letter n. We find it near the 
bottom of this column (next to the last number). Now 
we go across on that level until we get into the column 
headed by Vn. We find at that place the number 1.21655. 
This is our answer. That is, vTIS = 1 21655 (approxi- 
matel^’-) 

If we had wanted a/ms instead of VT48 the work would 
have been the same except that we would have gone over 
into the column headed vlFn (because 14 8=10x1.48). 
The number thus located is seen to be 3.84708, which is, 
therefore, the desired value of Vm.S * 

Again, if we had wished to find V 148 the work would take 
us back again to the column headed Vn, but now instead 
of the answer being 1 21655 it would be 12.1655. In other 
wo^, the order of the digits in VuS is the same as for 
yi.48, but the decimal point in the answer is one place 
farther to the right 

Siimlarly, if we desired Vl480 the work would be the same 
ashore except that we must now use the column headed 

10 n and move the decimal point there occurring one place 
farther to the right. This is seen to give 38 4708 

Thus M^e see how to get the square root of 1.48 or any 
power of 10 times that number. 

265 
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In the same way, if we wish to find V 148, or V 0148, or 
\/.00148, or the square root of any number obtained by 
dividing 1 48 by any power of 10, we can get the answers 
from the column headed Vn or VlO n by merely placing 
the decimal point properly Thus, we find that V 148 = 
.384708, V 0148 = .121655, V.00148 = 0384708, etc. 

What we have seen in regard to the sc[Liare lOot of 1 48 
or of that number multiplied or divided by any power of 
10 holds true in a similar wa}'^ for any number that occurs 
m the column headed n, so that the tables thus give us 
the square roots of a great many numbeis 

2. Cube Roots. Cube roots are located in the tables 
in much the same way as that just descnljed for square 
roots, but we have here three columns_to select fi om in stead 
of two, namely the columns headed A^n, a^IO n, V 100 n 
Illustration 

vTlfS occurs m the column headed an d is seen to be 1 139G0 
-^14 8 occurs in the column headed a/IO n and is seen to be 2 4552. 
■^148 oceiu'S in the column headed VlOOn and is seen to bo 
5.28957. 

To get ^.148 we observe that . 148 ='^-^^= = 

Thus, we look up 148 and divide it bj’’ 10^ The result is instantly 
seen to b e 52 8957. Similarly, to get v 0148 we observe that 

0148= = — ^14 8 Thus, wo look up 14 8 and 

> 100 ^ 1000 10 

divide it by 10, giiang the result 24552 

To get ■^.00148 we observe that 00148 = ■^Vl 48, so 
that we must divide >^1.48 by 10 This gives 11396 

Similarly the cube root of any number occurring in the 
column headed n may be found, as well as the cube root of 
any number obtained by multiplying or dividing such a 
number by any power of 10, 
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2G7 


3. Squares and Cubes To find the square of 1.48 we 
naturallj'' look at the pioper level m the column headed nr 
Here we find 2 1904, which is the answer If we wished the 
square of 14 8 the le'^ult would be the same except that 
the decimal point must be moved two places to the light, 
giving 219.04 as the answei Similarly the value of (148)- 
is 21904 0 etc. 

On the otliei hand, the value of ( 148)" is found by moving 
the decimal point two places to the left, thus giving 021904 
Similarly, ( 0148)- = .00021904, etc 

To find (1 48)^ we look at the propei level m the column 
headed wheic we find 3 24179. The value of (14.8)^ is 
the same except that we must move the decimal pomt three 
places to the right, giving 3241.79 Similarly, in finding 
( 148)'* we must move the decimal point thiee places to the 
left, giving 00324179. 


EXERCISES 

Road off fioni the tallies the values of each of the following ex 
piessioiis 


V-tl 

4 

VG70 

7 

V93 7 

10 

V 00154 

VS^) 

5 

V89 

8 

V93 7 

11 

V 00014,3 

4^07 

6 

Vole 

9 

V 001.54 

12 

4' 000143 
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Table I— Powers ami Roots 


[I 


n 

n- 

Vn 

V10?i 


Wl 






1 00000 

2 15443 4 

2 161.59 4 

2 16870 4 

2.17577 4 

1 00 

10000 

1 00000 

3 16228 

1 00000 

101 

102 

103 

1 0201 

1 0404 
10609 

1 00499 

1 00005 

1 01489 

3 17805 

3 19374 

3 20936 

1 03030 

1 06121 

1 09273 

1 00332 

1 000()2 

1 00990 

104 

1 05 

106 

10816 

1 1026 

1 1236 

1 01980 

1 02470 

1 02956 

3 22490 

3 24037 

3 25576 

1 12486 

1 15762 

1 19102 

1 01310 

1 01640 

1 01961 

2 18279 4 
2 18976 4 

2 19609 4 

107 

103 

1 00 

1 1449 

1 1664 

1 1881 

1 03441 

1 03923 

1 04403 

3 27109 

3 28634 

3 30151 

1 22504 

1 25971 

1 20503 

1 02281 

1 025‘)0 

1 02914 

2 20358 4 

2 21042 4 

2 21722 4 

1 10 

1 2100 

1.04881 

3 31602 

1 33100 

1 03228 

2 22.398 4 

2 2.3070 4 

2 23738 4 

2 24402 4 

111 

1 12 
113 

12321 

1 2544 

1 2769 

1 05357 

1 05830 

1 06301 

3 33167 

3 34664 

3 36155 

1 36763 

1 404 ‘13 

1 44200 

1 03.540 

1 03850 

1 04153 

114 

116 

I.IG 

1 2996 

1 3225 

1 3456 

1 06771 

1 07238 

1 07703 

3 37639 

3 39116 

3 40588 

1 4S154 

1 020SS 

1 56090 

1 04464 

1 047t)‘) 

1 05072 

2 25062 

2 25718 

2 26370 

117 

IIS 

1 10 

1 3680 

1 3924 

1 4161 

1 08167 

1 08623 

1 09087 

3 42053 

3 43511 

3 44964 

1 60161 

1 64D03 

1 GS516 

1 05373 

1 05672 

1 05970 

1 06266 

2 27019 

2 27664 

2 28305 

2 28943 

2 29577 

2 30208 

2 30835 

1 20 

14400 

1 09545 

3.46410 

1 72800 

1 21 
122 

1 23 

14G41 

1 4884 

1 5129 

1 10000 

1 10154 

1 10905 

3 47851 

3 40285 

3 50714 

1 77150 

1 81585 
1.86087 

1 0()560 

1 06853 

1 07144 

1 24 

1 25 

1 20 

1 5376 

1 5625 

1 5876 

1 11355 

1 11803 
1 12250 

3 5213G 

3 53553 
3 54965 

1 00662 

1 <35312 

2 00038 

1 07434 

1 07722 

1 08008 

2 31459 

2 32079 

2 32697 

1 27 

1 28 
129 

1 6129 

1 6384 

1 6641 

1 12694 
1 13137 

1 13578 

3 56371 
3 57771 
3 59166 

2 04838 

2 09715 

2 14660 

1 08293 

1 08577 

1 08859 

2 33311 

2 3.3‘)21 

2 .34529 

1 30 

1 6900 

1 1401S 

3 00555 

2 10700 

1 09139 

2 3513.3 

1 31 

1 32 
133 

1 7161 

1 7424 
1.76S9 

1 14455 
1 14891 
1 15326 

3 G1939 
3 63318 
3 64692 

2 24800 
2 299' )7 

2 35264 

1 09418 

1 0‘)()9(i 

1 09972 

2 3.57. >5 

2 3()333 

2 36928 

1 34 

1 35 
136 

1 7956 

1 8225 

1 8496 

1 15758 
1 16190 
1 16619 

3 660G0 
3 67423 
3 68782 

2 40610 
2 46038 
2.51546 

1 10247 

1 10521 
1 10793 

2 37521 

2 38110 
2.38697 

137 

138 
130 

1 8769 

1 ‘)044 

1 9321 

1 17047 
1 17473 
1 17893 

3 70135 
3 71484 
3 72827 

2 571.35 
2 62807 
2 68562 

1 11064 
1 11334 
1 11602 

2 39280 

2 3')8(>l 

2 10439 

2 41014 

2 41587 

2 42156 

2 42724 

1 40 

1 0600 

1 18322 

3 74160 

2 74400 

1 11869 

141 

142 

143 

1 9881 

2 0164 
2 0449 

1 18743 
1 10164 
1 19583 

3 75500 
3 76820 
3 78153 

2 80322 
2 86329 
2 92421 

1 12135 
1 12399 
1 12662 

144 

145 

146 

2 0736 
2.1025 
2.1316 

1 20000 
1 204ir 
1 20S3C 

3 70473 
3 80789 
3 82099 

2 98508 

3 04862 
3 11214 

1 12924 
1 13185 
1 13445 

2 43288 

2 43850 

2 44409 

147 

148 
1.49 

2 1609 
2 1904 
2 2201 

1 21241 
1 2105J 
1 2206f 

3 8340f 
3 84705: 
3 8600E 

3 17652 
3 24179 
3 30795 

1 13703 
1 13960 
1 1 14216 

2 44966 

2 45520 

2 46072 


4(j4:159 


70267 


4 70142 


4 93242 


i 01330 

5 02053 
C 03968 
5 05277 

C 065S0 

5 07875 

6 09164 
6 10447 

5 11723 
5 12003 
5 14256 

5 15614 

5 1()765 

6 18010 

5 10240 

5 20483 

5 21710 

6 22932 

6 24148 
5 25350 

5 26564 

6 27763 

5 2S957 

6 30146 
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n 

71 ^ 

V'ji 

V10>i 



^10 n 

^100 n 

1 60~ 

2 2500 

1 22471 

3 87208 

3 37500 

1 14171 

2 16621 

5 31.329 

1 51 

2 2801 

1 22S32 

3 SS587 

3 14205 

1 11725 

2 17168 

5 32507 

1 62 

2 3101 

1 23288 

3 SOS7‘2 

3 51181 

1 11978 

217712 

5 o3i)S0 

1 53 

2 3409 

1 2,]()93 

3 91152 

3 68158 

1 15230 

2 18255 

5 j1S18 

151 

2 3716 

1 21097 

3 92128 

3 05226 

1 151S0 

2 18791 

.5 .36011 

1 55 

2 1025 

1 21109 

3 93700 

3 72388 

1 15729 

2 10332 

5 37169 

1 6G 

2 1336 

1 ‘21900 

3 91968 

3 79612 

1 15978 

2 19SG7 

5 38321 

1 57 

21619 

1 25300 

.8 06-232 

3 8()9S9 

1 16225 

2 50399 

5 39469 

1 58 

2 1961 

1 25()9S 

3 07492 

3 91131 

1 11)471 

2 50930 

5 40612 

1 50 

2 5281 

1 ‘21)095 

3 08718 

4 019GS 

1 16717 

2 51158 

5 41750 

1 GO 

2 5600 

1 26101 

1 00000 

109G00 

1 16961 

2 51931 

5 12881 

1 61 

2 5921 

1 26S86 

1 01218 

1 17.328 

1 17201 

2 52508 

5 11012 

1 62 

2 ()241 

1 27‘279 

1 02102 

4 25153 

1 17146 

2 5-3030 

5 45136 

163 

2.6569 

1 27071 

1 03733 

1 33075 

1 17087 

2 53549 

5 46256 

1 6-1: 

2 6896 

1 23062 

4 01069 

1 11001 

1 17927 

2 54067 

5 17370 

1 65 

2 7225 

1 28452 

4 06202 

1 10212 

1 1S1G7 

2 51582 

5 4S181 

1 66 

2.7656 

1 28811 

1 07131 

4 57130 

1 18405 

2 55095 

5 195SG 

167 

2 7880 

1.292-28 

4 0S()56 

4 65716 

1 1SG42 

2 55697 

5 5(3688 

168 

2 8221 

1 ‘20G15 

1 00878 

1 71163 

1 18878 

2 .56116 

5 51785 

1 60 

3 8561 

1 30000 

1 11006 

1 82681 

1 19111 

2 56623 

5 52877 

1 70 

2 8000 

1 .30381 

112311 

1 01300 

1 1031S 

2 57128 

5 53966 

1 71 

2 9211 

1 30767 

4 13531 

5 00021 

1 19582 

2 57631 

5 55050 

1 7‘2 

2 0681 

1 31119 

4 14729 

5 0.S845 

1 19815 

2 58133 

5 56130 

173 

2 9920 

1 31529 

4 15933 

5 17772 

1 20016 

2 58632 

6 57205 

171 

3 0376 

1 31900 

4 17133 

5 26802 

1 20277 

2 59129 

5 58277 

1 75 

3 0625 

1 02288 

4 18330 

5 350,38 

1 20507 

2 59025 

5 59311 

1 70 

3 0976 

1 32665 

4 19521 

5 15178 

1.-20736 

2 60118 

5 60408 

177 

3 1329 

1 33011 

1 20711 

5 51523 

1 20061 

2 60610 

5 61167 

1 78 

3 1681 

1 33117 

1 21‘K)0 

6 63975 

1 21102 

2 61100 

5 62523 

1 79 

3 2041 

1 33701 

4 23081 

5 73531 

1 21113 

2 G16SS 

5 63571 

1 80 

3 2100 

1 31161 

1 21261 

5 83200 

1 ‘21(.ll 

2 62071 

5 64622 

1 81 

3 27()1 

1 3153(i 

1 25111 

.5 92071 

1 21 869 

2 62559 

5 65665 

1 82 

3 3124 

1 34007 

1 26615 

6 02857 

1 22003 

2 63041 

5 66705 

1 83 

3 3489 

1 35277 

1 277S5 

6 12819 

1 22316 

2 63522 

5 67741. 

1 81 

3 3856 

1 35647 

1 28052 

6 22050 

1 22539 

2 64001 

5 68773 

1 85 

3 1225 

1 3()015 

1 30110 

6 33162 

1 22760 

2 61179 

5 69802 

1 86 

3 1606 

1 36382 

1 31277 

6 43186 

1 22981 

2 61951 

5 70827 

1 87 

3 4969 

1 36748 

1 32135 

6 53020 

1 23201 

2 6,5128 

5 71818 

1 88 

3 5311 

1 .37113 

4 33590 

6 61167 

1 2,3120 

2 65901 

5 72865 

1 SO 

3 5721 

1 37177 

4 34741 

6 751-27 

1 23639 

2 66371 

5 73879 

1 90 

3 ()100 

1.37810 

4 35800 

6 S5900 

1 2,3856 

2 66810 

5 71890 

1 01 

3 6181 

1 38203 

1 .37035 

6 06787 

1 21073 

2 67307 

5 75897 

1 02 

3 ()8G1 

1 38564 

1 .38178 

7 07789 

1 212S9 

2 67773 

5 76900 

1 93 

3 7249 

1 38921 

1 39318 

7 18906 

1 21505 

2 68237 

6 77900 

1 01 

3 7636 

1 302S1 

4 10151 

7 .30138 

1 21719 

2 68700 

5 78896 

1 95 

3 8025 

1 30612 

4.11583 

7 11488 

1 21033 

2 69161 

5 79889 

1 96 

3 8116 

1 40000 

1 12719 

7 52961 

1 25116 

2 69620 

5 80879 

1 07 

3 8800 

1 10357 

1 13847 

7 61537 

1 25350 

2 70078 

6 81865 

1 OS 

3 0201 

1 40712 

4 44972 

7 76239 

1 25571 

2 705.31 

6 82848 

1 99 

3 9601 

1 11067 

4 16091 

7 8S0G0 

1 -25782 

2 70989 

6 83827 
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Powers and Roots 


[I 


n 

11? 

3 00 

4 0000 

2 01 

4 0401 

2 02 

4 0804 

2 03 

41209 

2 04 

4 1616 

2 05 

4 2025 

2 06 

4 2436 

2 07 

4 2849 

2 08 

4.3264 

2 00 

4 3681 

2 10 

4 4100 

211 

4 4521 

2 12 

4 4944 

213 

4 5369 

2 14 

4 5796 

215 

4 6225 

216 

4 6656 

217 

4 7089 

218 

4 7524 

219 

4 7961 

2 20 

4 8400 

2 21 

4 8841 

2 22 

4 9284 

2 23 

4 9729 

2 24 

6.0176 

2 25 

6 0625 

2 26 

5 1076 

2 27 

6 1529 

2 28 

51984 

2 29 

5 2441 

2 30 

5 2900 

2 31 

6 3361 

2.32 

5 3824 

2 33 

5 4289 

2 34 

5 4756 

2 35 

6 5225 

2 36 

6.6696 

2 37 

6 6169 

2 38 

6 6644 

2 39 

5 7121 

2 40 

5 7600 

2 41 

6 8081 

2 42 

5 8564 

2 43 

5 9049 

244 

5 9536 

2 45 

6 0025 

2.46 

6 0516 

2 47 

61009 

2 48 

6 1504 

2 49 

G‘’(X)1 


■\/n 

VlO n 

1 41421 

4 47214 

1 41774 

1 42127 

1 42478 

4 48330 

4 49444 

4 50555 

1 42829 

1 43178 

1 43527 

4 51664 

4 52769 

4 53872 

1 43875 
144222 

1 44568 

4 54973 

4 66070 

4 571()5 

1 44914 

4 58258 

1 45258 

1 45602 

1 45945 

4 59347 

4 604.35 

4 61519 

1 46287 

1 4(j629 

1 46969 

4 62601 

4 63681 
4 64758 

1 47309 

1 47648 

1 47986 

4 65833 
4 66905 

4 67974 

1 48324 

4 69042 

1.48661 

1 48997 
1.49332 

4 70106 
4 711G9 
4 72229 

1 49666 

1 50000 
1.50333 

4 73286 
4 74342 
4 75395 

1 50665 

1 50997 

1 51327 

4 7(3445 
4 77493 
4 78539 

1 51658 

4 79583 

1 51987 

1 52315 

1 52643 

4 80625 
4 S1G64 
4 82701 

1 62971 

1 63297 
1 53623 

4 83736 
4 84768 
4 85798 

1 63948 
1 54272 
1 64596 

4 86826 
4 87852 
4 8887(3 

1 54919 

4 89898 

1 55242 
1.55563 
1 55885 

4 90913 
4 91935 
4 92950 

1 66205 
1 56525 
1 56844 

4 93904 
4 ‘14975 
4 95984 

1 57162 
1 67480 
1 u7797 

4 96991 
4 97996 
4 989^19 


11^ 

■Vn 

8 00000 

1 25992 

8 120(30 

8 24241 

8 36543 

1 2f)202 

1 26411 

1 26619 

8 48966 

8 61612 

8 74182 

1 2()827 

1 27033 

1 27240 

8 86974 

S 99891 

9 12933 

1 27445 

1 27650 

1 27854 

9 26100 

1 28058 

9 39393 

9 52S13 

9 66360 

1 28261 

1 284(13 

1 28665 

9 80034 

9 9,3.S38 

10 0777 

1 28866 

1 29066 

1 29266 

10 2183 
10..‘!602 
10 5035 

1 29465 

1 29664 

1 29SG2 

10 6480 

1 .30059 

10 7939 
10 9410 
11 0896 

1 30256 

1 30452 

1 30C4S 

11 2394 
11 3906 
11 6432 

1.30843 

1 31037 

1 31231 

11 6971 

11 8524 

12 OO'H) 

1 31124 

1 31617 

1 31809 

12 1070 

1 32001 

12 3264 
12 4.S72 
12 6493 

1 32192 

1 32382 

1 32572 

12 8129 

12 9779 

13 1443 

1 32761 

1 32950 

1 33139 

13 3121 
13 4813 
13 6519 

1 33326 

1 33514 

1 33700 

13 8240 

1 33887 

13 9975 

14 1725 
14 3489 

1 34072 
1 34257 

1 34442 

14 5208 
14 7061 
14 8869 

1 34626 
1 .14810 
1 34993 

16.0692 
15 2.530 
15 4382 

1 35176 
1 35368 
1 35540 



^100 Ml 

2 71442 

5 84804 

2 71893 

2 72.144 

2 72792 

5 85777 

5 81)746 

6 87713 

2 73239 

2 7, 1685 

2 74129 

5 88077 

5 89(,.17 

5 90594 

2 74572 

2 75014 

2 75454 

6 91548 

5 92490 
5 93447 

2 75892 

5 94102 

2 76330 

2 7()7()6 

2 77200 

6 05334 
5 9(>273 
5 972U9 

2 77633 

2 7S0G5 

2 78495 

6 98142 
6 99073 
6 00000 

2 78921 

2 79.152 

2 79779 

6 00925 
6 01846 
6 02765 

2 80204 

6 03681 

2 80()28 

2 810.50 

2 81473 

6 04594 
6 05505 
C 06413 

2 81892 

2 82311 

2 82728 

6 07318 
G 08220 
G 09120 

2 83145 

2 83560 

2 83974 

6 10017 
6 10911 
6 1180,3 

2 84387 

6 12693 

2 84798 

2 85209 
2 85618 

6 13579 
6 14463 
6 15345 

2 86026 
2 86433 
2 86838 

6 16224 
6 17101 
6 17975 

2 87243 
2 S7G46 
2 88049 

6 18846 
6 19715 
6 20582 

2 88450 

() 21447 

2 88S50 
2 89249 
2 89647 

6 22308 
6 23168 
6 24025 

2 90044 
2 90439 
2 90834 

6 24880 
6 25732 
6 26683 

2 91227 
2 91620 
2 92011 

6.27431 
6 28276 
6 29119 


C-l <M H <M Cl IM (M C-1 C-l 


Powers and Roots 


1 » 


2 50 


2 51 
•2 52 
2 53 

2 51 
2 55 
2 66 

2 57 
2 58 
2 59 


2 60 


2G1 

2f)2 

2G3 

2G1 
2G5 
2 66 

2 67 
2G8 
2 GO 
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71 

72 

73 

74 

75 

76 

77 

78 
70 


2 80 


2 81 
2 82 
2 S3 

2 84 
2 85 
2 86 

2.87 
2 88 
2 SO 


2 90 

2 •■)1 
2 02 
2 93 

204 
2 95 
2 96 

2 97 
2 98 
2 99 


‘n? 

6.2500 

6 3001 
6 3DU4 
6 4009 

6 4516 
6 5025 
6 553b 

6 6049 
6 6564 
6 7081 

6 7600 

6 8121 
6.8b44 
6.9169 

6 9606 

7 0225 
7 075G 

7 1289 
7 1824 
7 2.JGI 

7 2000 

7 3441 
7 3984 
7 4529 

7 5076 
7.5025 
7 6176 

7.6729 
7 7284 
7 7811 

7 8100 

7 89(.l 

7 9524 
8.0089 

8 0G56 
8 12‘25 
8 179G 

8 2300 
8 2044 
8 3521 

8 4100 

8 4(i81 
8 52G4 
8 5849 

8G43G 
8 7026 
8 761G 

8 8200 
8 8804 
8 0401 


Vn 

1 58114 

1 58430 
1 58745 
1 690b0 

1 59374 
1 59GS7 
1 bOOOO 

1 60312 
1 60b24 
1 60935 

1 61245 

1 G1555 
1 61864 
1 62173 

1 62481 
1 62788 
1 63095 

1 63401 
1 63707 
1 64012 

1 64317 

1 64621 
1 64024 
1 65227 

1 65520 
1 65831 
1 66132 

1 66433 
1 6()733 
1 ()7033 

1 <57332 

1 67631 
1G70‘20 
1 68226 

1 68523 
1 68810 
1 69115 

1 69411 
1 ()9706 
1 70000 

1 70294 

1 70587 
1 70880 
1.71172 

1 71464 
1 71756 
1 72047 

1 72337 
1 721527 
1 72016 


V10^^ 

5 00000 

5 00999 
5 01996 
5 02991 

5 03984 
5 01975 
5 05964 

5 06952 
5 07937 
5 08920 

5 09902 

5 10S82 
5 11859 
5 12835 

5 13809 
5 14782 
5 15752 

5 16720 

6 17687 
6 18G52 

5 19(515 

5 20577 
5 2153(3 

5 22494 

6 23450 
6 24404 
5 25357 

5 2G308 
5 27257 
5 28205 

5 29150 I 

6 30004 

5 31037 

6 31977 

6 32917 
6 33854 
6 34790 

5 35724 

6 366.56 
6 37687 

6 38516 

6 39444 

5 40370 

6 41295 

5 42218 
5 43130 

5 44059 

6 44077 
5 45894 
6.46809 


15 G250 

15 8133 

16 0030 
16 1943 

16 3871 
16 5814 
16 7772 

16 9746 

17 1735 
17 3740 

17 57()0 

17 779(5 

17 9847 

18 1914 

18 3997 
IS G096 
IS 8211 

19 0342 
ID 2488 
19 4651 

19 6830 

19 0025 
•20 123(5 

20 3464 

20 6708 

20 79G9 

21 0216 

21 25.39 
21 4850 
21 717(3 

21 9520 

22 1880 
22 4258 
22 6652 

22 9063 

23 1491 
23 3937 

23 6309 

23 8879 

24 1376 

24 38^10 

24 6422 

24 8971 

25 1538 

25 4122 
25 6724 

25 9343 

26 1981 
2G 463(3 
26 7309 


1 35721 

1 35902 
1 36082 
1 3b2G2 

1 36441 
1 36(j20 
1 36798 

1 36976 
1 37153 
1 37330 

1 375 07 

1 37C83 
1 37850 
1 38034 

1 3S^208 
1 iiS3S3 
1 38557 

1 38730 
1 38903 
1 39076 

1 ;39218 

1 39419 
1 39591 
1 30761 

1 39932 
1 401(12 
1 40^272 

1 40441 
1 40G10 
1 40778 

1 40946 

1 41114 
1 4r2Sl 
141448 

1 41614 
1 41780 
1 41946 

1 42111 
1 42276 
1 42440 

1 42604 

1 42768 
1 42931 
1 43094 

1 43257 
1 43419 
1 43531 

1 43743 
1 43904 
144065 


2 92402 

2 92791 
2 93179 
2 93567 

2 93953 
2 9433S 
2 94723 

2 95106 
2 95408 
2 95S69 

2 9b2.50 

2 96620 
2 07007 
2 97385 

2 97761 
2 98137 
2 98511 

2 98885 
2 99257 

2 99629 

3 00000 

3 00370 
3 00730 
3 01107 

3 01474 
3 01841 
3 02206 

3 02570 
3 02934 
3 03207 

3 01659 

3 01020 
3 01380 
3 04740 

3 05098 
3 06456 
3 05813 

3 06169 
3 06524 
.3 0bS78 

3 07232 

3 07584 
3 070S6 
3 08287 

3 08638 
3 0S087 
3 09336 

3 09084 
3 10031 
3 10378 
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^iddw 

6 299G1 

6 30799 
6 31G3G 
6 32470 

6 33303 
6 34133 
6 34900 

6 35780 
6 86610 
6 37431 

6 38250 

6 390()8 
6 39883 
6 40G96 

6 41507 
6 42316 
6 43123 

6 43928 
h 44731 
6 45531 

6 46330 

6 47127 
6 47922 
6 48715 

G 49507 
6 50290 
6 51083 

6 51 808 
6 52()52 
6 53434 

6 54213 


6 54991 
G 55767 
6 66541 

6 57314 
6 58084 
6 58853 

6 5962C 
6 60385 
6 bll4‘ 


6 61911 


6 62671 
6 6342' 
6 6418£ 

6 6494( 
6 6569£ 
6 66444 

6 6719- 
6 6794“ 
'6 6868! 


CO CO CO 
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Powers and Boots 


[1 


n 


Vn 


3 00 

9 0000 

1 7.3205 

5 47723 

3 01 

9 0601 

1 73494 

5 48615 

3 02 

9 1204 

1 73781 

5 49545 

3 03 

9 1809 

1 74069 

5 50154 

3 04 

9 2416 

1 74356 

5 51362 

3 05 

9 J025 

1 74642 

6 522()8 

3 06 

9 o03b 

1 74929 

5 5317u 

3 07 

9 4249 

1 75214 

5 51076 

3 08 

9 4864 

1 75499 

5 51977 

3 09 

9 5481 

1 7.7784 

5 55878 

3 10 

9 6100 

1 7()00.8 

5 56776 

3 11 

9 f)721 

1 7i),352 

5 57674 

3 12 

9 7344 

1 766 )5 

5 .58570 

3 13 

9 7969 

1 76918 

5 59464 

3 14 

9 8596 

1 77200 

5 60357 

3 15 

9 9225 

1 77482 

5 (>1249 

3 16 

9 985b 

1 77764 

5 62139 

3 17 

10 0489 

1 78045 

5 63028 

3 18 

10 1124 

1 78326 

6 63916 

3 19 

10 1761 

1 78606 

5 64S01 

3 20 

10 2400 

1 7S8S5 

5 65685 

3 21 

10 3041 

1 79165 

5 ()6.5()9 

3 22 

10 3684 

1 79444 

5 (.74,50 

3.23 

10 4329 

1 79722 

5 68331 

3 24 

10 4976 

1 80000 

6 69210 

3 25 

10 5625 

1 80278 

5 70088 

3 26 

10 6276 

1 80555 

6 70964 

3 27 

10 6929 

1 80831 

6 718.39 

3 28 

10 7584 

1 81108 

5 72713 

3 29 

10 8241 

1 81384 

5 73585 

3 30 

10 8900 

1 81G.59 

5 74456 

3.31 

10 9501 

1 81934 

5 75126 

3 32 

11 0224 

1 82209 

5 76194 

3 33 

11.0889 

1 82483 

6 77062 

334 

11 1556 

1 82757 

5 77927 

3 35 

11 2225 

1 81030 

5 78792 

3.36 

11 2896 

1 83303 

5 79055 

3 37 

11 3569 

1 83576 

5 80517 

3 38 

11 4244 

1 83848 

5 81378 

3 39 

11 4921 

1 84120 

6 82237 

3 40 

11 5600 

1 84391 

5 83095 

3 41 

11 6281 

1 S4C62 

5 8.3952 

3 42 

11 6964 

1 84932 

5 84S08 

3 43 

11 7649 

1 85203 

5 85563 

3 44 

11 8336 

1 85472 

5 86515 

3 45 

11 9025 

1 S', 742 

5 87367 

346 

11 9716 

1 86011 

6 8S218 

3 47 

12 0409 

1 86279 

5 89007 

3 48 

12 1104 

1 86548 

6 89915 

3 49 

12 1801 

1 86815 

5 90752 



Vn 

^10 


27 0000 

1 44225 

3 10723 

6 69433 

27 2709 

1 44385 

3 11068 

6 70176 

27 543b 

1 44545 

3 11412 

6 70917 

27 8181 

1 447U4 

3 11766 

G 71657 

28 0945 

1 44S03 

3 12098 

6 72395 

28 3726 

1 45022 

3 12440 

G 73132 

28 6526 

1 45180 

3 12781 

6 73S6G 

28 9344 

1 45338 

3 13121 

6 74600 

29 2181 

1 45496 

3 13461 

G 75331 

29 5036 

1 456,53 

3 13800 

G 76061 

29 7910 

1 4 58 10 

3 14138 

6 76790 

30 0802 

1 45967 

3 14475 

6 77017 

30.3713 

1 46123 

3 14812 

6 78242 

30 0643 

1 46279 

3 15148 

6 78966 

30 9591 

1 46434 

3 15483 

6 79088 

31 2559 

1 46590 

3 insis 

G 80409 

31 5545 

1 46745 

3 16152 

G 8112S 

31 8550 

1 46899 

3 16485 

6 81846 

32 1574 

1 47054 

3 1(.817 

6 82502 

32 4618 

1 472U8 

3 17149 

6 83277 

32 7680 

1 47.561 

3 17480 

G 83990 

33 0763 

1 47515 

3 17811 

G 84702 

33 3862 

1 47668 

3 18140 

G 85412 

33 6983 

1 47820 

3 18469 

6 8G121 

34 0122 

1 47973 

3 18798 

G 86829 

34 3281 

148125 

3 19125 

G 87631 

34 6460 

1 48277 

3 19452 

C 83239 

34 9658 

1 4S42S 

3 19778 

G 88912 

35 2876 

1 48579 

3 20101 

6 89643 

35 6113 

1 48730 

3 20429 

G 90314 

35 9370 

1 48881 

3 20753 

G 91042 

36 2647 

1 4<I031 

3 21077 

G 91740 

36 5944 

1 49181 

3 21400 

6 92430 

36 9260 

1 49330 

3 21722 

G 93130 

37 2697 

1 49480 

3 22044 

G 93823 

37 5954 

1 49(.29 

3 22366 

6 94516 

37 9331 

1 40777 

3 2268C 

0 95205 

38 2728 

1 49920 

3 2.3006 

G 95894 

38 6145 

1 50074 

3 23325 

G <)6682 

38 9532 

1 50222 

3 23643 

G 97268 

39 3040 

1 50369 

3 239(.l 

6 97953 

39 6.518 

1 50517 

3 24278 

6 98637 

40 0017 

1 50664 

3 24.595 

6 99319 

40 3536 

1 50810 

3 24911 

7 00000 

40 7076 

1 60457 

3 25227 

7 00680 

41 0(.36 

1 51103 

3 25,542 

7 01.3,58 

41 4217 

1 51249 

3 25S56 

7 02035 

41 7819 

1 51394 

3 26169 

7 02711 

42 1443 

1 51540 

3 26482 

7 0.3385 

42 6085 

1 51685 

3 26795 

7 04058 



Powers and Eoots 


I] 

i n 


3 50 


3 51 
3 53 
3 53 

3 5-i 
3 55 
3 66 

3 6T 
3 58 
3 50 


3 60 


3 61 
3 62 
3 63 

3 61 
3 65 
3 66 

3 67 
3 6S 
3 (lO 


3 70 


371 
3 72 
3 73 

3 71 
3 76 
3 76 

3 77 
3 78 
3 70 


3 80 


3 81 
3 82 
3 83 

3 81 
3 85 
3 86 

3 87 
3.88 
3 80 


3 90 


3 01 
3 02 
3 93 

3 91 
3 95 
396 

3 07 
3 98 
399 


m?- 

12 2500 

12 3201 
12.3901 
12.1609 

12 6316 
12 6025 
12 6736 

12.7110 
12 8161 

12 8381 

12 0600 

13 0,321 
13 1011 
13 1769 

13 2106 
1 3 3225 
13 3956 

13 1680 
13 6121 
13 GK.l 

13 6000 

13.7611 
13 8381 
13 9129 

13 0876 
11 0625 
11 1376 

11 2129 
11 2881 
11 3611 

11 4 100 

11 5161 
11 5021 
11 6689 

14 71BG 
11 8225 
11 8996 

14 9769 
15.0511 

15 1321 

15 2100 

15 2881 

15 3661 

16 4119 

16 52.36 
16 6025 
16 6316 

16.7609 
15.8401 
15 9201 


V/4 

1 87083 

1 87350 
1 87617 
1 S7S83 

1 83119 
1 88111 
1 SS680 

1 88914 
1 39209 
1 89 473 

1 80737 

1 ooooo 

1 002G3 
1.90526 

1 90788 
1 91050 
1 91311 

1 01572 
1 01833 
1 92001 

1 92351 

1 92611 
1 92S73 
1 93132 

103101 
1 03619 
1 93007 

1 01165 
1 01122 
1 916T0 

1 94036 

1 95102 
1 95143 
1 95704 

1 05059 
1 06211 
1 96169 

1 96723 
1 9()077 
1 07231 

1 07481 

1 977.37 
1 07000 
1 98212 

1 98101 
1 98716 
1.98997 

1 99210 
1 09199 
1 99760 


y/Wn 

5 01008 

5 02153 
5 03206 
5 9413S 

5 91979 
5 95819 
5 96657 

5 97195 
5 98331 

5 99166 

6 00000 

6 00833 
6 0l(.6l 
6 02495 

6 03324 
6 01152 
6 01979 

6 05805 
6 06630 
f) 07151 

6 08276 

G 00008 
6 09018 
6.10737 

6 11565 
6 12372 
6 131SS 

6 11003 
6 11817 
6 15630 

6 16111 

6 172.53 
6 1806 1 
6.18870 

6 19677 
6 20181 
6 21289 

6 22093 
6 22896 
6 23699 

6 24.500 

6 25300 
6 26)099 
6 26S97 

6 27694 
6 28190 
6 292S5 

6 30079 
6 30872 
6 31664 


42 87.50 

43 21 16 
4.5 6112 

43 9870 

44 3619 
41 7389 

45 1180 

45 4993 
15 8827 

46 2683 

1() 6560 

47 0159 
47 1379 
17 8321 

IS 2285 
IS 0271 
19 0279 

19 1309 
19 8360 
50 2131 

50 6530 


51 0618 
61 1788 

51 8951 

52 3130 
52 7311 
53.1571 

63 5826 
.51 0102 
61 1399 

61 8720 

55 3003 

55 7130 

56 1819 

66 6231 

57 06i)6 
67.5125 

67 9606 

58 1111 

68 8639 

69 3190 

69 7766 
GO 2.3f)3 
()0 6985 

61 16.30 

61 6299 

62 0991 

62 5708 

63 0118 
03 5212 


1 51829 

1 51971 
1 02118 
1 52202 

1 52106 
1 52519 
1 52692 

1 62S35 
1 5297S 
1 53120 

1 53262 

1 53101 
1 53515 
1 53686 

1 53S27 
1 539GS 
1 61109 

1 51219 
1 51389 
1 51529 

1 51668 

1 51S07 
1 51916 
1 5D0S5 

1 55223 
1 55302 
1 55500 

1 55637 
1 55775 
1 55912 

1 60019 

1.56186 
1 66322 
1 66159 

1 56595 
1 66731 
1.56866 

1 57001 
1 67137 
1 57271 

1 67106 

1 57541 
1 67076 
1 57809 

1 67912 
1 58076 
1.58209 

1 .58312 
1 58175 
1 68608 


’5^10 n 

3 27107 

3 27118 
3 27729 
3 28039 

3 28,348 
3 2SG57 
3.28965 

3 29273 
3 29580 
3 29887 

3 .30193 

3 30198 
3 L0S03 
3 31107 

3 31111 
3 31714 
3 32017 

3 32319 
3 32621 
3 32922 

3 33222 

3 33522 
3 33822 
3 31120 

3 31419 
3 31716 
3 35011 

3 35310 
3 35007 
3 35903 

3 ,36193 


3 30192 
3 3678(5 
3 37080 

3 37373 
3 37066 
3 37958 

3 38249 
3 38540 
3 3S831 

3 .39121 

3 39111 
3 39700 
S 399S8 

3 40277 
3 40501 
3 10851 

3 11138 
3 41121 
3 11710 


273 

■^100 71 

7 017.30 

7 05100 
7 06070 
7 Co73S 

7 07104 
7 08070 
7 OS7.34 

7.09397 
7 10059 
7 10719 

7 11379 

7 12037 
7 12094 
7 13319 

7 11001 
7 11657 
7 15309 

7 15900 
7 16610 
7 17258 

7 17905 

7 1S552 
7 10197 
7.19810 

7 20183 
7 21125 
7 21765 

7 22105 
7 23013 
7 23GS0 

7 21316 

7 21950 
7 25581 
7.26217 

7 26818 
7 27179 
7 28108 

7 28736 
7 29303 
7 29989 

7 30011 

7 31238 
7 31861 
7 32183 

7 33104 
7 3372.3 
7 31342 

7 31960 
7 35576 
7 3(5192 
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n 

n~ 

Vli 

VlO n 


■Vii 


^100 n 

4 00 

16 0000 

2 OOOUO 

6 32456 

64 0000 

1 58740 

3 41995 

7 30S06 

4 01 

4 03 

4 03 

16 OSOl 

16 1604 
lb 2409 

2 00250 

2 U0499 

2 00749 

6 33216 

6 34035 

6 34823 

64 4812 
64 9018 
05 4508 

1 58872 

1 59004 

1 59130 

3 42280 

3 42504 

3 42848 

7 37420 

7 38032 

7 38044 

4 04 

4 05 

4 06 

16 3216 
lb 4025 

16 4S36 

2 00998 

3 01246 

2 01494 

6 35610 
b 36396 

6 37181 

65 9393 
b(i 4301 
6b 9234 

1 59267 

1 59 599 
1.59530 

3 43131 

3 43414 

3 43697 

7 39254 

7 39864 

7 40473 

4 07 

4 03 

4 09 

16 5649 

16 6464 

16 7281 

2 01742 

2 01990 

2 022 37 

6 37966 
b 38749 

6 39531 

67 4191 

67 9173 

68 4179 

1 69601 

1 50791 

1 59922 

3 43979 

3 44260 

3 44541 

7 41080 

7 41686 

7 42291 

4 10 

16 8100 

2 02485 

6 40312 

68 9210 

1 60052 

3 44822 

7 42896 

4 11 

4 13 
413 

16 S921 

H) <)744 

17 0569 

2 02731 

2 02978 

2 03324 

6 41093 
() 41S72 
b 42651 

69 4265 

69 9345 

70 4450 

1 60182 

1 60312 
100441 

3 45102 

3 45382 

3 45661 

7 48199 

7 44102 

7 44703 

414 

4 15 

4 16 

17 1396 
17 2225 
17 3056 

2 03470 

2 03715 

2 03961 

6 43128 
() 44205 

6 449S1 

70 9.579 

71 4734 
71 9913 

1 00571 

1 00700 

1 60829 

3 45939 

3 46218 

3 46496 

7 45304 

7 45904 

7 40502 

417 

4 IS 

4 19 

17 3889 
17 4724 
17 55()1 

2 04206 

2 04450 

2 04695 

6 45755 

0 16529 

6 17302 

72 5117 

73 034(> 
73 r.()0l 

1 60958 

1 61086 

1 61215 

3 46773 

3 47050 

3 47327 

7.47100 

7 47097 

7 48293 

4 20 

1/ 6400 

2 04939 

6 48074 

74 OSSO 

1 61343 

3 17603 

7 48887 

4 21 

4 23 

4 23 

17 7241 
17 S0S4 
17 8929 

2 0518 5 

2 05426 

2 05670 

6 48845 

6 49(.15 

0 50384 

74 6185 

75 1514 
75 6870 

1 61471 

1 61590 

1 01726 

3 47878 

3 48154 

3 48428 

7 49481 

7 50074 

7 50CC6 

4 24 

4 25 

4 26 

17 9776 

18 0()25 
18 1476 

2 05913 

2 0G155 

2 0639S 

6 51153 

6 51920 

6 52C87 

76 2250 

76 7056 

77 3088 

1 61853 

1 ()19S1 

1 02103 

3 48703 

3 48977 

3 49250 

7 51257 

7 51847 
7.52437 

4 27 

4 28 

4 29 

18 2329 
18 3184 
IS 1041 

2 06610 

2 00882 

2 0712 3 

6 53452 

6 54217 

6 54931 

77 8545 

78 4028 
78 9536 

1 62234 

1 023()1 

1 (.248'7 

3 49523 

3 49790 

3 500GS 

7 53025 

7 63012 

7 54199 

4 30 

18 4900 

2 073(54 

6 55714 

79 5070 

1 62()13 

3 50340 

7 54784 

4 31 

4 32 

4 33 

18 57()1 
18 bb24 
IS 7489 

2 07605 

2 07S46 

2 08087 

6 5650(5 

6 57 207 

6 58027 

80 0630 
80 6216 
81 1827 

1 62739 

1 62SG5 

1 62991 

3 50611 
.9 50SS2 

3 51153 

7 55369 

7 55958 

7 56536 

4 34 

4 35 

4 36 

18 8356 

18 9225 

19 0096 

2 08327 

2 08567 
2 03806 

6 58787 

6 69545 
6.60303 

81 7465 

82 3129 
82 8819 

1 63116 

1 63241 

1 63366 

3 61423 
3.61092 
3 51902 

7 57117 

7 67698 
7.DS279 

4 37 

4 3S 

4 39 

19 0969 
19 1844 
19 2721 

2 09045 
2 09284 
2 09523 

6 61060 
6 G1S16 
6 02571 

S3 4535 
84 0277 
84 6045 

1 63491 

1 63619 

1 63740 

3 62231 

3 52499 
3 52707 

7.68S5S 

7 69136 

7 60014 

4 40 

19 3600 

2 09762 

6 63325 

85 1840 

1 63S04 

3 53036 

7 60590 

4 41 
442 

4 43 

19 4481 
19 5364 
19 6249 

2 10000 
2 10238 
2 10476 

6 64078 
6 64831 
6 65582 

86 7661 
80 3509 
86 9383 

1 63988 
1 ()4112 
1 64236 

3 53302 
3 63669 
3 63835 

7 61166 

7 61741 

7 02316 

444 

4 45 
4.46 

19 7136 
19 8025 
19 8916 

2 10713 
2 10950 
2 11187 

6 66333 
6 67083 
6 67832 

87 5284 

88 1211 
88.7165 

1 64359 
1 644S3 
1 04606 

3 51101 
3 54367 
3 54632 

7 6288S 

7 63461 

7 64032 

4 47 

4 48 

4 49 

19 9809 

20 0704 
20 1601 

2 11424 
2 llObO 
2 11896 

6 68581 
6 69328 
6 70076 

89 3146 

89 9154 

90 5188 

1 64729 
1 64851 
1 64974 

3 54897 
3 65162 
3 55420 

7 61603 

7 66173 

7 65741 
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1 

n 

n- 

Vil 

VlOii 



</10n 

-yioo n 

4 50 

20 ‘2500 

2 12132 

6 70.S20 

91 1-250 

1 65096 

.3 556S9 

7 G(..100 

4 '51 

4 52 

4 53 

20 3401 

20 4.304 

20 5209 

2 12.36S 

2 12i>(j3 

3 12S3S 

6 71.51)5 

6 7-2,109 

6 73003 

01 7,530 

9-2 ,3454 

92 9597 

1 65210 

1 (.5,541 

1 65402 

0 ,5.50.53 

3 56215 

0 56478 

7 66877 

7 07443 

7 68009 

4 54 

4 55 

4 56 

20 6116 

20 7025 
20 7936 

2 1.3073 

2 13,107 

3 13542 

C 7.3705 

6 74537 

G 75278 

93 5767 

94 101.4 

94 8188 

1 65584 

1 (.5706 

1 65s27 

3 n()740 

3 57002 

3 57263 

7 68573 

7 (.9137 

7 69700 

4 57 

4 58 

4 50 

20 8840 

20 0764 

21 ObSl 

2 13776 

2 14009 

2 14243 

6 76018 

6 71)757 

6 77405 

95 4440 

96 0719 

96 7026 

1 6594S 

1 6601.0 

1 66100 

3 57524 

3 57785 

3 58045 

7 70262 

7 70824 

7 713S4 

4 60 

21 16U0 

2 14476 

6 7823 5 

07 3360 

1 6. .‘310 

3 58305 

7 71944 

4 61 
162 

4 63 

21 2521 

21 .3444 
21 4369 

2 14709 

2 14042 
2.15174 

6 78070 

6 707O6 

6 80441 

97 0722 
OS 6111 
99 2528 

1 6(i4,‘’.l 

1 66551 

1 60G71 

3 5S564 

3 58,S23 

3 59082 

7 72,503 

7 7.1061 

7 73019 

4 64 

4 (i5 

4 66 

21 5206 
21 6225 
21 7156 

2 15407 

2 151)30 

2 15S70 

6 81175 

6 81900 

6 82C43 

90 .SO r3 
lllO 545 
101 105 

1 66791 

1 66011 
i 67030 

3 .59340 

3 50.598 

3 59856 

7 74175 

7 74731 

7 7528(. 

4 67 

4 68 

4 60 

21 8089 
21 9024 
21 9961 

2 16102 

2 16333 

2 16564 

6 8,3374 

6 84105 

6 848.56 

101 848 

102 50.3 

103 1(.2 

1 671.50 

1 ()7‘2l.9 

1 (.73iSS 

3 60113 

3 60370 

3 60626 

7 75840 

7 7GS04 

7 76046 

4 70 

22 0900 

2 16705 

6 8-5565 

103 823 

1 67507 

3 60883 

7 77403 

4 71 

4 72 
4.73 

22 1841 
22 2784 
22 37‘29 

2 17025 

2 17256 

2 17486 

6 86204 

6 87023 

6 87750 

104 487 
10.5 154 

105 824 

1 ()7626 

1 (.7744 

1 67863 

3 G1138 

3 61304 

3 61649 

7 78040 

7 78509 

7 79149 

4 74 

4 7.7 

4 76 

22 4676 
22 n(i‘25 
22 6576 

217715 

2 17015 

2 18174 

6 SS47T 

6 80202 

G 89928 

106 406 

107 172 
107 850 

1 67081 

1 (..SOOO 

1 68217 

3 G1003 

3 (.21,58 

3 62412 

7 70607 

7 80-245 

7 80793 

4 77 

4 78 

4 79 

22 75'20 
22 8484 
22 0441 

2 18403 

2 18():’.‘2 

2 1S.S61 

6 90652 

6 91375 

6 92008 

108 .531 
100 215 
100 <102 

1 6S334 

1 68452 

1 OS560 

3 626f.5 

3 62019 

3 (..)172 

7 81330 

7 S18S5 

7 824-20 

4 80 

23 0400 

2 lOOSO 

6 <)2.S20 

no .502 

1 (>8687 

3 63424 

7 82074 

4 81 

4 82 

4 S3 

23 1361 
23 2324 
23 3280 

2 10317 

2 10545 

2 19773 

6 05542 
6 04262 
6 04982 

111 285 

111 oso 

112 679 

1 68804 

1 (.S020 

1 O9037 

3 63676 

3 63028 

3 G41S0 

7 83517 

7 84060 

7 84601 

4 84 

4 85 

4 86 

23 4‘256 
23 5225 
23 0196 

2 20000 
2 20227 
2.20454 

C 95701 
6 06419 
6 07137 

11,3 380 
114 084 
114 791 

1 60154 

1 60‘27p 
1 69386 

3 64431 

3 (.1682 
3 64932 

7 85142 

7 85683 

7 862-22 

4 87 

4 88 

4 80 

23 7169 
23 8144 
23 9121 

2 -20681 
2 20007 
•2 211.33 

G 07854 
G 98570 
G 90285 

115 501 

116 214 
116 030 

1 60503 
1 69619 
1 607.54 

3 6,5182 
3 65432 
3 (.5681 

7 86761 

7 87200 

7 87837 






3 65031 

7 88374 

7 88000 

7 89445 
7.89979 

4 90 

24 0100 

2 21350 

7 00000 

117 640 

1 60850 

4 01 

4 0‘2 

4 93 

24 1081 
24 2064 
24 3049 

3 21585 
3 21811 
2 22036 

7 00714 
7 01127 
7.02140 

118 .371 
no 005 

119 823 

1 600()6 
1 700S1 
1 70196 

3 66179 
3 ()(.t2S 
3 CC676 

4 04 

4 05 

4 96 

24 4036 
24 5025 
24 6016 

2 22261 
2 22486 
2 ‘22711 

7 02851 
7 0:5562 
7 04273 

120 554 

121 287 

122 024 

1 70311 
1 704-26 
1 70540 

3 66024 
3 ()7171 
3 67418 

7 90513 

7 91046 

7 91578 

4 07 

4 98 

4 99 

24 7009 
24 8004 
24 9001 

2 22035 
2 23150 
2 23383 

7 01982 
7 05691 
1 7 06390 

122 763 

123 506 

124 -251 

1 70655 
1 70709 
1 70884 

3 67665 
3 67011 
3 68157 

7 92110 

7 92641 

7 93171 
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n 

n- 

V/t 

VlO/fc 

5 00 

25 0000 

2 23607 

7 07107 

5 01 

25 1001 

2 238.10 

7 07814 

5 02 

25 2004 

2 24054 

7 08520 

5 03 

25 3009 

2 24277 

7 09225 

5 04 

25 4016 

2 24499 

7 09930 

5 05 

25 5025 

2 24722 

7 10634 

6 06 

25 G03l) 

2 24944 

7 11337 

5 07 

25.7049 

2 25167 

7 12039 

6 08 

25 S0()4 

2 253S9 

7 12741 

5 09 

25 9081 

2 25()10 

7 13442 

5 10 

26 0100 

2 25832 

7 14143 

5 11 

26 1121 

2 26053 

7 14843 

5 1‘2 

2i) 2144 

2 26274 

7 15542 

6 13 

26 3169 

2.20495 

7 16240 

5 U 

26 4196 

2 26716 

7 16933 

6 15 

2() 5225 

2 20936 

7 17()35 

516 

26 6256 

2 27156 

7 18331 

617 

26 7289 

2 27376 

7 19027 

5 18 

26 8324 

2 27.596 

7 19722 

5 19 

26 9361 

2 27816 

7 20117 

5 20 

27 0400 

2 28035 

7 21110 

5 21 

27 1441 

2 28254 

7 21803 

5 22 

27 2484 

2 28473 

7 2249(3 

6 23 

27 3529 

2 28692 

7 23187 

5 24 

27 4576 

2 2S910 

7 2.3878 

5 25 

27 5625 

2 29129 

7 24569 

5 26 

27 0676 

2 29347 

7 25259 

6 27 

27 7729 

2 29565 

7 25948 

6 28 

27 8784 

2 29783 

7 2()().3b 

5 29 

27 9841 

2 30000 

7 27324 

5 30 

28 ooai 

2 30217 

7 28011 

5 31 

28 1961 

2 30434 

7 28(i97 

5 32 

28 3024 

2 30()5l 

7 2 9 38.3 

6 33 

28 4089 

2 30868 

7.30068 

6 34 

28 5156 

2 31084 

7 30753 

5 35 

28 6225 

2,31301 

7 31457 

6 36 

28 729b 

2 31517 

7 32120 

6 37 

28 8369 

2 317.33 

7 32803 

6 38 

28 9444 

2 31948 

7 33485 

5 39 

29 0521 

2 32164 

7 341(>6 

5 40 

29 1600 

2 32379 

7 34847 

6 41 

29 2681 

2 32594 

7 35527 

6 12 

29 3764 

2 32809 

7 36206 

5 43 

29 4849 

2 33024 

7 36885 

5 44 

29 5936 

2 3323S 

7 37564 

6 45 

29 7025 

2 33452 

7 -38241 

6 46 

29 8116 

2 33666 

7 38918 

6 47 

29 9209 

2 33880 

7 .39594 

6 48 

30 0304 

2 34094 

7 40270 

6 49 

30 1401 

2 34307 

7 40945 







i/n 

'e/re 

^100 n 

125 000 

1 70993 

3 68403 

7 93701 

125 752 

126 506 

127 264 

171112 

1 71225 

1 71339 

3 68(349 

3 68891 

3 69138 

7 94229 

7 94757 

7 95285 

128 024 

128 788 

129 554 

1 71452 

1 71566 
1.71679 

3 69383 

3 69627 

3 69871 

7 95811 

7 9()337 

7 96863 

130 324 

131 097 
131 872 

1 71792 

1 71')05 

1 72017 

3 70114 

3 70,357 

3 70600 

7 97387 

7 97911 

7 98434 

1.52 651 

1 72130 

3 70843 

7 98957 

133 433 

134 218 

135 006 

1 72242 

1 72355 

1 72467 

3 71085 

3 71327 

3 71569 

7 99479 

8 00000 

8 00620 

135 797 
13() 591 
137 388 

1 72579 

1 72691 

1 72802 

3 71810 

3 72051 

3 72292 

8 01040 

S 01559 

8 02078 

13S 188 

1 38 992 

139 798 

1 72914 

1 73025 

1 7,31.37 

3 72532 

3 72772 

3 73012 

8 02596 

8 03113 

8 03629 

140 COS 

1 7-3248 

3 73251 

8 04145 

141421 

142 237 

143 056 

1 73359 

1 7-3470 

1 73580 

3 73490 

3 73729 

3 73968 

8 04()60 

8 05176 

8 05689 

143 878 

144 703 

145 532 

1 7.3691 

1 73801 

1 73912 

3 74206 

3 74443 

3 74681 

8 06202 

8 06714 

8 07226 

146 363 

147 108 

148 036 

1 74022 

1 74132 

1 74242 

3 74918 

3 75156 

3 75392 

8 07737 

8 08248 

8 08758 

148 877 

1 74351 

3 76629 

8 09267 

149 721 
1,50 569 
151 419 

1 74461 

1 74570 
174680 

3 75866 

3 76101 
3.76336 

8 09776 

8 10284 

8 10791 

162 273 
153 130 
153 991 

1 74789 

1 74808 

1 75007 

3 76,571 

3 76806 

3 77041 

8 11298 

8 11804 

8 12310 

154 854 

155 721 

156 691 

1 76116 

1 75224 

1 7.5333 

3 77276 

3 77509 

3 77743 

8 12814 

8 13319 

8 13.S22 

1,57 464 

1 75441 

3 77976 

8 14.325 

158 .340 

159 220 

160 103 

1 75549 

1 7,5(),57 

1 76766 

3 78209 
3 78442 
3 78676 

8 14828 

8 15329 

8 15831 

160 989 

161 879 
162.771 

1 75873 

1 7.5981 

1 76088 

3 78907 
3 79139 
3 79371 

8 16331 

8 16831 
8.17330 

163 667 

164 567 

165 469 

1 76196 

1 76303 

1 76410 

3 79603 
3 79834 
3 80065 

8 17829 

8 18327 

8 18824 



I] Powers and Roots 277 


n 

n? 

Vn 

VlO/i. 


</Tl 

^10 

^100 n 

5 50 

so 2500 

2 .14521 

7 41620 

16o 375 

1 76517 

3 80295 

8 19321 

5 61 

5 52 

6 53 

30 3601 
SO 4704 
so 5809 

2 34734 

2 34' 147 

2 35160 

7 42294 

7 420()7 

7 43640 

167 284 

168 107 

169 112 

1 76624 

1 76731 

1 76838 

3 80526 

3 80756 

3 80985 

8 19818 

8 20313 

8 20808 

5 54 

5 55 

6 56 

so 6916 
30 8025 
so 9136 

2 35372 

2 35584 
2.35797 

7 44312 

7 44983 

7 45654 

170 031 

170 1)54 

171 880 

1 76944 

1 77051 

1 77157 

3 81216 
.3 81444 

3 81673 

8 21303 

8 21797 

8 22290 

6 67 

5 58 

5 50 

31 0249 
31 1364 
31 2481 

2 36008 

2 36220 

2 J6432 

7 46321 

7 460‘)4 

7 471.63 

172 809 

173 741 

174 (.77 

1 77263 

1 773()0 

1 77475 

3 S1002 
,3 82130 

3 ,S2.;5S 

8 22783 

8 23275 

8 237(i6 

5 60 

31 3()00 

2 .ll)(i43 

7 4.S331 

175 (.16 

1 77581 

.3 SJr.,S(. 

8 242.57 

5 61 

5 62 

6 63 

31 4721 
31 .5844 
31 6969 

2 .168.54 

2 37()6'j 

2 37276 

7 4 8000 

7 49(.(.7 

7 5033o 

176 558 

177 504 

178 454 

1 77686 

1 777')2 

1 77807 

3 82814 

3 8,3041 

3 b32l)8 

8 24747 

8 25237 

8 25726 

6 64 
5.05 

5 66 

31 8006 

31 9225 

32 0356 

2 .37487 

2 37697 

2 37908 

7 50009 

7 5161.5 

7 52330 

170 406 
l.SO 3 (j2 
181 321 

1 78003 

1 78108 
1.78213 

3 834 05 

3 8,5722 

3 S394S 

8 26215 

8 26703 

8 27190 

5 67 

5 68 

5 60 

32 1489 
32 2()24 
32 3761 

2 3S118 

2 .18328 

2 38537 

7 52004 

7 53658 

7 54.321 

182 284 

183 2,50 

184 220 

1 7.S318 

1 78422 

1 78527 

3 84174 

3 84:300 

3 84025 

8 27677 

8 281(j4 

8 2,S64‘) 

5 70 

32 4000 

2 .18747 

7 54083 

185 103 

1 786,32 

3 84850 

S 20134 

5 71 

5 72 

5 73 

32 6041 
32 7184 
32 8329 

2 .3..' 1.56 

2 .3')165 

2 30374 

7 55t>45 

7 56.107 

7 5()968 

18() ](.0 

187 1 19 

188 133 

1 78736 

1 78840 

1 78044 

3 8,5075 

3 85300 

3 85524 

8 29610 

8 30103 

8 30587 

5 74 

5 76 

6 70 

32 9476 

33 0625 
33 1776 

2 30,583 

2 30702 

2 40000 

7 57628 

7 5.8288 

7 58947 

189 110 
100 100 
191 103 

1 70048 

1 70152 

1 70256 

3 85748 

3 85072 

3 8(.106 

8 31060 

8 31552 

S 32034 

6 77 

5 78 

5 70 

33 2929 
33 4084 
3.3 5241 

2 40208 

2 40416 

2 40624 

7 50605 

7 602(.3 

7 (.0020 

192 100 
I'U 101 
104 105 

1 70,360 

1 7‘I4(.3 

1 795)17 

3 86)10 

3 80642 

3 S(.8))ri 

8 32515 

8 32995 

8 33476 

5 80 

3.5 6400 

2 46812 

7 61.577 

105 112 

1 701.70 

3 870, S8 

8 33955 

5 81 

6 82 
683 

33 7561 
33 8724 
33 9889 

2 410,19 

2 41247 

2 41454 

7 (.2234 
7. (.2880 

7 63544 

106 123 

107 137 
198 155 

1 70773 

1 70876 

1 70979 

3 87.310 

3 87532 

3 87754 

8 34434 

8 34913 

8 35390 

5 84 

5 85 

5 86 

34 1056 
34 2225 
34 3396 

2 41661 

2 4)868 

2 42074 

7 64100 

7 648.53 

7 65506 

100 177 
200 202 
201.230 

1 80082 

1 ,'•0185 

1 80288 

.3 87075 

3 88107 

3 8,S418 

8 35868 

8 36345 

8 36821 

6 87 

6 88 

5 80 

34 4.569 
34 5744 
34 ()021 

2 42281 

2 42487 

2 1260.1 

7 661.50 

7 6(3812 

7 6746.5 

202 262 
20 5 207 
204 3 16 

1 80.390 

1 804' )2 

1 S0505 

3 88630 

3 88850 

3 ,80080 

8 37207 

8 37772 

8 38247 

5 90 

34 8100 

2 42800 

7 6.8115 

20.5 170 

1 S06<)7 

3 80,100 

8 38721 

5 01 

6 02 

6 93 

34 9281 

35 04()4 
35 1649 

2 41105 

2 4,1311 

2 4,3516 

7 6S765 

7 60415 

7 70065 

20(. 425 

207 475 

208 528 

1 80709 

1 80901 

1 81003 

3 80510 

3 80739 
3 89058 

1 

8 30194 

8 3<)667 

8 40140 

6 04 

5 05 
696 

35 2836 
35 4025 
35 5216 

2 43721 

2 48026 
2 44131 

7 70714 

7 71362 

7 72010 

200 585 

210 645 

211 709 

1 ,81104 

1 81206 

1 81307 

3 00177 

3 '103* )6 
3 90615 

S 40612 

8 41083 

8 41554 

5 97 

6 98 

6 09 

35 6400 
35 7604 
36.8801 

2 44.3,36 
2.44540 
2.44746 

7 72(.5S 
7 73.305 
7.73051 

212 776 

213 847 

214 922 

1 81400 
1.81510 
1 81611 

3 00833 
3 01051 
3 01269 

8 42025 

8 42494 

8 42964 
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Powers aiitl Hoots 


n 1 


~6 00 ~ 

3b 0000 

6 01 

36 1201 

6 02 

3fa 2404 

6.03 

ofa 3fa09 

6 04 

36 4816 

6 05 

36 0025 

6 06 

36 7236 

6 07 

36 8449 

6 08 

3(3 ')0fa4 

6 O') 

37 0881 

6 10 

37 2100 

6 11 

37 3.321 

6 1‘2 

37 4544 

6 13 

37 5769 

6 14 

37 60' )6 

fa 15 

.37 8225 

6 16 

37 9456 

6 17 

38 0689 

6 18 

38 l‘)24 

6 19 

38 31(31 

6 20 

38 4400 

6 21 

38 5041 

fa 23 

38 ()8S4 

fa 23 

38 8129 


2 4G'Ji.' 
2.46171 

2 40374 
2 4(1077 
2 40770 

2 400S2 



6 24 
6 ‘26 
(3 26 


38 0370 
30 0()25 

39 1870 


6 27 

30 3120 

6 28 

.10 4,184 

fa 20 

,i‘3 5(41 

6 30 

.<') 6900 

fa 31 

.30 8161 

6 32 

30 0424 

6 33 

40 0689 

6 34 

40 1056 

fa 35 

40 .1225 

6 36 

40 4406 

6 37 

40 ,5760 

6,33 

40 7044 

(. 30 

40 8321 

6 40 

40 0600 

6 41 

41 0881 

6.42 

41 2161 

6 43 

41 3449 

644 

41 4736 

6 45 

41 6025 

6 46 

41 7310 

6 47 

41 8600 

6.48 

41 0004 

6 49 

42.1201 


2 47700 
2 47002 
2 48193 

2 48305 

1 4859(j 
2 48707 

2 48098 

2 40100 
2 40190 
40600 

2 40800 

2 oouno 

2 50200 

2 50400 
2 OO'iOO 
2 50700 

2 50008 

2 51107 
2 51306 
2 51595 

2 51704 
2 51902 
2 52190 

2 D238f> 

2 52587 
2 52784 

2 52082 

2 .53180 
2 53.177 
2 53574 

2 53772 
2 530()0 
2 54165 

2 54362 
2 54558 
2 64765 


1 .81813 
1 81014 
1 82014 

1 82115 
1 S'2215 
1 82316 

1 82416 
1 82516 
1 82(.16 

1 .s27Ui 

1 82816 
1 82015 
1 83U15 

1 83115 
1 8, ’.214 
1 83313 

1 8,!412 
1 S.)511 
1 8 '.(>10 

1 8 1700 

1 83808 
1 8.1006 
1 84005 

1 RlltV 
1 84202 
1 84300 

1 84308 
1 81 10() 
1 84504 


3 91704 
3 01021 
3 92138 

3 02355 
3 02571 
3 92787 

3 03003 
3 93210 
3 0,1431 

3 Oll)^ 

3 03865 
3 01070 
3 942‘)4 

3 04.508 
3 04722 
3 040.16 

3 05150 
3 0,5,3()3 
3 05.571) 

3 0.5780 

3 06003 
3 01.214 
3 06427 

3 06638 
,1 0ii8,50 
3 97062 

3 07273 
3 074.84 
3 '17605 


1 Sl()''l '3 07‘106 


8 43901 
8 44.360 
8 44836 

S 45303 
8 45769 
8 4G235 

8 46700 
8 47165 
8 47()20 

a 480' ll 

8 4.855(1 
8 4')U18 
I 8 40481 

a 40042 
8 50403 
S 50864 

8 51324 
8 51784 
8 52243 

8 52702 

8 63160 
8.n,l()18 
8 54075 

8 515,32 
8 (54088 
8 55444 

8 55800 
8 .5(.,i,54 
8 .5(),80H 

8 .572(.2 


1 8478') 

1 8 1887 
1 S1')S4 

1.8.5082 
1 85170 
1 85276 

1 85.37.3 
1 85470 
1 85,5^ 

1 85664 

1 85760 
1 85857 
1 86053 

1.860.50 
1 8614(> 
1 86‘212 

1 86338 
1 8(i434 
1 86530 


3 08116 
3 ')S,3'26 
3 08.536 

3 08746 
3 08' 1.56 
3 00165 

3 00374 
3 ')')583 

3 O' >702 

4 00000 

4 00208 
4 ()n41() 
4 00624 

4 00.332 
4 010 30 
4 01246 

4 01 153 
4 01(3()0 
4 01866 



I] PoM^ers and IJoots 279 


n 

rO- 

VM/ 

VlO/i 


■\hi 



6 50~ 

42 ‘2500 

2 54051 

8 06220 

274 (,25 

1 S(i626 

i 02073 

8 66239 

() Til 

42 3801 

2 55147 

8 06846 

275 894 

1 S(,721 

4 02270 

8 (3(jGS3 

6 rj2 

42 5104 

2 55343 

8 07465 

277 168 

1 S6S17 

4 02485 

8 67127 

6 53 

42 64uy 

2 55539 

8 08084 

278 445 

1 86912 

4 02690 

8,67570 

6 54 

42 7716 

2 55734 

8 08703 

279 726 

1 87008 

4 02896 

8 68012 

6 55 

42 9(125 

2 55030 

8 00321 

281 011 

1 87103 

4 0.3101 

8 (i8455 

6 5(3 

43 0336 

2 56125 

8 00938 

282 ‘300 

1 87108 

4 0.J306 

8.68896 

6 57 

43 1649 

2 56320 

8 10555 

283 .593 

1 87203 

4 0,3511 

8 69338 

6 58 

4 1 201,4 

2 5(,5]5 

8 11172 

2.S4 890 

1 87, 1.88 

4 03715 

8 69778 

6 5^1 

43 4281 

2 56710 

8 117SS 

2.8(1 101 

1 ,87483 

4 03020 

8 70219 

6 60 

43 5()()0 

2 5(,0(J5 

8 12404 

‘287 406 

1 87578 

4 04124 

8 70659 

6 1.1 

41 ()021 

2 57(JO0 

S 13010 

288 80.5 

1 87672 

4 04328 

8 71008 

(1 (.2 

43 82 W 

2 57204 

8 1.16.I4 

200 IIK 

1 S77(,7 

4 045,52 

8 71537 

G.(j3 

43 9560 

2 57488 

8 14243 

201 434 

1 8781)2 

4 04735 

8 71976 

6 (34 

44 0S06 

2 57682 

8 14862 

202 755 

1 8795G 

4 040 1‘) 

8 72414 

6 (.5 

44 2225 

2 57v876 

8 1,5475 

204 080 

1 8,8050 

4 05142 

8 72852 

6 56 

44 3556 

2 5807() 

8 l(j088 

295 408 

1 88144 

4 05345 

S 73289 

6 67 

44 4SS0 

2 58263 

8 16701 

206 741 

1 88230 

4 05548 

8 7,3726 

6()3 

44 (.224 

2 58457 

8 17313 

208 078 

1 8833.1 

4 05750 

8 74162 

6 60 

14 75f,l 

2 58650 

8 17024 

200 418 

1 88427 

4 05053 

8 74598 

6 70 

44 S'MiO 

2 58844 

8 18.535 

.300 703 

1 8.8520 

4 06155 

8 750.34 

6 71 

45 0241 

2 50037 

8 10146 

302 112 

1 88(,14 

4 06357 

8 7 5460 

6 73 

45 1584 

2 50230 

8 197.56 

303 164 

1 88703 

4 06350 

8 75004 

6 73 

45 ‘2029 

2 59422 

8 20306 

304 821 

1 8&R0J 

4 06760 

8 76338 

6 74 

45 4276 

2 50615 

8 20075 

306 182 

1 88805 

4 06961 

S 76772 

6 75 

45 5625 

2 50808 

8 215.84 

307 547 

1 88088 

4 07163 

8 77205 

6 76 

45 697(J 

2 60000 

8.22192 

308 016 

1 89081 

4 07364 

8 77638 

6 77 

45 8320 

2 60192 

8 22800 

310 280 

1 89175 

4 07564 

8 78071 

() 78 

15 <l(iS4 

2 1,0384 

8 2.3408 

311 (,(,() 

1 89268 

4 07765 

8 78503 

(. 70 

4(1 10 U 

2 (,0576 

8 21015 

313 047 

1 .80861 

4 07965 

8 7S935 

6 80 

46 2400 

2 I,07s8 

8 24621 

314 4.32 

1 80454 

4 0816(j 

<S 7036(, 

6. SI 

4(, 3761 

2 60960 

8 2,5227 

315 .821 

1 80546 

4 08365 

8 79797 

(. S2 

46 5124 

2 (,1151 

8 2.5833 

317 215 

1 80(>30 

4 08565 

8 80227 

6 83 

40 0489 

2 61043 

8 2()4.j8 

318 012 

1 89732 

4 08765 

8 80657 

6 84 

46 7856 

2 61534 

8 27043 

320 014 

1 80824 

4 08064 

8 81087 

6 85 

46 9225 

2 61725 

8 27(,47 

321 410 

1 80017 

4 00163 

8 81516 

6 86 

47 0506 

2 61010 

8 28251 

322 820 

1.90009 

4 093(j2 

8 81945 

6 87 

47 1060 

2 G2107 

8 ‘288.55 

324 243 

1 90102 

4 00561 

8 S2373 

() S8 

47 3344 

2 62208 

8 204.58 

325 (i61 

1 90194 

4 09760 

8 82S01 

(ISO 

47 4721 

2 (,2188 

8 .10060 

327 083 

1 00286 

4 090.58 

8 83238 

6 90 

47 (.100 

2 62670 

8 30662 

328 500 

1 ')0378 

4 101.57 

8 .83656 

6 01 

47 7481 

2 (,2860 

8 31261 

120 930 

1 00470 

4.10.355 

8 840S2 

6 02 

47 8S(,4 

2 63050 

S 318()5 

1 11 374 

1 00.562 

4 10562 

8 84500 

6 93 

48 0249 

3.63249 

8 32466 

332 313 

1.90653 

4 10750 

8 849J4 

6 04 

48 1636 

2 63439 

8 33067 

334 25,5 

1 00745 

4 10048 

8 85.360 

6 05 

48 3025 

2 ()3620 

8 336(i7 

3 1,5 702 

1 00837 

4 11146 

8 85785 

6 06 

48 4416 

2 03818 

8 34266 

337.154 

1 90928 

4 11342 

8 86210 

6 97 

48 5800 

2 64008 

8 34865 

338 600 

1 01019 

411,530 

8 86634 

6 98 

48 7204 

2 64107 

8 3.5464 

340 0()S 

1 01111 

4 117.36 

8 87058 

6 90 

48 8001 

2 64386 

8.36062 

341 632 

1 1 91202 1 4 11932 

8 87481 
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Powers and Roots 


[I 


n 

nr 

Vn 

VlO?! 

n? 


■^10 


7 00 

49 0000 

2 64576 

8 36660 

313 000 

1 9129;i 

4 12129 

8 87904' 

7 01 

7 02 

7 0S 

49 1401 
49 2801 
49 1209 

2 64764 
2 64953 
2 65141 

8 37257 
8 37851 
8 38451 

•111172 
315 918 
317 429 

1 91384 
1.91475 
1 91666 

4 12325 
4 12521 
4 12716 

8 88327 

8 88749 

8 89171 

7 01 

7 05 
706 

49.5616 
49 7025 
49 8136 

2 65330 
2 65518 
2 65707 

8 39047 
8 39613 
8 40238 

348 914 

350 403 

351 896 

1.916,57 
1 91747 
1 91S3S 

4 12912 
4 13107 
4 13303 

8 89592 

8 90013 

8 90434 

7 07 

7 08 

7 00 

49 9819 

50 1261 
50 2681 

2 65895 
2 66083 
2 66271 

8 40833 
8 41427 
8 42021 

353 393 

354 895 
356 401 

1 91929 
1 92019 
1 92109 

4 1,3498 
4 13693 
4 13887 

8 90854 

8 91274 

8 91693 

7 10 

50 4100 

2 66458 

8 42615 

357 911 

1 92200 

4 14082 

8 92112 

7 11 

7 12 

7 13 

50 5521 
50 6944 
50 8369 

2 66()46 
2 61)833 
2 67021 

8 43208 
8 43801 

8 44393 

359 425 

360 941 
362 167 

1 92290 
1 92380 
1 92170 

4 14276 
4 14470 
4 14664 

8 92531 

8 92949 

8 93367 

7 ll 

7 15 

7 16 

50 9796 

51 1225 
51 2656 

2 67208 
2 67395 
2 67582 

8 44985 

8 45577 

8 161G8 

36.3 991 
365 526 
367 062 

1 92560 
1 92(.,50 
1 92710 

4 14858 
4 15052 
4 16245 

8 93784 

8 94201 

8 94618 

7 17 

7 18 

7 19 

51 4089 
61 5521 
51 6961 

2 67769 
2 67955 
2 68142 

8 46759 

8 17349 

8 47939 

368 602 

370 116 

371 (.95 

1 92S29 

1 92919 

1 9,3003 

4 1.5438 
4 15631 

4 15824 

8 95034 

8 954,50 

8 958()6 

7 20 

51 8400 

2 68328 

8 48528 

373 218 

1 93098 

4 16017 

8 9(.281 

7 21 

7 22 

7 23 

51 9811 

52 1284 
52 2729 

2 68511 
2 68701 

2 68887 

8 19117 

8 49706 

8 50291 

371 806 
3'. 6 367 
377 933 

1 93187 

1 93277 

1 93366 

4 16209 

4 16402 

4 16694 

8 96696 

8 97110 

8 97624 

7 21 

7 25 

7 26 

52 4176 
52 5625 
52 7076 

2 69072 

2 69258 

2 69441 

8 60882 

8 51469 

8 52056 

379 503 

381 078 

382 657 

1 93456 

1 9 {541 

1 93633 

4 36786 

4 16978 

4 171C9 

8 97938 

8 98351 

8 98764 

7 27 

7 28 

7 29 

62 8529 

52 9981 

53 1441 

2 69629 

2 ()9S15 

2 70000 

8 52643 

8 53229 

8 53815 

381 241 
385 828 
387 420 

1 93722 

1 93810 

1 93S99 

4 37361 

4 17652 

4 17743 

4 17934 

4 18125 

4 18315 

4 18506 

8 99176 

8 99588 

9 00000 

9 00411 

9 00822 

9 01233 

9 01643 

7 30 

53 2900 

2 70185 

8 54400 

389 017 

1 939S8 

7 il 

7 32 

7 33 

53 4161 
53 5824 
63 7289 

2 70370 

2 70555 
2.70740 

8 54985 

8 55.570 

8 56154 

3f)0 618 

392 22.1 

393 833 

1 94076 

1 91165 

1 94253 

7 31 

7 35 

7 36 

63 8756 
54 0225 
51 1696 

2 70924 

2 71109 
2.71293 

8 56738 

8 57321 

8 57901 

395 447 
397 0(.5 
398.688 

1 94311 

1 914'30 

1 91518 

4 18696 

4 18886 

4 19076 

9 02063 

9 02462 

9 02871 

7 37 

7 38 

7 39 

61 .3169 
54 4641 

54 6121 

2 71477 

2 71662 

2 71S4() 

8 58487 

S 5‘)0()9 

8 59651 

400 316 

401 947 
403 5b3 

1 94606 

1 94694 

1 94782 

1 94870 

4 19266 

4 19456 

4 19644 

4 19834 

9 03280 

9 03689 

9 04097 

9 04504 

7 40 

54 7600 

2 72029 

8 60213 

405 224 

7 11 

7 42 

7 43 

54 9081 

55 0564 

56 2049 

2 72213 

2 72397 

2 72580 

8 60811 

8 61391 

8 61971 

406 869 
408 518 
410 172 

1 94957 

1 95015 

1 95132 

4 20023 

4 20212 

4 20400 

9 04911 

9 06318 

9 05726 

7 41 

7 45 

7 46 

7 47 

7 48 

7 49 

65 3536 

55 5025 

65 6516 

55 8009 

55 9501 

66 1001 

2 72761 

2 72947 

2 73130 

2 73313 

2 73496 

2 73679 

8 62554 

8 63111 

8 63713 

8 61292 

8 64870 

8 65418 

411 831 
413 491 
116 161 

416 833 

418 609 

420 1% 

3 95220 

1 .95307 

1 96396 

1 95482 

1 96569 

1 95656 

4 205S9 

4 20777 

4 20965 

4 21163 

4 21341 

4 21529 

9 06131 

9 06637 

9 06942 

107347 

07762 

08156 


I] 


Powers and Roots 


n 

in? 

y/n 

VlO»i 

7 50 

56 2500 

2 73861 

8 66025 

7 51 

7 53 

7 53 

66 4001 
66 5504 
66 7009 

2 74044 

2 74226 

2 74408 

8 66603 
8 67179 
8 67756 

7.54 

7 56 
7.66 

56 8516 

57 0025 
57 1536 

2 74591 

2 74773 

2 74955 

8 68332 
8 6S907 
8 69483 

7 57 

7 58 

7 69 

57 3049 
57 4564 
57 6081 

2 75136 

2 75318 

2 75500 

8 70057 
8 70632 
8 71206 

7 60 

57 7600 

2 75681 

8 717S0 

7 61 

7 63 

7 63 

57 9121 
58.0644 

58 2169 

2 75862 

2 76043 

2 76225 

8 72353 
8 72926 
8 73499 

7 64 

7 65 

7 66 

58.3096 
58.5235 
58 6756 

2 76405 

2 70586 
2.76767 

8 74071 
8 74643 
S 75214 

7 67 

7 08 

7 69 

58 8289 

58 9824 

59 1361 

2 76948 

2 77128 

2 77308 

8 75785 
8 76.356 
8 7G926 

7 70 

69 2900 

2 774S9 

8 77496 

7 71 

7 72 

7 73 

59 -1441 
69 5984 
69 7529 

2 77669 

2 77849 

2 78029 

8 78066 
8 78635 
8 79204 

7 74 

7 75 

7 76 

69 9076 
GO 0625 
60 2176 

2 78209 

2 78388 

2 78568 

8 79773 
a 80341 
SS0909 

7 77 
7.78 

7 79 

60 3729 
60 5384 
GO 6841 

2 78747 

2 78927 
2.79106 

8 81476 
8 82043 
8 82610 

7 80 

60 8400 

2 792S5 

8 S317G 

7 81 

7 82 

7 83 

60 9961 
61 1524 

61 3089 

2 79464 
2.79643 

2 79821 

8 83742 
8 84308 
8 84873 

7 84 

7 86 

7 86 

61 4656 
61 6225 
61.7796 

2 80000 

2 80179 

2 80357 

8 85438 
8 86002 
8 86566 

7 87 

7 88 

7 89 

61.9369 

62 0944 

63 2621 

2 80535 

2 80713 

2 80891 

8 87130 
8 87694 
8 88257 

7 90 

62 4100 

2 81069 

8 88819 

7 91 

7 92 
7.93 

63 5681 
62 7264 
62 8849 

2 81247 

2 81425 

2 81603 

8 89.382 
8 89944 
8 90505 

794 

7 95 

7 96 

63 0436 
63 2025 
63.3616 

2 81780 

2 81957 

2 82136 

8.91067 
8 91628 
8 92188 

7 97 

7 98 

7 99 

63 6209 
63 6804 
63 8401 

2 82312 

2 82489 

2 82666 

8 92749 
8 93308 
8 93868 


281 



■</n 


vlOOn 

421 875 

1 95743 

4 21716 

9 08560 

423 565 

425 259 

426 958 

1 95830 

1 95917 

1 96004 

4 21904 

4 22091 

4 22278 

9 08964 

9 093(j7 
9.09770 

428 661 
430 369 
432 081 

1 96091 

1 96177 

1 96204 

4 22465 

4 22051 

4 22S38 

9 10173 

9 10575 

9 10977 

433 798 
435 520 
437 245 

1 96350 

1 96437 
] 96523 

4 23024 

4 23210 

4 23396 

9 11378 

9 11779 

9 12180 

438 976 

1 96610 

4 23582 

9 12681 

440 711 
442 451 
444 195 

1 96696 

1 96782 

1 96SC8 

4 23768 

4 23954 

4 24139 

9 12981 

9 13380 

9 13780 

445 944 
447 697 
449 456 

1 90954 

1 97040 

1 97126 

4 24324 

4 24509 

4 24694 

9 14179 

9 14577 

9 14976 

451 218 

452 985 
454 757 

1 97211 

1 97297 

1 973S3 

4.24879 

4 25063 

4 25248 

9 16374 

9 15771 

9 10169 

456 533 

1 97468 

4 25432 

9 16566 

458 314 

460 100 

461 890 

1 97554 

1 97639 
197724 

4 25616 

4 25800 

4 25984 

9 16902 
9.17359 

9 17754 

463.685 
465 484 
467 289 

1 97809 
197895 

1 97980 

4 26167 

4 26351 

4 26534 

9 18160 

9 18545 

9 18940 

469 097 

470 911 
472 729 

1 9S0G5 

1 98150 

1 98234 

4 26717 

4 26900 

4 27083 

9 19336 

9 19729 

9 20123 

474 552 

1 98319 

4 27266 

9 20516 

476 380 
478 212 
480 049 

1 98404 

1 98489 

1 98573 

4.27448 

4 27631 
4.27813 

9 20910 

9 21302 
9.21695 

481 890 
483 737 
485 588 

1 98658 

1 98742 
1.98826 

4 27995 
4.28177 

4 28359 

9 22087 

9 22479 

9 22871 

487 443 
489 304 
491 169 

1 98911 

1 98995 

1 99079 

4 28540 

4 28722 

4 28903 

9 23262 

9 23653 

9 24043 

493 039 

1 99163 

4 29084 

9 24434 

494 914 
496 793 
498 677 

1 99247 

1 99331 
1.99415 

4 29266 

4 29446 
4.29627 

9 24823 

9 25213 

9 25602 

600 666 
602 460 
604.358 

1 99499 

1 99582 
1.99666 

4 29807 

4 29987 
4.30168 

9 25991 

9 26380 

9 26768 

506 262 
608.170 
610 082 

1 %750 

1 99833 
199917 

4 30348 
4.30528 

4 30707 

9 27156 

9 27544 

9 27931 
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Powers and Roots 


[1 


n 

in? 

\/n 

VlOw 

8 00 

64 0000 

2 82843 

8 94127 

8 01 

64 1601 

2 83019 

8 [mm 

8 02 

61 3201 

2 83196 

8 95545 

8 03 

61 1809 

2 83373 

8 96103 

8 01 

64 6116 

2 83519 

8 96660 

8 05 

61 8025 

2 S3725 

8 97218 

8 06 

61 9636 

2 83901 

8 97775 

8 07 

65 1249 

2 84077 

8 98332 

8 08 

65 2864 

2 84253 

8 98888 

8 09 

65 4481 

2 81429 

8 99141 

8 10 

65 6100 

2 84605 

9 00000 

8 11 

65 7721 

2 84781 

9 00555 

8 12 

65 9311 

2 81956 

9 01110 

8 13 

66 0969 

2 85132 

9 01665 

8 11 

66 2596 

2 85307 

9 02219 

815 

66 4225 

2 85482 

M 02774 

8 16 

66 5856 

2 85657 

9 03327 

8 17 

66 7489 

2 85832 

9 03881 

8 18 

66 9121 

2 86007 

9 01431 

8 19 

67 0761 

2 8f)182 

9 04986 

8 20 

67 2100 

2 80356 

9 05539 

8 21 

67 4041 

2 86531 

9 06091 

8 22 

67 5681 

2 8()705 

9 06642 

8 23 

67 7329 

2 86880 

9 07193 

821 

67 8976 

2 87051 

9 07714 

8 25 

68 0625 

2 87228 

9 08295 

8 26 

68 2276 

2 87402 

9 08815 

8 27 

68 3929 

2 87576 

9 09395 

8 28 

68 5581 

2 S7750 

9 09915 

8 29 

68 7211 

2 87921 

9 10191 

8 30 

68 8900 

2 88097 

9 11013 

8 31 

69 0561 

2 88271 

9 11692 

8 32 

69 2224 

2 88141 

9 12140 

8 33 

69 3889 

2 88617 

9 12088 

8 31 

69 5556 

2 88791 

913236 

8 35 

69 7225 

2 88961 

9 13783 

8 36 

69 8896 

2 89137 

9 14330 

8 37 

70 0569 

2 89310 

9 11877 

8 38 

70 2211 

2 89182 

9 15423 

8 39 

70 3921 

2 89655 

9 15969 

8 40 

70 5600 

2 89828 

9 16515 

811 

70 7281 

2 90000 

9 17061 

812 

70 8961 

2 90172 

9 17606 

8 43 

71 0649 

2 90345 

9 18160 

814 

71 2336 

2 90517 

9 18696 

815 

71 4025 

2 90689 

9 19239 

8 46 

71 5716 

2 90861 

9 19783 

8 47 

71 7409 

2 91033 

9 20326 

848 

71 9104 

2 91204 

9 20869 

8 49 

72 0801 

2 91376 

9 21412 


41® 

y/ii 


^100 

512 000 

2 00000 

4 30887 

9 28318 

513 922 
515 850 
517 782 

2 00083 

2 00167 

2 00250 

4 31066 

4 31246 

4 31425 

9 28704 

9 29091 

9 29477 

519 718 
521 ()60 
623 607 

2 00333 

2 00416 

2 U0499 

4 31604 

4 31783 

4 31961 

9 29862 

9 30248 

9 30633 

525 558 
627 514 
529 475 

2 00582 

2 006b4 

2 00747 

4 32140 

4 32318 

4 32497 

9 31018 

9 31402 

9 31786 

631 141 

2 00830 

4 32675 

9 32170 

633 112 
635 387 
637 368 

2 00912 

2 00995 

2 01078 

4 32853 

4 3.3031 

4 33208 

9 32553 

9 32936 

9 33319 

539 353 
541 343 
613.338 

2 01160 

2 01242 

2 01325 

4 33386 

4 3.i5()3 

4 33741 

9 33702 

9 34084 

9 34466 

545 339 
517 343 
619 353 

2 01407 

2 01489 

2 01571 

4 .33918 

4 ,34095 

4 34271 

9 31847 

9 35229 

9 .3,5610 

551 368 

2 01663 

4 34418 

9 35990 

.553 388 
5.55.412 
657 142 

2 017.35 

2 01817 

2 01899 

4 31625 

4 ,34801 

4 34977 

9 36370 

9 36761 

9 37130 

559 476 
561 516 
563 560 

2 01980 

2 02063 

2 02144 

4 351,53 

4 35.329 

4 35505 

9 37,510 

9 .<7889 

9 38268 

665 609 
507 ()61 
669 723 

2 02225 

2 02307 

2 02388 

4 35G81 

4 .35856 

1 3()032 

9 33646 

9 3i)024 

9 3<)402 

671 787 

2 02469 

4 ,36207 

9 39780 

673 856 
576 9.10 
578 010 

2 02551 

2 02(i32 

2 02713 

4 36382 

4 .36567 

4 36732 

9 40167 

9 40534 

9 40911 

580.091 
682 183 
684 277 

2 02794 

2 02875 

2 02956 

4 .3()907 

4 37081 

4 37256 

9 41287 

9 416()3 

9 42039 

586 376 
588 480 
690 590 

2 03037 

2 03118 

2 03199 

4 ,374.30 

4 37(i04 

4 37778 

9 42414 

9 42789 

9 43104 

692 704 

2 03279 

4 37952 

9 436.39 

591 823 
596 948 
599 077 

2 03360 

2 03440 

2 03521 

4 38126 

4 38299 

4 38473 

9 43913 

9 44287 

9 44661 

601 212 
603 351 
605 496 

2 03601 

2 03682 

2 03762 

4 .38646 

4 38819 

4 38992 

9 45034 

9 46407 

9 45780 

607 646 
609 800 
611 960 

2 03842 

2 03923 
2.04003 

4 39166 

4 39338 

4 39610 

9 46162 

9 46625 

9 46897 



I] Powers aud Roots - 283 


n 


Vn 

VlOn 

W® 


^10 w 

^100 M 

8 50 

72 2500 

2 91548 

9 21954 

614 125 

2 04083 

4 39683 

9 47268 

8 51 

72 4201 

2 91719 

9 22497 

616 295 

2 04103 

4 39855 

9 47640 

8 52 

72 5904 

2 91890 

9 23038 

618 470 

2 04243 

4 40028 

9 48011 

8 53 

72 7609 

2 92062 

9 2.1580 

620 boO 

2 04323 

4 40200 

9 48381 

8 61 

72 9316 

2 92233 

9 24121 

622 830 

2 04402 

4 40372 

9 48752 

8 55 

73.1025 

2 92404 

9 246()2 

625 026 

2 04482 

4 40543 

9 49122 

8.66 

73 2736 

2 92575 

9 26203 

627 222 

2 04562 

4 40715 

9 49492 

8 57 

73 4449 

2 92746 

9 25743 

629 423 

2 04641 

4 40887 

9 49861 

8 58 

73 6164 

2 92916 

9 26283 

631 629 

2 04721 

4 41058 

9 50231 

8.59 

73 7881 

2 93087 

9 26823 

633 840 

2 04801 

4 41229 

9 50600 

8 60 

73 9600 

2 93258 

9 27362 

636 056 

2 04880 

4 41400 

9 50969 

8bl 

74 1321 

2 93428 

9 27‘)01 

638 277 

2 049.59 

4 41571 

9 51337 

8 62 

74 3044 

2 93598 

9 28440 

040 504 

2 05039 

4 41742 

9 51706 

8 63 

74 4769 

2 93769 

9 28978 

642 736 

2 05118 

4 41913 

9 52073 

8 61 

74 6496 

2 93939 

9 29516 

644 973 

2 05197 

4 42084 

9 52441 

8 65 

718225 

2 94109 

9 30054 

647 215 

2 05276 

4 42254 

9 52808 

8 66 

74 9966 

2 94279 

9 30591 

649 462 

2 05355 

4 42425 

9 63175 

8 67 

75 1689 

2 94449 

9 31128 

651 714 

2 05434 

4 42595 

9 53542 

8 68 

75 3124 

2 94618 

9 31665 

653 972 

2 05513 

4 42766 

9 53908 

8 69 

75 5161 

2 94788 

9 32202 

656 235 

2 05592 

4 42935 

9 54274 

8 70 

75 6900 

2 94958 

9 32738 

658 503 

2 D5671 

4 43105 

9 54640 

8 71 

75 8641 

2 95127 

9 33274 

660 770 

2 05750 

4 43274 

9 55006 

8 72 

76 0384 

2 95290 

9 33809 

663 055 

2 05828 

4 43444 

9 55.371 

8 73 

76 2129 

2 'J54G(j 

9 34345 

005 539 

2 05907 

4 43013 

9 55736 

8 71 

76 3876 

2 95035 

9 34880 

667 628 

2 05986 

4 43783 

9 56101 

8 75 

76 5625 

2 95804 

9 35414 

()69 922 

2 06004 

4 43952 

9 56466 

8 76 

76 7376 

2 95973 

9 35949 

672 221 

2 06143 

4 44121 

9 56830 

8 77 

76 9129 

2 96142 

9 36483 

674 526 

2 06221 

4 44290 

9 57194 

8 78 

77 0884 

2 96311 

9 37017 

676 836 

2 06299 

4 44459 

9 57557 

8 79 

77 2641 

2 96479 

9 37550 

679 151 

2 06378 

4 44627 

9 57921 

8 80 

77 4400 

2 96648 

9 38083 

681 472 

2 06456 

4 44796 

9 58284 

8 81 

77 6161 

2 96816 

9 38616 

683 798 

2 06534 

4 44%4 

9 58647 

8 82 

77 7924 

2 96985 

9 39149 

686 129 

2 0C612 

4 45133 

9 59009 

8 83 

77 9689 

2 97153 

9 39681 

088 465 

2 06690 

4 45301 

9 59372 

8 81 

78 1456 

2 97321 

9 40213 

690 807 

2 06768 

4 45469 

9 59734 

8 85 

78 3225 

2 97489 

9 40744 

t)93 154 

2 06846 

4 45637 

9 60095 

8 86 

78 4996 

2 97658 

9 41276 

695 500 

2 06924 

4 45805 

9 60457 

8 87 

78 6769 

2 97825 

9 41807 

697 864 

2 07002 

4 45972 

9 60818 

8 88 

78 8544 

2 97993 

9 42338 

700.227 

2 07080 

4 46140 

9 61179 

8 89 

79 0321 

2 98161 

9 42868 

702 595 

2 07157 

4 46307 

9 6154C 

8 90 

79 2100 

2 98329 

9 43398 

704 969 

2 07235 

4 46475 

9 61900 

8 91 

79 3881 

2 98496 

9 43928 

707 348 

2 0731.3 

4 46642 

9.62260 

8 92 

79 5664 

2 98664 

9 44458 

709 7.32 

2 07390 

4 46809 

9 62620 

8 93 

79 7449 

2 98831 

9 44987 

712 122 

2 07468 

4 46976 

9 62980 

8 91 

79 9236 

2 98998 

9 45516 

714 517 

2 07545 

4 47142 

9 63339 

8 95 

80 1025 

2 99166 

9 46044 

716 917 

2 07622 

4 47309 

9 6.3698 

896 

80 2816 

2 99333 

9 46673 

719 323 

2 07700 

4 47476 

9 64057 

8 97 

80 4609 

2 99500 

9 47101 

721 7.34 

2 07777 

4 47642 

9 64416 

8 98 

80 6404 

2 99666 

9 47629 

724 151 

2 07854 

4 47808 

9 64774 

8 99 

80 8201 

2 99833 

9 48156 

726 573 

2 079.31 

4 47974 

9 65132 
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Powers and Roots 


n 


Vri 

VlO n 

9 00 

81 0000 

3 00000 

9 48683 

9 01 

81 1801 

3 00167 

9 49210 

9 02 

81 3604 

3 00333 

9 497 17 

9 03 

81 5409 

3 00500 

9 50263 

9 0-1 

81 7216 

3 00666 

9 50789 

9 05 

81 9025 

3 00832 

9 51315 

9 06 

82 0836 

3 00998 

9 51840 

9 07 

82 2649 

3 01164 

9 52365 

9 08 

82 4464 

3 01330 

9 52890 

9 00 

82 6281 

3 01496 

9 .53415 

9 10 

82 8100 

3 01602 

9 5.39.39 

9 11 

82 9031 

3 01828 

9 54463 

9 12 

S3 1744 

3 01993 

9 54' 187 

913 

S3 3569 

3 02159 

9 65510 

914 

83 5396 

3 02324 

9 560.33 

915 

S3 7225 

3 02490 

9 56556 

9.16 

83 9056 

3 02655 

9 57079 

9 17 

84 0889 

3 02820 

9 57601 

818 

84 2724 

3 029S5 

9 58123 

9 19 

84 461)1 

3 03150 

^ 58645 

9 20 

84 6400 

3 03315 

9.591()6 

9 21 

84 8241 

3 03480 

9 59687 

9 22 

85 0084 

3 03O45 

9 60208 

9 23 

85 1929 

3 03809 

9 60729 

9 24 

85 3776 

3 03974 

9 61240 

9 25 

85 5625 

3 04138 

9 617()9 

9 26 

85 7476 

3 04302 

9 62289 

9 27 

85 9329 

3 04467 

9 62808 

9 28 

86 1184 

3 04G31 

9 0.3328 

9 29 

86 3041 

3 04795 

9 6.3846 

9 30 

86 4000 

3 04959 

9 64365 

9 31 

86 6761 

3 05 R3 , 

9 64883 

9 32 

86 S()24 

3 05287 ' 

9 65401 

9 33 

87 0480 

3 05460 

9 65919 

934 

87 2356 

3 05614 

9 664.37 

9 35 

87 4225 

3 05778 

9 1)6054 

936 

87 6096 

3 05941 

9 67471 

9 37 

87 7969 

3 06105 

9 67988 

9 38 

87 9844 

3 06268 

9 08504 

9 39 

88 1721 

3 06431 

9 69020 

9 40 

88 3600 

3 06594 

9 695.36 

9 41 

88 5481 

3 01)757 

9 70052 

9 42 

88 7364 

3 06920 

9 70567 

9 43 

88 9249 

3 07083 

9.71082 

944 

89 1136 

3 07246 

9 71597 

9 45 

80 3025 

3 07409 

9 72111 

9 46 

89 4916 

3 07571 

9 72625 

9 47 

80 6809 

3 07734 

9.73139 

9 48 

80 8704 

3 07896 

9 73653 

9 49 

90 0601 

3 08058 

9 7416b 


[I 



vw 



729 000 

2 08008 

4 4S140 

9 65489 

731 4 3.3 
733 871 
736 314 

2 08085 
2 1)8162 
2 08239 

4 48300 
4 48472 
4 48633 

9 65847 

9 66204 

9 66561 

738 763 
741 218 
743 677 

2 08316 
2 OS.O'IO 
2 08470 

4 48803 
4 48969 
4.4'3134 

9 66918 

9 1,7274 

9 67630 

746 143 
748 613 
751 OS'J 

2 08546 
2 081,23 
2 0,8699 

4 49299 
4 49464 
4 49629 

9 67986 

9 68342 

9 686')7 

753 .571 

2 08776 

4 497‘14 

9 69052 

756 058 
75S .551 
761 048 

2 08852 
2 08929 
2 09005 

4 49‘159 
4 .50123 
4 50288 

9 69407 

9 6')762 

9 70116 

763 552 
766 061 
768 575 

2 09081 
2 0')158 

2 U9234 

4 ,50452 

4 50616 

4 50781 

9 70470 

9 70824 

9 71177 

771 0')5 
77.5 1,21 
771, 1.52 

2 00310 

2 0i)386 

2 U')4I)2 

4 .50945 

4 51108 

4 51272 

9 71531 

9 71884 

9 722,31) 

778 6.S8 

2 1)')5,38 

4 5) 136 

9 72,589 

781 2 50 
78.5 777 
786 330 

2 09614 

2 091,' 10 

2 0i)765 

4 51599 

4 517(),3 

4 51'J26 

9 72941 

9 7,)293 

9 73645 

788 880 
791 453 
794 023 

2 09S41 

2 09')17 

2 0UD92 

4 52080 

4 52252 

4 52415 

9 7,3996 

9 74,)48 

9 74699 

796 598 
79') 179 
SOI 765 

2 100G8 

2 10144 

2 10219 

4 52578 

4 52740 

4 529U3 

9 75049 

9 75400 
!) 75750 

804 3.57 

2 102' 14 

4 53065 

9 76100 

806 954 
809 5.58 
812 166 

2 10,370 
2.11)445 

2 10520 

4 53228 

4 5,{,3')0 

4 53552 

9 764 

9 767' 

9 77148 

814 781 
817 400 
820 026 

2 10595 

2 101,71 

2 10746 

4 53714 

4 53876 
4.64038 

9 77197 

9 77846 

9 78195 

822 657 
825 204 
827 936 

2 10821 

2 10896 

2 109(1 

4 ,54199 

4 54361 

4 54522 

9 78543 

9 78891 

9 79239 

8.30 584 

2 11045 

4 54684 

9 79586 

833 2.38 
835 897 
838 662 

2 11120 

2 11195 

2 11270 

4 54845 

4 55006 

4 55167 

9 799,33 

9 80280 

9 80627 

841 232 
843 909 
846 691 

2 11344 

2 11419 

2 11494 

4 55328 
4.55488 

4 55649 

9 80974 

9 81320 

9 81666 

849 278 
851 971 
854 670 1 

2 11668 

2 11642 

2 11717 

4 55809 

4 55')70 
4.5G130 

9 82012 

9 82357 

9 82703 



Powers aud Roots 
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9 50 

90 2500 

3 0S221 

9 74679 

857 375 

2 117«il 

4 56290 

9 83048 

9 51 

90 4401 

3 08383 

9 75102 

860 085 

2 11865 

4 56450 

9 83392 

9 52 

90 6304 

3 08545 

9 75706 

862 801 

2 11940 

4 66610 

9 83737 

9 5d 

90 8209 

3 087U7 

9 76217 

865 523 

2 12014 

4 66770 

9 84081 

9 54 

91 0116 

3 08869 

9 76729 

868 2^1 

2 12088 

4 66930 

9 84425 

9 55 

91 2025 

3 0%31 

9 77241 

870 084 

2 12162 

4 57089 

9 84769 

9 56 

91 3936 

3.09192 

9 77753 

873.723 

2 12236 

4 57249 

9 85113 

9 57 

91 5849 

3 09354 

9 78264 

876 467 

2 12310 

4 57408 

9 85456 

9 5S 

91 7764 

3 09516 

9 78775 

879 218 

2 12384 

4 57567 

9 85799 

9 59 

91 9681 

3 09677 

9 79285 

881 974 

2 12468 

4 57727 

9 86142 

9 60 

92 1600 

3 09839 

9 79796 

884 730 

2 12532 

4 57886 

-9 SG485 

9 61 

92 3521 

3 10000 

9 80306 

887 504 

2 12605 

4 68045 

9 86827 

9 62 

92 5444 

3 10161 

9 80816 

890 277 

2 12679 

4 58204 

9 87J(i9 

9 63 

92 7369 

3 10322 

9 81326 

893 051^ 

2 12763 

4 5S362 

9 87511 

9 64 

92 9296 

3 10483 

9 81835 

895 841 

2 12S2G 

4 68521 

9 87853 

9 65 

93 1225 

3 1UG44 

9 82344 

898 632 

2 12900 

4 58679 

9 88195 

9 66 

93 3156 

3 10805 

9 82853 

901 429 

2 12974 

4 58838 

9 88536 

9 67 

93 5089 

3 10966 

9 83362 

904 231 

2 13047 

4 53996 

9 88877 

9 68 

93 7024 

3 11127 

9 83870 

907 039 

2 13120 

4 59164 

9 89217 

9 69 

93 8961 

3 11288 

9 84378 

909 853 

2 13194 

4 69312 

9 89658 

9 70 

94 0900 

3 11448 

9 84886 

912 673 

2 13267 

4 59470 

9 89898 

9 71 

94 2841 

3 11609 

9 85393 

915 499 

2 13340 

4 59628 

9 90238 

9 72 

94 4784 

3 11769 

9 85901 

918 330 

2 13414 

4 69786 

9 90578 

9 73 

94 6729 

3 11929 

9 86408 

921 167 

2 13487 

4 69943 

9 90918 

9 74 

94 8676 

3 12090 

9 86914 

924 010 

2 13560 

4 60101 

9 01267 

9 75 

95 0625 

3 12250 

9 87421 

926 859 

2 13033 

4 60258 

9 91596 

9 76 

95 2576 

3 12410 

9 87927 

929 714 

2 13706 

4 60416 

9 91935 

9 77 

96 4529 

3 12570 

9 88433 

932 575 

2 13779 

4 60573 

9 92274 

9 78 

95 6484 

3 12730 

9 88939 

935 441 

2 13852 

4 60730 

9 92612 

9 79 

95 8441 

3 12890 

9 89444 

938 314 

2 13925 

4 60887 

9 92950 

9 80 

96 0400 

3 13050 

9 89949 

941 i92 

2 13997 

4 61044 

9 93288 

9 81 

96 2361 

3 13209 

9 90454 

944 076 

? 14070 

4 61200 

9 93626 

9 82 

96 4324 

3 13369 

9 90959 

946 itoij 

2 14143 

4 61357 

9 93964 

9 83 

96 6289 

3 13528 

9.91464 

949 862 

2 14216 

4 61514 

9 94301 

9 84 

96 8256 

3 13688 

9 91968 

952 764 

2 14288 

4 61670 

9 94638 

9 85 

97 0225 

3 13847 

9 92472 

955 672 

2 14361 

4 61826 

9 94976 

9 86 

97.21% 

3 14006 

9 92976 

958 585 

2 14433 

4 61983 

9 95311 

9 87 

97 4169 

3 14166 

9 93479 

961 505 

2 14506 

4 62139 

9 95648 

9 88 

97 6144 

3 14325 

9 93982 

964 430 

2 14678 

4 62295 

9 95984 

9 89 

97 8121 

3 14484 

9 94485 

967 362 

2 14651 

4 62461 

9 96320 

9 90 

98 0100 

3 14643 

9 94987 

970 299 

2 14723 

4 62607 

9 96655 

9 91 

98 2081 

3 14802 

9 95490 

973 242 

2 14795 

4 627C2 

9 96991 

9 92 

98 4064 

3 11960 

9 95992 

976 191 

2 14867 

4 62918 

9 97326 

9 93 

98 6049 

3.15119 

9 964‘)4 

979 147 

2 14940 

4 63073 

9 97661 

994 

98 8036 

3 15278 

9 96995 

982 108 

2 15012 

4 63229 

9 97996 

9 95 

99 0025 

3 15436 

9 97497 

985 075 

2 15084 

4 63384 

9 98331 

996 

99 2016 

3 16595 

9 97998 

988 048 

2 16156 

4 63539 

9 98665 

9 97 

99 4009 

3 15753 

9 98499 

991 027 

2 15228 

4 63694 

9 98999 

9 98 

99 6004 

3 16911 

9 98999 

994 012 

2 15300 

4 63849 

9 99333 

999 

99 8001 

3 16070 

9 99500 

997 003 

2 15372 

4 64004 

9 99667 



TABLE II — IMPORTANT NUMBERS 
A. Units of Length 


English Units 
12 inches (m.) = i foot (ft ) 

3 feet = 1 yard (yd ) 

6^ yaids =■ ] rod (rd ) 
320 rods = 1 mile (mi.) 


English to Metric 

1 m. = 2 5400 cm. 

1 ft = 30.480 cm. 

1 mi. = 1.6003 Km. 


Metric Units 

10 millimeteis = 1 centimeter (cm.) 
(mm.) 

10 centimeters = 1 decimetei (dm ) 
10 decimeters = 1 meter (m.) 

10 meteis = 1 dekametei (Dm ) 
1000 meters z= i kilometer (Km.) 

Metric to English 
1cm =0 3937 in 
1 m =39 37 m = 3 2808 ft. 

1 IDn = 0 6214 mi 


fi. Units of Area or Surface 

1 square yard = 9 square feet = 1296 square inches 

1 acie (A ) =160 square rods = 4840 squaie yaids 

1 squaie mile = 640 acres = 102400 square rods 


C. Units of Measurement of Capacity 

Drt Measure Liquid Mevsure 

2 pints (pt ) = 1 quart (qt ) 4 gills (gi ) = 1 pint (pt ) 

8 quarts = 1 peck (pk ) 2 pints = 1 quart (qt ) 

4 pecks = 1 bushel (bu.) 4 quaits = 1 gallon (gal.) 

1 gallon = 231 cu in!^ 

D. Metric Units to English Units 

1 liter = 1000 cu cm = 61 02 cu in. = 1 0667 liquid quarts 
1 quart = 94636 liter = 946 36 cu cm. 

1000 grams = 1 kilogram (Kg ) = 2 2046 pounds (lb.) 

1 pound = 453593 kilogram = 453 59 grams 


E. Other Numbers 

ir = ratio of circumference to diameter of a circle 
= 3 14169265 

1 radian = angle subtended by an arc equal to the radius 
= 57° 17' 44" 8 = 67°.2967795 = 1807t 
1 degree = 0 01746329 radian, or tt/ISO ladians 
Weight of 1 cu ft. of water = 62 426 lb. 

2S6 



INDEX 


Abscissa, 13 

Absolute Value, 235 

Addition, of fractions, 4 

Annuity, 127 , present value of, 127 

Antilogantlim, 113 

Aritlunetic Mean, 72 

Arithmetic Piogression, 70 

Axes, cooidinate, 13 

Axis of Puie Imaginanes, 232 

Axis of Reals, 232 

Binomial Theoiem, 133 , geneial 
temi of, 135 , proof of, 136 
Bo 5 'le’s Law, 91 

Chaiactenstic, of alogaiithm, 100 
Cofactoi ot a doteiminant, 223 
Combination, 1S7 
Common Diffeicnce, 70. 

Common Ratio, 75 
Completing the square, 280 
Complex Numbers, 26 
Compound Interest, 125 
Conjugate Complex Numbers, 232 
Constant, 88 

Cooidmates of a point, 13 
Ciitical points of a function, 154 

De Moi\Tes Theorem, 241 
Dependent events, 197 
Depressed equation, 164 
Derivative of a function, 147, of a 
polynomial, 152 

Detornimant, defined, 204 , ele- 
ments of, 204 , principal diagonal 
of, 204, minor diagonal of, 204, 
useful properties ot, 214, minors 
of, 219 , cofactors of, 223 
Discriminant, 46 
Dmsion, of fractions, 6 

Elimination, 10 , by determinants, 
226 

Ellipse, 57 


Equation, simple, S , literal, 16 ; 
quadiatic, 28, literal cjiiadiatic, 
34 , ill quadratic foim, 38 , radi- 
cal, 39, simultaneous quadiatic, 
55 , exponential, 122 , depressed, 
164, transformations ot, 166 
Expectation, value of, 195 
Exponents, laws of, 22, fi actional, 
22 , negative, 22 , zero, 22 

Factorial number, 185 
Fractions, addition and subtraction 
ot, 4 , multiplication and division 
of, 6 

Function, defined, 140, linear, 140, 
quadratic, 141, cubic, 142, gen- 
eral integral rational, 142, giaph 
of, 144 , derivative of, 147 , max- 
ima and minima points of, 154, 
critical points of, 154 

Geometric Mean, 77 
Geometric Progicssion, 75 , Infinite, 
80 

Graph, of an equation, 13 

Hooke's Law, 90 
Homer’s Method, 174 
Hjqieibola, 58 

Imaginary Number, 26 
Independent Events, 197 
Interpolation, 111 

Inversions of older m a deteiminant, 
212 

Kepler’s thud law, 91 

Least common multiple, 4 
Limit, 83 

Logaiithm, defined, 98 , to any base, 
122 , common, 122 

Mantissa, 100 

IMathematical Induction, 130 
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INDEX 


Maxima and nunima points, 154 
Minor 01 a determinant, 219 
Modulus, 235 
Mortality table, 203 
Multiplication, of fractions, 6 

Number, imaginary, 26 , pure imag- 
ma^J^ 26 , complex, 26 , rational, 
46 , iirational, 46 , real, 46 

Ordinate, 13 
Origin, 13 

Pei mutation, 1S4 
Probability, defined, 194 
Pure Imaginary Number, 26 

Quadratic equation, 2S , liteial, 34, 
tjqie form of, 43 , general, 44 , 
disci miiiiant of, 46 , hanng given 


solutions, 50 , graphical solution 
of, 51 , simultaneous, 55 

Radicals, simplification of, 24 
Reduction, algebiaic, 1 
Remainder Tlieoiem, 160 
Repeated Tiials, theorem on, 200 
Repeating Decimal, 84 

Slide Rule, 121 
Subtraction, of tractions, 4 
Synthetic Dmsion, 161 

Tabular difference, 110 

Variable, S3 , S8 

Variation, dnect, 86, inverse, 87, 
joint, 87 , geometrically con- 
sidered, 96 
Vectoi, 234 



